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TO THE 



R E A D E R. 




I Hj4T Mr. Macl AURiN baJ^ many 
years ago^ intended to publijb a Trea^ ^ 
tife on this fubjeSi^ appears from a 
letter^ dated April ig^ ijzg^ to bis honoured 
friend Maktii^ Folkes, EJq; now Pre/t^ 
dent of the Royal Society *. s^d wefnd, in 
one of his Manufcripts^ the Flan of fucb a 
Work, agreeing J almofiin every article y nvitb 
the contents of this Volume. 

Had the celebrated Author lived to publijh 
his own Worky his name would^ alone ^ have 
been fufficient to recommend it to the notice of 
the Publick : but that T'ajk havings by his 
lamented premature deaths devolved to the gen^ 
ilemen whom he left entrufted with his Papers^ 
the Reader may reafonably expeSi fome account 
of the materials of which it confifts^ and of 
the care that has been taken in colleSling and 
difpo/ing themy fo as beft to anfwer the Au^ 
thorns intention^ and fill up the Plan he had 
defigned. 

• PhU.Tranf. N*4o8, 

A. 3 m 
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To the REAjDEft. 

He perns ^ in compofing this T'reatife^ to have 
had tbefe three ObjeSls in view. . 

I. Togi'pe the general Principles ^W Rules 
of^he Science^ in the Jhor(eJl^ andy Mt the fame 
time^ the moji clear and comprehenfive manner 
that, was^ p^iffiblt. jigreeabk to this^ though 
every Ruk is properly exempUjud^ yet he does 

* not launch out into what we may caU^ a, Tauto- 
logy of examples. He rejeSls fame apfUca-^ 
tions ^Algebra, that are commonly to be met 
with in other writers \ becaufk the number of 
fuch applications is endlefs : andy however ufe^ 

^ ful they may be in PraBicCy they cannot y by 
the rules of good method^ have place in an 
elementary I'reatife. He has likewife omitted 
the Algebraical folution of particular Geo^ 
metrical problemSy as requiring the knowled^ 
of the Elements (j/* Geometry ; from which 
thofe of Algebra ought to he kepty as they 
really arey entirely diJiinSl\ referving to him^ 
felf to treat of the mutual relation of the two 
Sciences in his Third Part, andy more gene^ 
rally fiilly in-the Appendix, He might think 
tooy that fuch an application was the lefs ne^ 
cefjaryy that Sir Isaac Newton's exceUent 
ColleSiion of Examples is in every bodfs hands^ 
and that there are few Mathematical writers^ 

who. 
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To the Reaoek. 

who do not furnijh numbers of the Jamp, 
kind. 

2. Sir Isaac Newton'^ RuUs^ in bis 
Arithmetical Univerfalis, concerning the Re* 
Jolution oftfje higher equations^ and the Affec* 
tions of their roots^ beings for the mojl part^ 
delivered without any demonflration^ Mr^ 
Maclaurin had dejigned^ that his Ttm- 
tife Jkould ferue as a Commentary on that 
Work. For we here find all thofe difficult 
fajfages in Sir Isa Ac'i Book, which have Jo 
Jong perplexed the Students of Algebra^ clearly 
explained and demonjlrated. How much fucb 
a Commentary was wanted, we may learn 
from the words of a late eminent Author *, 
" The ablcft Mathematicians of the iaft age 
*^ (fays be) did not difdain to write Notes on 
" the Geometry of Des Cartes ; and furc- 
" ly Sir IsAJc Newton'^ Arithmetick no 
** lefs deferves that honour. To excite fome 
** one of the many ikilful Hands that our 
" times afford to undertake this Work, and 
*' to fhew the Neceffity of it, I give this 
" Specimen, in an explication of two paf- 

* ^Gra<vefand€ in PnefaC. ad Specimen Comment, ia 
Arith. Univerf. 

A 4 ** fages 
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To the Reader. 

* •* fagcs * of the Arithmetica Univerfalis ; 
*' which, however, are not the moft diffi- 
^* cult in that Book." 

What this learned Profejfor fo earn^ftly 
wtjhed for^ we at laji fee executed i notfepa^ 
rdtely^ nor in the loofe difagreeable form which 
fuch Commentaries generally take^ but in a 
Manner equally natural and convenient \ every 
Demonftration being aptly inferted into the 
Body of the Work^ as a neceffary and infepa- 
rable Member ^ an Advantage which^ with 
fome othersy obvious enough to an attentive 
Reader y will^ it is hpped^ diftinguifh this Per^ 
formance from every other ^ of the kind^ that 
has hitherto appeared. 

3. After having fully explained the Nature 
of Equations y and the Methods of finding their , 
RootSy either infinite exprefjionSy when it can 
be done y or in infinite converging feries; // 
remained only to confider the Relation ^'Equa- 
tions involving two variable quantitieSy and 
of Geo?netrical Lines to each other ; the DoC" 
trine of the Loci ; and the ConftrU<5tion of 
Equations, ^hefe make the SubjeSl of the 
Third Part. 

* Viz. The finding of Di'vi/ors, and the evolution of 
Binomial Surds, See § 59— -72. Part II. 5 127. Parti. 

Upon 
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Upon this Plan Mr. Maclaurin msiK 
pofed a Syjiem ^Algebra, foon after bis heif^ 
cbofen Profejfor of Matbematicks in the IJni^ 
verfty of Edinburgh ; which be^ thenceforth^ 
made ufe of in bis ordinary Courfe ofLeSures^ 
and was occafionally improving to the Perfec^ 
tion he intended it Jhould have^ before he com^ 
mitted it to the Prefs. And the beji Copia of 
his Manufcript having been tranfmitted to the 
Publijher^ it was eafy^ by comparing them^ to . 
eftablijh a corre£i and genuine Text. There 
were^ befdeSy feveral detached Papers^ fome of 
which were quite finijhed^ and wanted only to 
h^ inferted in their proper places. In a few 
others^ the Demonjlrations werefo concifely ex^ 
prejfed^ and couched in Algebraical cbarac^ 
terSy that it was necefjary to write them out at 
more lengthy to make them of a piece with the 
refi. And this is the only liberty the Publijher 
has allowed himfelf to take ; excepting a few 
inconfiderable additions ^ that feemed necejjary to 
render the Book more compleat within itfelf 
and to fave the trouble of confulting others 
who have written on the fame SubjeEl. 

The Rules concerning the Impoflibic roots 
of Equations^ our Author had very fully confix 
deredy as appears from his Manufcript papers : 
but as he had no where reduced any thing on 

that 
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^bat SubjeB to 41 better form ^ than what was 
hng ago publtjhed in the Philofophical TranC- 
ad:ions, N® 3 94, and 408, we thought it befi 
to take the fubjlance ^Chap. 11. Part II. from 
thence ; efpecially as the latter of thefe Papers 
furnijhes a demonftration of the original rule^ 
nxhlch prefuppofes only what the Reader has 
been taught in a preceding Chapter. 

^he Paper that isjubjoined^ on the Sums of 
■ the Powers of the Roots of an Equation, is 
taken from a Letter of the j4uthor {S Jul. 
1743) to the Right Honourable the Earl 
Stanhope ; communicated to the Publijhery 
with fome things added by his Lordjhip^ which 
were wanting to fnijh the Demonftration. 

Of thefe Materials^ carefully colleBed and 
put in order ^ the following Elementary Trea- 
tifc is compofed ; which we have chofen rather 
to give in a Volume that is within the reach 
if every Student^ than in one more pompous^ 
which might be lefs generally ujeful. And we 
hopCy from the pains it has cof us^ its blemijhes 
are not many^ nor fuch as a candid intelligent 
Reader may not forgive. 

^he Latin Appendix is a proper Sequel^ and 

a high Improvement y of what had been demon^ 

f rated in Part III. concerning the Relation of 

Curve lines and Equations j a Subje& which 

our 



Digitized 



by Google 



To the Reade*. 

mtr Author had been tartj arid intimatehf a(^ 
quaint ed iviib ; witnefs bh Geometria Orga- 
nica, printed in lyx 9, when he was net full 
twenty-ane years of age-, and whicb^ tboughjo 
ju*uenile a nmrk^ gained\ him. at onie^. tmit 
difiijiguijhed Rank a?nong Mathematicians^ 
which he thence jorth held with great bifirt. 
Tet he frankly ownsy he nxkis led to many of the 
Fropoftions in this Appendix^ from a Theorem 
of Mr. Cotes, communicated to him^ witb^ 
out any demon/lration^ by the Reverend and 
Learned Dr. Smith, Majler (f Triaity- 
College, Cambridge. How be hat profited 
of that Hint^ the Learmd will judge : 
^bus much we can venture to fay^ that be 
bimfelffet fome value upon this Performance i 
havings we are told^ employed fome of the latefi 
hours be could give to futh Studies ^ in revijihg 
it for the Prefs ; to bequeath it as bis laji Le^ 
gacy to the Sciences and to the Publick. 
• The gentlemen to whom Mr. Macl A u r in 
left the care of his Papers^ are Martin 
FoLKES, Efq^y Prefdent of the Royal Saci^ 
ety ; Andrew Mitch el, £/y; and the 
Reverend -Mr. Hi ll, Chaplain to his Grace the 
Archbifhop of Canterbury ; with whom he 
had lived in a mpji intimate friendfljp. And 
by their direSlion this T^reatife is publijlzed. 

CON- 
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TREATISE 

OF 

A L G E B R A. 

PARTI. 

CHAP. I. 

lyefinitiom and Illujlrations. 

[LGEBRA is a general mediod 
of computation by^ certain figns 
and fymbols which have been 
contrived for this purpofe, and 
found convenient. It is called an Universai. 
Arithmetick, and proceeds by operations and 
rules fimilar to thofe in common arithmetick, 
founded upon the fame principles. This, how- 
ever, IS no argument againft its ufefulnefs or 
evidence ; fince arithmetick is not to be the le& 

valued 
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1 ^ TREATISE ^ Parti. 

irahied that it is common, and is allowed to be 
one of Ac moft clear and evident of the fai- 
ences. But as a number of fymbols arc admit- 
<d into this fcicnce, being neceflary for giving it 
diat exttnt and generality which is its greateft 
cxceltence ; the import of thofc fymbols is to be 
dearly ftated, that no obfcurity or error may 
arife from the frequent ufe and complication of 
them. 

§2. In Geometry, lines are rq)refeDted 
by a line, triangles by a triangle, and other 
figures by a figure of the fame kind j but, in 
AiGEBRA, quantities are reprefented by the fame 
ktters of the alphabet ; and various figns have 
been imagined for reprefenting their affedions, 
relations, and dependencies. In Geometry the 
leprefentations are more natural, in Algebra 
more arbitrary : the former are like the firft 
attempts towards the cxpreflion of objcfts, 
which was by drawing their refcmblances ; the 
latter correfpond more to the prefent ufe of 
languages and writing. Thus the evidence of 
Geometry is fometimes more fimple and ob- 
vious ; but the ufe of Algebra more cxtenfive, 
and often more ready : cfpecially fince the ma- 
thematical^ fciencqs have acquired fo vaft an 
extent, and have been applied to fo many en» 
qyiries. 

. § 3. In thole fcicnces, it is not barely magni^ 
tude that is the objcft of contemplation : but 

there 



Digitized 



by Google 



Chap. I. A L 6 E &R Ai j 

there are many aflTcftions and properties rf 
quantities, and operations to be performed upon , 
them, that are ncceffarily to be confidered; la 
eftimating the ratio or proportion of quanti- 
tiesj magnitude only is confidered (Elem. 5* 
Def. 3.) But the nature and properties of fi- 
gures depend on ihe pofition of the lines that 
bound them, as well as on their magnitude. In 
t-reating of motion, the direftion of motion as 
well as its velocity \ and the diredion of powers 
that generate or deftroy motion^ as weU as 
their forces, mull be regarded ^ In Optics, 
the pofition, brightnefs, and diftinAnefs of ima<> 
ges, are of no lefs itnportance than their big- 
nefs ; and the like is to be faid of other fci- 
ences. It is neceflary therefore that other fym* 
bols be admitted into Algebra befide the letters 
and numbers which reprefenic the magnitude of 
quantities. 

§ 4.. The relation of equality is exprefled by 
the fign = 5 thus to exprefs that the quantity 
reprefented by a is equal to that which is repre-» 
lented by by we write a-=:^ b. But if we would ^ 
exprefs that a is greater than b\ We write acrbi 
and if we would eXprefs algebraically that a is 
lefs than ^, we write a Ji^b. 

§ 5. Quantity is what is made up of parts, 

or is capable of being greater or lefs. It is in-^ 

creaiqd by jlddition^ and diminilhed by Subtract 

tion $ wluch are therefore the two primary ope- 

B rations 
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4 j/ Treatise of PartL 

rations that relate' to quantity. Hence it is, that 
any quantity may be fuppofed to enter into al- 
gebraic computations two different ways, which 
have contrary efFedls ; cither as an increment or as 
a decrement \ that is, as a quantity to be added, 
or as a quantity to be fubt rafted. The fign -|- 
(flus) is the mark of AddHion^ and the fign — 
(minus) of SubtraSlion. Thus the quantity be- 
ing reprefented hy a^-^a imports that a is to be 
added, or reprefents an increment ; but — a 
imparts that a is to be fubtra<?.ed, and reprefents 
a decrement. When feveral fuch quantities are 
joined, the figns ferve to (hew which are to be 
added, and which are to be fubtrafted* Thus 
J^a^h denotes the quantity that arifes when a 
and b are both cpnfidered as increments, and 
therefore expreffes the fum of ^j and b. But 
-j- « — b denotes the quantity that arifes when 
from the quantity a the quantity b is fubtrafted ^ 
and cxprefles the excefs of a above b. When 
a. is greater than by then a — ^ is itfelf an in- 
crement ; when a = by then ^ — ^ — o ; and 
when a is lefs than by then a — ^ is itfelf a de- 
crement. 

§ 6. As addition and fubtradlion are oppo^ 
fite, or an increment is oppofite to a decre- 
ment, there is an analogous oppofitron betweea 
the affedlions of quantities that are confidered 
in the. mathematical fciences. As between ejc- 
cefe and dcfeft •, between the value of effeS:^ 

or 
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or money due to a man, and money due by 
him ; a line drawn cowards the right, and a lincS 
drawn to the left ; gravity and levity ; eleva- 
tion abovd the horizon, and deprelTion below 
it. When two quantities equal in refpeft of 
magnitude, but of thofe oppofite kinds, arc 
joined together, and conceived to take place in 
the fame fubjeft, they deftroyeach other^s ef- 
Tedt, and their amount is nothing. Thus ioo/# 
due to a man and lOo/. due by him balarfce 
each other^ and in eftimating his ttock may ht 
both negleded. Power is fuftained by an equal 
power ading on the lame body with a con- 
trary dire<5tionj and neitheir Jiave eflfeft. When 
two unequal quantities of thofe oppofite quali-' 
ties are joined in the fame fubjedk, the greater 
prevails by their difference. And when a great- 
er quantity is taken from a leflcr of the fame 
kind, the remainder becomes of the oppofite 
kind. Thus if we add the lines AB and BD to- 
gether, their 
fum is AD j I % 



but if we are 



AC B D 

+-- + — ^ 



tofubtraftB C A B D 

D from AB, 

then BC = BD is to be taken the contrary way 
towards A, and the remainder is AC; which, 
when BD, or BC exceeds AB, becomes a line 
orf the other fide of A. When two powers or 
forces are to be added together^ their fum adls 
. B % upon 
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6 -^ Treatise ^ Parti. 

upon the body : but when we are to fubtraft 
one of them from the other, we conceive that 
which is to be fubtrafted to be a power with an 
oppofite direftion ; and if it be greater than the 
other, it will prevail by the difference. This 
change of quality however only takes place 
where the quantity is of fuch a' nature as to ad- 
mit of fuch a contrariety or oppofition. We 
know nothing analogous to it in quantity ab- 
ftraftly cortfidered ; and cannot fubtradl a greater 
quantity of matter from a leffer, or a greater 
quantity of light from a lefler. And the appli- 
cation of this dodtrine to any art or fcience is to 
be derived from the known principles of the 
fcience. 

§ 7. A quantity that is to be added is like- 
wife called a pofitive quantity ; and a quantity 
to be fubtraded is feid to be negative : they are 
equally real, but oppofite to each other, fo 'as 
to take away each other's effeft, in any opera- 
tion, when they are equal as to quantity. Thus 
3 — 3=0, and a — 4 = 0. But though. + a 
and — r a are equal as to quantity, we do not 
fuppofc in Algebra that 4- ^ = — ^ > becaufe 
to infer equality in this fcience, they muft not 
only be equal as to quantity, but of the feme 
quality, that in every operation the one may 
have the fame effed as the other. A decrement 
may be equal to an increment, but it has in all 
operations a contrary cffeft; a motion down- 
wards 



Digitized 



by Google 



Chap. I, ALGEBRA. 7 

wards may be equal to a motion upwards, and 
the depreflion of a ftar below the horizon may 
be equal to the elevation of a ftar above it: 
but thofe poficions are oppofite, and the difttnce 
of the ftars is greater than if one of them was 
at the horizon fo as to have no elevation above 
it, or depreflion below it. It is on account of 
this contrariety that a negative quantity is faid to 
be lefs than nothing, becaufe it is oppofite to 
the pofitive, and diminifhes it when joined to it, 
whereas the addition of o has no efFedt. But 
a negative is to be ccnfidered no lefs as a real 
quantity than the pofitive. Quantities that have 
no fign prefixed to them are underftood to be 
pofitive, 

§ 8. The number prefixed to a letter is call- 
ed the numeral coefficient^ and fliiews how often 
the quantity reprefented by the letter is to be 
taken. Thus 2a imports that the quantity re- 
prefented by a is to be taken twice j 3^ that it 
is to be taken thrice; and fo on. When no 
number is prefixed, uttit is underftood to be the 
coefiicient. Thus 1 is the coefficient of a or 
of b. 

Quantities are faid to be like or ftmtlar^ that 
are reprefented by the fan^e letter or letter? e- 
quglly repeated. Thus + ^a and — e^a are like 5 
but a and ^, or a and aa are unlike. 

A quantity is iaid to confift of as many 
terms as there are parts joined by the figns + 

5 3 or 
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pr — J thus a '\' b confifts of two terms, and is 
called a binomial ; a-^b -^ c confifts of three 
terms, and is called a trinomial. Thefc are 
c;alled compound quantities : a ftmpk quantity 
confifts of one term only, as -]- ^, qv -\- abj or 
-j- abc. 

The other fymbols and definitions neccffary 
'in Algebra fhall be explained iq their proper 
places. 



C H A P. II. 

Of A p D 1 T I O N. 

§ 9. /^ ASE I. To add quantities that are 
V-^ like and have like figns^ 

Rule. Add together the coefficients^ to their fum 
prefix the common fign^ and fubjoin the common 
letter or letters. 



EXAMPLES. 

To +5^ to —6^ to /^4- ^ 

Add +4^ ' ^dd — 2b add ^a-^gb 
Sum -^^a- Suai-*-8^ Sum4tf+6i 
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To 3^ — 4Jif 
Add 5a— Sk 

Sum ia — I2X 



Cafe II. To add quantities that are like but 
have unlike figns. 

Rule, SubtraS the lejfer coefficient from the 
greater y prefix the Jign of the greater to the 
remainder y and fubjoin the common letter or let'- 
ters. 

, EXAMPLES. 



To — 4^? 
Add r^ yd 

Sum •4* 3^ 



lb^^\-^c 



To /? + 6;^ — 5y + 8 

Add -.5^1 — 4^ + 4y_3 

Sum — 4^ + 2x ^ — ' y -¥ 5 



— 2a ^ 2b 
o . . Of 



This rule is eafily deduced from thef nature 
of politive and negative quantities. 

If there are more than two quantities to be 
added together, firft add the pofitive together 
into one fum, and then the negative (by Cafe I.) 
Then add thefe two fums together (by Ca/e II.) 



B4 



EX. 



Digitized 



by Google 



i<? 



A Treatise ef P?rtlf 



PXAMPLE. 

^ ya 
+ %oa 
— 12a 

Sum of the pofitivc ...-{- iSa 
Sum of the negative . . . r— i9<j 

Sum of all • .... — a 



Cafe III. To add quantities that arc unlike, 



JRule. Set tbm all do^n cne after anotkert with 
tbeiif Ji^ and coefficients prefixed. 


EXAMPLES, 


Tq + 2a 
Mi + 3* 


+ 3* 

— •4X 


gum 2a + 3k 


^« — 4^ 


Add -r- 4* — 4y 4- 32? 


gum 4«-|-4* + 


3C-~4x^4y^Z^ 



€;haPi 
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CHAP, la 

Of Subtraction, 

§ 10. /^ Encral rule. Change the Jigns of tbi 
vJT ^antity to be fubtraSIed imo jhetr 
contrfxrj JignSy and, then add it fo changed to the 
quantity from which it was to be fubtraSted (t^ 
fbe rifles of the lafi chapter :) the fum arming by 
this addition is the remainder. For, to fubcraft 
any quantity, cither pofitivc or negadve, is tb« 
iame as to add the oppofite kind. 



EXAMPLES, 



From + sa 

Sjiibtraft + 3a 

■"" " 'I ' 
Kcmaind.5^ — 3^, OTza 



8a— yb 

3^+4* 

5a --lib 



From 2a — 3^ + Sy — 6 

Subtr^ft (5^ + 4^ + 5y 4- 4 

Jleniaind. — 4a — yx q — 10 

It is evident, that to fubtra6t or take away a 
decrement is the fame as adding an equal in- 
crement. If we tajce away — b from a — *, 
there remains a ; and if we add -f ^ to ^ — b^ 
the fum is likewife a. In general, the fubtrac* 
don of a negatire quantity is equivalent to add* 
jng its pofitivc valuQ. 
^ ^ PHjAP, 
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CHAP. IV. 
Of Multiplication. 

§ ii.TN Multiplication the General rule for 
X the figns is. That when the Jigns of 
the foEt&rs are like (i. c. both +, or both — ,) 
the fign of the produSl is -f ; but when the Jigns 
if the f alters are Unlike j the Jign of the pro dull 

^^ 
Cafe L When any pofitive quantity, + 4, is 
multiplied by any pofitive number, 
-{- n\ the meaning is. That 4. ^ is to 
betake as matny times as there are 
units in n ; and the -produ<5l is evi- 
dently na. 

Cafe II- When — ^ is multiplied by », then 
-« tf is to be taken as often as there are 
units in Uy and the product muft be 

CifeHL MultipliCdldoii by a pofitive mmAer.im^ 
p4i!ts ^ re{$eated addition : but nwh^' 
jditiadon b/ ^ neg^ltive itliplie» a t> 
peat^d Msit^^io^. And when -f tf j5 
to be moltiplied by -^ % the vtsi^ 
iflg h^ TM + 4 is t^ b^ fhbtr^ed as 
often OS there ar<( Mftf in ir; there- 
fore 
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fore the product i« negativey bAng 

Cafe IV. When — 4 is tA be mulfJpted by — ^, 
then — a is to be fubtra^ted as dftem as 
thcfei are uftits in n -, bat (by § 10.) to 
fubtra£t — ^ is equivalent to adding 
+ ai confequemly the pfodud is ^ fm. 

The lid and IVth cafes niay be illuftrated in 
the following manner. 

By the definitions) + ^ "*" ^ * o > therefore, 
if we multiply + a — ahy n^ the produ<9:jnuft 
vanifh or be o, bccaufe th)e factor ^ — ^iso. 
The firft term of the pr6du<a is . + na (by 
Cafe I.) Therefore the fccond tern| of did pro- 
duft muft be — na^ which deftroys '{- nai {o 
that the whole product muft -be r^ M — na 
•= o. Therefore — ^ d multiplied by -f- * gives 
r-^na. 

In like ipanner, if we multiply +a — a by 

— », the firft term of the produdt being — na^ 
the latter term of the produA muft htJ^naj 
becaufe the two together muft deftityy eadi othCf, 
or their amount be o, fince one of die faftofs 
(viz. a-^a) is o. Therefore -^ a mult^lied by 

— »muft^e4-»^« , ' 

In this general do<5brine the muldplicator is 
jdways confidered as a number. A quantity of 
^^ kind may be multiplied by a number : but 

apoun4 



Digitized 



by Google 



H 



A Treatise ff Part h 



z pound i^ not to be multiplied by apound, 
or a debt by a debt, or a line by a line. We 
ihall afterwards conQdeir the analogy there is 
betwixt re£kangles in Geometry and a produd 
of two fadors; 

§ 12. If the quantities to be multiplied are 
fimpU quantities, find the Jign of the froduSt by 
the Iq/t rule ^ afier it place the produSi of the co- 
efficients J and then fet down atl the letters after 
^ne anothfr as in one word* 



EXAMPLES. 

Multw + a 
By jK^ 

' Prod.. + ah — Sab 



— 2a 

+ 4i 



6x 



Mult. ^ 9x 
By ~ 4^ 



Prod* 4- $2ax 



4 3ah 



§ 13. To multiply compound quzn^tksj you 
muft multiply every part of the multiplicand by 
.fill tbf parts of the multijflier taken one after an^ 
ftber^ fnd then colk& all the products into 094 
Jim : that fum fball be the produSl required. 



%%^ 
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ti 



EXAMPLES. 



Mult 
By 






Sum' 



ii^+ ab 

ab+bb 



Mult. 
By 

Prod. 



M^iab^bb 



C %aa — iiab 
%aa — lab^igbi 



C ^a — Sab 

I ^Sab'-iGbb^ 



Sum 4^w . • o — 16W 



xx^ax 
Cxxx-^axx 



0UM 



XXX •. o '^aax 



Miilt. iw + /ii -f.** 
By <^ — ^ 



bbb 



Sum «^w • • o • . . o ^-^bb^ 

§ 14. Produds that arife from the multipli* 
cation of two, three, or more quantities, al 
abcj are faid to be of two, three, or more di^ 
menjmis \ and thole quantities are called faSl&r$ 
or roots. 

If 
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If all the faftors are equals then thefc pro-^ 
du&s are called pB^ers ; as aa 6r aaa are pow- 
ers of a. Powers are ejipreflcd fbmetimes by^ 
placing above the root to the right-hand a figure 
expreffing tbfiS number pf fadtors ibai producer 
them. Thusj 



a 


I 


'lft1 


Power of the ?« 


aa 


2d 


root a, and 


a^ 


aaa 


13 


3d 


* is Ihortly-" 


a} 


aaaa 


s 


4th 


cxpreflcd 


«♦ 


aaaaa ^ 


en 


L5thJ 


thus, 


.a* 



\ 15, Thefe figures wbkh exprefs the num-» 
bcr oi fadors that produce powers are called 
Aeir indices or exponents % thus 2 is tte index erf" 
a^. And powers of the fame root are multiplied 
hy adding their eptponents. Thus a^ x a^ = a^j 
a^X a^ :=! dJ^ a^ Xa = a^. 

§ 16. Sometinies it is ufeful not a6hially to 
multiply compound quantities, b\0t to fet them 
down with the fign of multiplication (x) be- 
tween tljem^ drawing a line over each of the 
compound fadtors, . Thus a+ t x a — ^ ex- 
picflfc^ the prodoft qS a + t multiplied by 



CHAP. 
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CHAP. V- 
Of Division. 

§ 17. rr^HE fame rule for the figns Ss to 
X be obferved in Divifion as in Multi- 
plication ; that is, If the figns of the dividend 
and divifor are like^ the fign of the quotient muft 
^^ + > if ib^ ^^^ unlike^ the fign of the ^0^ 
tient muft be — . This will be cafily deduced 
from the rule in Multiplication, if yoii confider 
that the quotient muft be fuch a quantity as 
multiplied by the divifor fhall give the divi^ 
dend. 

^18. The General rule in Divifion is, to place 
the dividend above ^ fmall line^ and the divifor 
under it, expunging afry letters that may be found 
in all the quantities of the dividend and divifor^ 
and dividing the coefficients of a\l the terms by 
any common meafure. Thus • when you divide 
loab + i^ac by 20ad, expunging,^ out of all 
the terms, and dividing all the coefficients by 5, 

the quotient is ^—^-\ and 

%b)ab^bb(^-^. 



xiob) ^oax — 54aj>(— 



99 
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And 2bc)sabc(^. 

■ $ 19. Powers of the fame root are divided if 
fubtraSling their exponents as they are mulHplied 
kf adding them. Thus if you divide a^ by tf% 
rfie quoticot is tf*""* or a^. And V" divided h^ 
b^ j^ves b^^^ or b"- -, and ^^i^^ divided by a^b"^ 
gives ij*^* for the quotient. 

%20^ If the quantity tc be divided is c6m- 
poundy then you muft range its parts according to 
the dimenjions of fome one of its letters ^ as in the 
following example. In the dividend ^ *+ lab + ^% 
they are ranged according to the dimenfions of 
a^ the quantity a^ where a is of two dimen- 
fions being placed firft, zab where it is of one 
ditnenfion next^ and b^^ where a is not at all, 
being placed laft. The divifor muft be ranged ac- 
cording to the dimenjions of the fame letters ; then 
you are to divide the fir ft term of the dividend by 
the firft term of the divifor, and to fet down the 
quotient y which^ in this example^, is a ; then mul- 
tiply this quotient by the whole divifor^ and ff^^ 
iraSl the product from the dividend^ and the re- 
mainder Jhall give a new dividend^ which in this 
example is i^^b*. 
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Divide the firji term of this new dividend by the 
firft term of the divifor and fet down the quotient^ 
(which in this example is b) with its proper Jign. 
Then multiply the whole divifor by this part of the 
quotient^ and fuhtraH the produSl from the new 
^ dividend \ and if there is no remainder y the divifion 
is finifhed : If there is a remainder, you are to 
proceed after the fame manner till no remainder 
is left •, or till it appear that there will be always 
feme remainder. 

Some Examples will illuftrate this operation«u 

EXAMPLE I. 

a + b)a^—b*(a — b 
a^-^ab 

— ab — b- 
^ab — b^ 



EX- 



Digitized 



by Google 



^o ]^ Treatise of Part L 



EXAMPLE n. 

tf — ^) aaa — ^aab + '^ahb — hbb {aa -^tab-^bh 
aaa — aab 



— %aab + yibb — bbb 
— raab-\'%abb 

" abb — bbb 

abb ^ bbb 

o o 



EXAMPLE UL 

^ — I) aaa — bbb {aa -{- ab-^-bk 
aaa — aab 



aab — bbb 
aab — abb 



abb— bbb 
abb— bbb 
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EXAMPLE IV. 
6) Saaad — 96 {laaa + 4aa + 8j 4" 16 



i2aaa — i^ad 



24aa — g6 
24aa — 48^ 



48^—96 
48^ — 96 



^21. tt often happetis that the Opcratiori 
tiiay be continued without end, and then you 
havd an infinite Series for the quotient ; and by 
comparing the firji ttree or four tcrmf you may 
find what law, the terms obferve t by which meansi 
Iviibout any more divijion^ you may continue the 
quotient as far as you pleafd Thus, in dividing 
I by I — a^ you find the quotient to be i + <^ 
4- ^^ + daa + aada + Csfr. which Series can be 
continued as far as you pleafe by adding the 
powers of ^i 



C2 The 



Digitized 



by Google 



22 ATKtATltZof Parti. 

The Operation is thus : 



I — a 



'\^a — aa 

-\'aa 
JLaa — aaa 


aaaa 




-^aaa 
+ aaa — 




+ 

Another Example. 


aaaa^ 


6fc, 



a + x) aa+xx(a^x-\ r-l — ; — ^^' 

aa-\'ax 



— ax-^xx 
— ax — XX 


OAT* 
^7 








•— 


2;^' 
a 


2X^ 



4-^ 
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In this laft example the figns are alternately 
+ ahd — , the coefficient is conilantly 2, after 
the firft two terms, and the letters are the pow- 
ers of X and a 5 fo that the quotient may be 
continued as far as you pleafe without any more 
divifion. 

But in Divifion, after you come to a remain* 
der of one term, as ixx in the laft example, 
it is commonly fet down with the divifor under 
it, after the other terms, ind thefe together 
give the quotient. Thus, the quotient in the 

laft example is found to be ^ — x A ; — • And 

lb + ab divided by i — a gives for the quotient 



Note^ The fign -r placed between any twa 
quantities, exprefles the quotient of the former 
divided by the latter. Thus a^rb-ra — x is 
the quotient of ^ + 3 divided by a — x. 



C 3 CHAP. 
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CHAP. VL 

Of Fractions. 

4 22,T N the laft Chapter it was faid that the 

X quotient of any quantity a divided by 

h is exprefled by placing a above a fmall line and 

i under it, thus, y. Thefe quotients are alfo 

called FraStions \ and the dividend or quantity 
placed f bove the line i^ galled the J^nmerator 
of the fraflion, and t^e diyifor or qyAHtiiy 
placed under the line i^ cabled the Denommatar^ 

Thys — exprefles the quotient of 2 divided by 3 \ 

gnd 2 is the numerator and 3 the denominator of 
the fraftion. 

§ 23. If the numerator of a fraElion is equal 
to the denominator^ then the fraction is equal to 

unity. Thus — and -r are equal to unit. If the 

numerator, is greater than the denomimtoTy then, 
the fraSiion is greater Phan unut, Ip bqth thefe 
cafes, the fraftion is called improper. But // 
the numerator is lefs than the denominator^ then 
the fraction is lefs than unity and is called proper. 

Thus ~ is ^n improper fraSion ; byt ^ and 

r- are proper fraftionSf A mixt quantity is that 

"whereof 



Digitized 



by Google 



Chap. 6. ALGEBRA. 25 

whereof pne part is an integer and the other 
zfra3iion. As 34 and 54^, and ^ + -r-* 

PROBLEM I. 

§ 24. ^0 reduce a mixt quantity to an impro* 
f^ER Fraction. 

Rule. Multiply the part that is an integer by the 
denominator of the ftaHional part ; and to the 
produR add the numerator \ under their fum 
place the former denominator. 

Thus 2\ reduced to an improper firaftion, 
gives ^5 ^ 4. y = ^^Y^ > and ij ~ X + 



PROBLEM II. 

§ 25. To reduce an improper fraction /# 
MIXT Quantity. 

Rule. Divide the numerator of the fra^ion by 
the denominator^ and tbfi quotient fiall give the 
integralefart \ the remainder fei over the deno-^ 
minator fhall be the fractional part* 

C 4 PRO: 
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PROBLEM III. 

§ 26. To reduce fractions of different denomina^ 
tions to fr anions of equal value that fhall have 
the fame denominator. 

Rule. Multiply each numerator^ fiparately tokens 
into all the denominators but its own^ and the 
froduQs fhall give the new numerators. Then 
multiply all the denominators into one another ^ 
t^nd the produff fhall give the eommon denomina- 
tor. 

Thus the fradions y» — , -^^ are rcfpeftively 
equal to thcfe fraftions -7-7* -7— r> i— r> which 

^ bed- bed bed 

have the f^me denominator bed. And the fraftionS 
— , —,. ~, are refpeiSively equal to thefe^-f 
45 48 

PROBLEM IV. 

§ 27. To AV'D. and subtract Fra^ions* 

Riile. Reduce them to a common denominator^ 
and add or fubtraSi the numerators^ the fum 
$f difference fet over the common denominator^ 
is the fum or remainder required. 

Thus 
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Thus 1 + il + i- ^dL±JfL±£t. 
. Anus J + ^ + ^ - ^^ 

^ ^_ £ _ tfi — ic £ I _3 _ 8 + 9 17 

t d ~ W * 3 "*" 4 ~ 12 ~ 12 

1 -- 1 =, 9—8 -. JL '. 
4 3 12 12 • 

± _ i - '6—15 _ i. 

5 "4 20 20 * 

;f Ji? 3Jf— 2Jf -*• 

2 3 6 6* 

PROBLEM V. 

§ 28. Ti MULTIPLY' FraSlions. • 

Rule. , Multiply their numerators one into another 
. /^ ^^/j/» the nufiierator of the frodu£l\ and* 
their denominators multiplied inta one another 
Jhall give- the denominator of the product. 

-T- >^ ^- = -ir-' 

If a mixt quantity is to be multiplied, firft 
reduce it to the form of a fradion (by Prob. i.) 
And if an integer is to be multiplied by a frac- 
tion, you may. reduce it to the form of a frac- 
tion by placing unit under it. 



EXAMPLES- 

\^ 3 _ 51 



. 3 17 3 51 202 

^TX^ = -f Xf = f^i 9X- = -fx- 
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_— _ . + ^ X -^ ^ ^ ^T"" 

a*b + abx ab + bx 

ax X * 

P R O B L E M VI. 

§ Z^ yto DiViDB FraSfions. 

Rule. Multiply the numeratot of the dividend by 
the denominator of the divifor^ their produSl 
Jhall give the numerator of the quotient. Then 
multiply the denominator of the dividend by the 
numerator of the dimfmr^ md their produ^ fhall 
give the denominator. 

•'*«f)f(i5'f)l(i'7)Td' 

a-\rb \ Q'-^b ^ gy— %ab + ^^ 
a-'^b) « V d^ -\' ab ' 

I 30. Thefe laft four Rules art eafily dqirton- 
ftrated fr6m the defiftition of a fraftion. 

1. It is obvious that the fradions — , 4-» "7> 

oaf. 

arerefpcftivelyequal to-^^ -^^ ^, finceif 

you divide adf By bdf^ the quotient will be the 
fame as of a divided by b \ and cbf divided by 
^f givps the fame quotient as c divided by ^ j 
and ehd divided by fbd the fame quotient as e di-* 
vided by /. . , * . 

2. Fractions reduced to< the fame denomina^ 
tdr are added by adding iheir iiumei^tors and 

• fub. 
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(vbG^mag the common denominator. I % 
4 ^. /. _ 1+f. For call 4 = «»» and 

4 = If, and it will ht a ziz mh ^ == »** and 
mi + nh z? a + r, and ^ + ;^ = ^-i-^ ; that 
is, 4- + 4 =5^ ~^- After the fame manner, 

bob 

ft C C'^C 

-7- — '•T ^mm ffk *"*^ H »' , • 

p b b X 

3, I fay J X 7(=«»X»^=^J for&B=^ 
^/i = f ; and W:w» = ^^, and, «^;r =p ^ ; that 

4. I fay J divided by ■-, or ^, gives —-, 
for iw^ = a^ and «»*i ^=' ad\ nd '=ic^ and 
»iJ = ri 5 tfierefore ~ = -^ 5 that is, 
m ai 

PROBLEM VII. ■ 

§ ji. To find the greatejl common Msafure of 
two numbers I that is, thegrcateft number that 
can divide them both without a remainder. 

Rule. Firft divide the greater number by the 
leferj and if there is. na remainder the leffer 
tmnUr k tke gr^tifi common divifor required, 

V 
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If' there is a remainder^ divide your laft divifor 
hy it ; and thus proceed continually dividing the 
laft divifor by its remainder^ till there is no re- 
mainder lefty and then the laft divifor is the 
greateft common Meafure required. 

Thus the greateft common meafure of 45 and 
63 is 9, i and the greateft common meaiiire of 
256 and 48 is 16. 

45)63(1 48)256(5 

45 ^ 24a 

i8)45(« 16)48(3 

36 48 

9) 18 (2 Q 

18 



§ 32. Much after the fame manner the greateft 
common meafure of algebraic quantities is dif- 
covered; only the remainders that arife in the 
operation are to be divided by their Jimple divifor s* 
and the quantities are always to be ranged accord-' 
ing to the dimenftons of the fame letter. 

Thus to find the. greateft comnK}n meafure 
of tf* — b^ and a*— lab + ^* J 
^•^i*)^* — 2ab + b*{i 



— zab^ 2b* Remainder, 

which 
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which divided by — ai is reduced to 



o o 

Therefore a — bis the grcateft common mca- 
fure required. 

The ground of .this o][)eration is, That any 
quantity that/meafures the divifor and the re- 
mainder (if there is any^ muft alfo meafute the 
dividend ; becaufe the dividend is equal to the 
fum of the divifor multiplied into the quotient» 
and of the remainder added together \ Thus 
in the lafl example, a — b meaiures the divifpr 
d^ — ^*, and the remainder — 2ab +ai i it 
mull therefore likewife meafure their fum ^*— 
2ab + b*. You muft obferve in this operation 
to make that the dividend which has the higheft 
powers of the letter, according to w^iich the 
quantities are ranged* 

PROBLEM VIII. 

§ 33. 7*0 reduce any FraSion to Us loweji 
terms* 

Rule. Find the greatejl common meafure of the 
numerator and denominator ; divide them by that 
common meafure and place the quotients in their 
room^ and you fball have a fraSion equivalent 

♦ See Chap. XIV» 

t9 
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to the ghM frgSbn €xpreffed in the kafi 

tCffftS* 

'S^hert unit is the greatefi comitidn mcafu^* 
of the numbers atid quantities, then the fraftion 

is already m its loweft terms. Thus ~- can- 

Mt be reduced lowear. 

And numbers whofe gres^teft common mca-^ 
fure is unkj are faid to be prime to one another, 

I 34. If it is required to reduce a given frac-' 
tion to a fradlion equal to it that fliall have a 
given denominator, you muft multiply the nu- 
merator by the given denominator ^ and divide the 
produSl hy the former denominator^ the quotient 
fet^ over the given denominator is the fraSiion re^ 

quired. Thus -j being given, and it being re- 
quired to reduce it to an equal f raftion whofe de-* 
pominator fhall be c ; find the quotient of ac 
divided by ^, and it Ihall be the numerator of 
the fraction required. 
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If. a Vulgar fraftion is to be reduced to a 
decimal (that is> a fraftion^ whole ^ denominator 
is 10, or any of its powers) annex as many 
€ypbers as you pleafi to tH fiUmefaUr^ a$$d tbt^ 
divide it hy the denominator^ the quotient jhall 
give a decimal equal to the Vulgar fraHion pro^^ 
fofed. 

Thus - = Meee, ^c, -^ = .61 

3 5 

y = .2857142, ^c. 

% 35. Thefe fractions are added and fub* 
traded like whole numbers ; only care muft 
be taken to fet Jmilar places above one another^ 
as units above units, and tenths above tenths^ 
£^r. They are multiplied and divided as inte- 
ger numbers ; only there muft he as many decimal 
places in the produ3 as in both the multiplicand 
and multiplier ; and in the quotient as many as 
there are in the dividend more than in the divifor. 
And in divifion the quotient may be continued 
to any degree of exaftnefs you pleafc, by add- 
ing cyphers to the dividend. The gropnd of 
thefe operations Is eafily underftood from the ge- 
neral rules for adding, multiplying, and divid-^ 
ing fra&ions. 
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CHAP. VII. 

Of the I N V o L u T 1 o N of Quantities. 

§ 3 6. nr^ HE produfti arifing from the con- 
X tinual multiplication of the fame 
quantity were called (in Chap. 4.) the powers 
of that quantity. Thus a^ <a*, a\ ,a\ &c. arc 
ihe powers of a -, and ab^ a^b^y a^lf\ a^b\ &cq. 
are the powers of ab. In the fame Chapter, 
the rule for the multiplication of powers of the 
lame quantity is to ** Add the exponents and 
make their fum the exponent of the produft." 
Thus a^y^a^ — a^ ^^ and a^b^ x d'b'- ^ a^bK 
In Chap. 5. you have the rule for dividing 
powers of the fame quantity, which is, *' To 
^btraft the exponents and make the difference 
the exponent of the quotient/* 

Thus 4 = ^'~* = ^" * and ^ = 

% 37* Jf you divide a iejfer power by a greater^ 
the exponent of the quotient mu/ij by this Rule, 

be negative. Thus -^ = tf*— * = tf— *. But 

tf* In I 

•^ = -^ 5 and hence — is exprefled alfo by a^ 

with a negative exponent. 

It 
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It is aUb obvious that — = «'""' = a*j , 
but — = I, and therefore «"* .= i. After 

a 

t ^o 

the fame manner — = — = 4®-"* =: tf—' i 

tfa fl* * aaa "" "* 

<?— ' ; fo that the quantities j, i^ — » -;, -j^ 

-;, &c. may be expreffcd thus, tf', «**, tf""*, 

tf-S ^-^S a—^y &c. Thofe are called the 
negative powers of ^ which have negative ex- 
poncnts ; but they are at the fame time pqfitive 

powers of — or j""'. 

§ 38. Negative powers (as well as pofitive) are 
multiplied by adding^ and divided by fubtraSing 
their exponents. Thus the produd of tf— * (or 

--) multiplied by ^— ' X^r 1) ^ «""*""* = tr-* 

(or ^j 5 alfotf--* X tf* = a-^+* = tf^* (or 

-;] ; and ^— ^ X ^^ = «*" = I- Andi in gene- 
ral, any pofitive power of a multiplied by a negative 
power of a of an equal exponent gives unit for 
the produS 5 for the poiStive and negative deftroy 
each other, tmd the produdt gives a""^ which is 
equal to unit. 

D Like^ 
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* Likcwifc — ; = ^■~*-*-* = ^""^ = -T-, and 



r= -^ ; therefore -^^ = ^ ^ : And, in genera^ 

" a^y quantity placed in the denommator of a. 
fraftion may be tranfpofed to the numerator, 
if th^ fign of its exponent be changed.** Thusv 

= ^»—% and — T =r a\ 



>3 



§ 39. The quantity a* expreflfes any power 
of'^-ia general-, the exponent (w) being unde- 
termined-, and ^—^ expreflcs —j^, or a negative 

power of ^ of an equal exponent : and a^ x (^'^^ 
=:^^"-*» = ^'^ = iis their product. ^« exprefles 
any other power of a\ a^ x ^" = ^"^ + « is the 
prpduft of the powers a"^ and ^"j and a^—^h 
their quotient. 

§ 40. To raife any fimplc quantity to its fe- 
Ci0i>d> -third, ot' fourth power, i$ to add its ex* 
ponent twice, thrice, or four times to itfelf;, 
therefore tlw Tecond power of any quantity is 
bad by doubling its exponent, and the third bjt 
tyebUng its exponent v and, in general, the 
f^OVJSr ^xprejjed hy m of^ any quantity, is bad hy^ 
' ffiuttiplying the e^pomnt by m^ as,i$ obyjojjis.from. 
the multiplication of powers. Thus the fecond^ 
power or fquare of tf is ^»xi = ^* . its third 
'I power 
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power or cube is ^3X1 = ^'j and the mth power 
of a \% a^^^ :=• a^. Alfo, the fquarc of a^ is 
tfiX4 = cf ; the cube df 4* is ^3x4 — ^* ; and 
the mUti power of j* is tf4X«. The fquare of 
u^^ is a^i^c^^ the cube is a^h^c^^ the wth power 

§ 41. The raifingof quantities to any p<jwcr 
is called Involution j and any Jimple quantity is . 
involved by multiplying the exponent by that of the 
power required^ as in the preceding Examples. 

The coefficient muft alfo be raifed to the fame 
power by a continual multiplication of itfelf by 
itfelf, as often as unit is contained in the expo- 
nent of the power required. Thus the cube of 
^ab is 3 >^ 3 X 3 X a^b^ = 2'ja^b^. 

As to the Signs,^ tf^hen the quantity to be in- 
volved is poJitivCi it is obvious that all jts powers 
muft beyojitive. And when the quantity 'to bi 
involved is negative, yet all its powers whofe ex-- 
ponents are even numbers mufi be pojltive^ for any 
number of multiplications of a negative, if the 
number is even, gives a pofitive ; fince — x — ' 
tn +, therefore — x — X — X — = + x4- 
=:4-i and— X — X— X — >i — X^ = 

+ x + x + = +. 

The power then only can be negative when 
its exponent is an, odd number, though thcf 
quantity to be involved be negative. The pow- 
ers of —^ are — a^ +^% — ^% +^% — ^\ 
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fc?r. Thofc whofc exponents arc 2^ 4, 6, ^c. 
are pofitive -, but thofe whofe exponents arc 
1, 3, 5, ^c. are negative. 

§ 42. The involution of compound quantities 
is a more difficult operatidn, 1 he powers of 
any binomial ^ + ^ are found by a continual mul- 
tiplication of it by itfelf as follows. 
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« 

§ 43. If the powers of a — t are requiredf 
they will be found the fame as the preceding, 
only the terms in which the exponent of ^ is 
an odd number will be found negative ; ** be* 
caufe an odd number of multiplications of a 
negative produces a negative/* Thus the cube 
of a — b will be found to be « ' — 3^*^ -j-^ 
2ab* — ^' : where the 2d and 4th terms arc ne- 
gative, the exponent of ^ being an odd number 
in thefe terms. In general, ** The terms of 
any power of ^ — b are pofuive and negative 
by turns/* 

§ 44. It is to be obferved. That " in the firfl 
term of any power of ^ + ^, the quantity a 
has the exponent of the power required, that 
in the following terms, the exponents of a de- 
creafe gradually by the fame difference (viz. 
unit) and that in the lad terms it is never 
found. The powers of i are in the contrary 
order ; it is not found in the iirft term, but its 
exponent in the fecond~ term is unit, in the 
xhird term its exponent is 2 ; and thus its ex- 
ponent increafes, till in the laft term it becomes 
equal to the exponent of the power required/* 

As the exponents of a thus decreafe, and at 
the fame time thofe of b increafe, ** the fum 
of their exponents is always the fame^ and is 
equal to the exponent of the power required/* 
Thus in the 6th power of a + i^ viz ^ ^ + 
6a'i -I- isa'b' + 20a' b^ -f i^a'b^ + 6ai^ -j- b\ 
V 3 tlic 
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the exponents of a decreafe in this order, 
6, 5, 4j 3> 2, I, o; and thofe of ^ increafe 
in the coatrary order, x), i, 2, 3, 4, 5, 6, 
And the fum of their exponents in any term is 
always 6. 

§ 45. To find the coefEcient of any term, 
the coefEcient of the preceding term being 
Known ; you are to '* divide the coefficient of 
the preceding term by the exponent of b in the 
given terrn, and to multiply the quotient by the 
exponent of a in the fame term, increafed by 
unit." . Thus to find the coefficients of the 
terms of the 6th pow^r of a +^, you find the 
terms are 

a\ a% a^b\ a'b\ a'b\ ab\ b^ j 

^nd you know the coefficient of the firfl term is 
unit ; therefore, according to the rule, the coeffi- 

leient ot the 2d term will be— X5+J = 6; 
thatofthe3dtermtvillbe—x 4 + 1 = 3x5 = 15; 

thatofthe4thtermwillbe-4x3 + i = 5X4=:20; 

gnd thofe of the following will be 15, 6, i^ 
agreeable to the preceding Table. 

§ 46. In general, if ^ + ^ is to be raifbd tp 
any power /», the terms, without their coeffi^ 
pients, will b6, «^ oF-^b, a^^-^b'-^ oF-ib^ a^^b\ 
^»— 5^^ Wc- continued till |h? exponent of h 
|)ecomes cquial torn. 

Th9 
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The coefficients of the rdpcftivc tenftSj ac- 
cording to the laft rule, will be 

m — I m — % OT-— 2 wH*i^ 

ijmjfn X —^j m X — j- X — r— > ^ X — - 

m — 2 m — 7 m — i m — 2 w— ^ m^A, 

^c. continued until you have one coefficient 
more than there are units in m. 

It follows therefore by thefe laft rules, that 

a'\'b t=L tf«.+ mar'-^h ^- «» X ^^^ X ^""*^* 

J^ m X —— X — — X a^-^^b^ + ^ X 

23 2 

X ^^ X ^^ X tf«-*^* +, £5fr. which is the 
3 + 

general Theorem for raifing a quantity confifting 
of two terms to any power m. 

§ 47. If a quantity confifting of three, or 
more terms is to be involved, " you may di- 
ftinguifli it into two parts, confidering it as a 
binomial, and raife it to any power by the pre- 
ceding rules; and then by the fame rules yon 
may fubftitute inftead of the powers of thefe ' 
compound jKirts their values/* 

Thus T+T+T = a + b 4. r = a+T + 
ic X a+1 + c'' = a^ + lab + ^* + 2<gt -f 
ibc -|- f *. 

And a + ^ + r z=ia + b +3rx ^ + ^' 
+ 3^ * X tf+3 + ^J = tf J 4. 3^*^ 4. ^ab^ + ^' 
+ 3^V + 6abc -i- 3^*^ + 3^^* + 3*c* + ^'• 

D 4 In 
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In thcfc Examples, a-\'b-\' c is confidcrcd 
as compofed of the compound parr a-^-b and 
the fimple part c ; and then the powers gf 
a+ b arc formed by the preceding rules, and 

fubftituted for a+b and a+b** 

CHAP. VIII. 
Of Evolution. 

§ 48.^1^ HE reverfe of Involution, or the 
X refolving of powers into their roots, 
is called Evolution. The roots of fingle quan* 
titles arc eafily extrafted by dividing their expo- 
nents by the number that denominates the root re- 
quired. Thus the fquare root of a^ is tf^ = a^% 
and the fquare root of tf*^*c* is a'bU. The 

cube root of a^b> is a'^b'^ = a^b ; and the cube 
root of x^V* is x'^*2*. The ground of this 
rule is obvious from the rule for Involution. 
The powers of any root are found by multi- 
plying its exponent by the index that denomi- 
nates the power j and therefore, when any power 
is given, the root muft be found by dividing 
the exponent of the given power by the number 
that denominates the kind of root that is re- 
quired. 

§49- 



Digitized 



by Google 



Chap. 8. ALGEBRA. 4j 

f 49. It appears from what was faid of Inro- 
lution, that ** any power thct has a fofitiv^ftgn 
may have either a pofitives or negative rooty if the 
. root is denominated by any even number.** Thus 
the fquare root of + a^ may be + ^ or — ' a^ 
becaufe -^-aX-^-aox — ax — a ^vcs + ^ * 
for the produd. 

But if a power have a negative fign, ^* no 
root of it denominated by an even number can ie 
afftgnedy* fince there is no quantity that multi- 
plied into itfelf an even number of times can 
give a negative produd. Thus the fquare root 
of — tf* cannot be affigned, and is what wc call 
an ** impojjible or imaginary qgantity/* 

But if the root to be extrafted is denomi- 
nated by an odd number, then Jhall the fign of 
the root be the fame as the fign of the given num^ 
ber whofe root is required* Thus the cube root 
of — a^ is — a^ and the cube root of a^b^ is 
— a^b. 

§ 50. If the number that denominates the 
root required is a divifor of the exponent of 
the given power, then fhall the root be only a 
** lower power of the fame quantity** As the 
cube root of a^^ is ^S the number 3 that de- 
nominates the cube root being a divifor of 12. 

But if die number that denominates what 
fort of root is required is not a divifor of the 
exponent of the given power, ** then the root 
required Jhall have a fraSlion for its exponent** 

Thus 
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Thus the fquare root of a} is d^\ the cube root 

of a^ is d^y and the fqdare of a itfelf is ^j*^. 

Thefe powers that have fraftional exponents 
arc called ** Imperfell powers or furds ;•* and are 
other wife expreffed by placing the given power 
within the radical fign V~> and placing above 
the radical fign the number that denominates 

3 * — 

what kind of root is required. Thus d^ z=i^ a^ i 
d^ = V^^j and ^" = V^"". » In numbers the 

a 

. fiiuarc root of 2 is exprefled by v^2j and the 

cube root qf 4 hy ^4- 

§ 51. TJiefe imperfeft powers or furds arc 
** multiplied and divided, za other powers, hy 
adding and fubtralling their exponents.^* Thus 

v^; and — = ij * = ^j* = ^j*. 

They are involved likewife and evolved after 
the fame manner as perfect powers. ^ Thus the 

Iquare of « * is a ^ = ^^ ; the cube of d^ \% 
a '^z=.d^. The fquare root of ^"^'is a^^'^-=L aJy 



3 



the cube root of a'^ is a'^.^ But we (hall have 
occafion^o treat more fully of Surds hereafter. 

§ 52. The fquare root of any compound 
cjuantity, as a"" + zai + b"- i& difcovered after 

this 
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(his manner. ** F/Vy?, take care to dijpcfe tbt 
terms according to the dimenjions of the alphabet^ 
as in divijion ^ then find the fquare root oftbefirfi 
term aa^ which gives a for the firji member of tks 
root. Then fubtra^ its fquare from the propofei 
quantity^ and divide the firft term of the remainder 
(zab -|- b^) by the double of that member^ vjz. zoj. 
and the quotient b is the fecond member of the 
root. Add this fecond memifr to the^ double of 
the firfty and multiply their fum (%a -^^b) by the 
fecond member bj and fubtraSl the froduSl (lai 
+ b'') from the forefaid remainder (2ab -j- b*) 
and if nothing remains^ then the fquare root is 
obtained \ and in this example it is found to be 
f^ + b. 

The manner of the operation i» thus, 

a^'-^zab'^h'- {a^b 



Za+ b \2ab -|- ^* 
X b^iab -\^b* 



But if there had been a remaindery you mufi 
have divided it by the double of the fum of the 
two parts already founds and the quotient would 
have given the third member of the root. 

Thus if the quantity jH-opofed had been 
^*+ 2tf^ + 2^ + ^* 4- 2^ + ^% after proceeding 
g$ gbove you would have found the ren>ainder 
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2tfr+2^r+r% which divided by ^a + 2h gives 
r to be annexed x.oa-Ybz,^ the 3d member of the 
root. Then adding r to la-l-ib and multiply* 
ing their fum 2^ -j- ^^^^ by ^, fubtraft the pro- 
duft lac-^ibc-^c* from the forefaid remainder ; 
and (ince nothing now remains, you conclude 
that a-^i+c is the fquare root required. 

The operation is thus; 
a* 

2tf+3\2a^ + 2tfr + ** + 2ii: + ^ 



2a+ 2b+c\2ac+ 2bc+c* 
Xcy2ac+2bC'\'C* 



Another Example. 
XX — ax-f- ^aa {x — ^a 

XX 



7x^ia\ — ax-^ la^ 
X — T^' — ax-J^^aa 



The fquare root of any number is found out 
after the fame manner. If it is a number under 
100, its neareft fquare root is found by the fol- 
lowing Table j by which alfo its cube ' root is 

found 
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found if it be under looo, and its biquadrate if 
it be under loooo. 



\The Root 


I 
I 

iT 

1 1 


2 

4 

iSi 

i6 


J' 
27 


4 S 


6 


7 


—8 


' 9! 


Square 


16 25 


36 


49 


64 


8t 


Cube 
Biquad. 


6+125 


216 


343 


512 


729 


256 625 


1296 


2401 


4096 


6561 



But if it is a number above 100, then its 
fquarc root will conlift of two or more figures, 
which muff be found by different operations by 
the following 

RUL^. 

§ 53« Place a faint above the number that is 
in the place of unitSj pafs the place of tens^ and 
place again a point over that of hundreds^ and g^ 
on towards the left band^ placing a point over every 
id figure \ and by thefe points the number will be 
dijlinguifhed into as many parts as there are figures 
in the root. Then find the fquare root of the firft 
part^ and it will give the firft figure of the root j 
fubtra£l its fquare from that party and annex the 
fecondpart of the given number to the remainder^ 
^hen divide this new number (negleSing its lafi fi- 
gure) by the double of the firft figure of the root^ 
annex the quotient to that double^ and multiply the 
number thence arifing by the faid quotient ^ and if 
tbeprbdu£l is lefs than your dividend, or. equal to 
it^ that quotient fhall be the fecond figure of the 
root. But if the produSl is greater than the di* 
videndy you muft take a lefs number for the fecond 

figure 
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fgure of the root than that quotient. Much after 
^e fame manner may the other figures of the 
quotient be found, if there are more points than 
two placed over the given number. 

To find the fquare root of 99856, I firft 

point it thus, 99856, then I find the fquare 
root of 9 to be 3, which therefore is the firft 
figure of the root ; I fubtraft 9, the fquare of 3, 
from 9, and to the remainder I annex the fecond 
part 98, and I divide (neglecting the laft figure 
8) by the double of 3, or 6, and I place the 
quotient after 6, and then multiply 61 by i, 
and fubtraft the produft 61 from 98. Then to 
the remainder (37) I annex the laft part of the 
propofed number {^6) and dividing 3756 (ne» 
glefting the laft figure 6) by the dc^ble of 31,- 
that is by 62, I place the quotient after, and 
multiplying 626 by the quotient. 6, I find the 
produft to be 3756, which fubtracted from.thicf 
dividend and leaving no remainder, the exaft- 
root muft be 316. 

EXAMPLES. 



99856(316 

9_ 
61x98 

X1/ 61 

626x3756 

o 
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^7394756(5234 
25 



102x239 

X2/204 



5043)3547 
X3/3129 



529 (23 
4 



43\i29 
X3/i29^ 



10464. 41 856 
X44.1SS6 



§ 54. In gencraU to extra^ any root out of 
any given quantity, '* Firji range that quantity 
according to the dimenfions of its letters^ and eX' 
trail the /aid root out of the firfi tertUy and that 
fball be the firfi member of the root required. 
Then raife this root to a dimenfton lower by unit 
than the number that denominates the root re^ 
quired J and multiply the power that arifes by that 
number itfelf\ divide the fecond term of the given 
quantity by theproduSi^ and the quotient fball give 
the fecond member of the root required.** 

Thus to extraft the root of the 5th |X)wer o\K 
of a^'\^ sa^b + loa'b'' + loa'b^ + gab^ + b\ I 
find that the root of the 5th power out^ of a^ 
gives a, which I raife to the 4th power, and 
multiplying by 5, the produdt is 5^* ; then di- 
viding the fecond term of the given quantity ga^b 
hy ^a\ I find-'^ to be the fecond member; 

'^- and 
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and r^ufing a + ^ to the 5th power and fubtrad- 
ing it^ there being no remainder, I conclude that 
a+iiixhc root required. If the root has three 
members^ the third is found after the fame 
manner from the firft two confidered as one 
member, as the lecond member was found from 
the firft i which may be eafily underftood, from 
what was faid of extrafling the fquare root. 

§ 55^ In extra£fcing roots it will often happen 
that the exad root cannot be found in finite 
terms ; thus the fquare root of a* 4- ^* ^^ found 
to be 

The operation is thus 5 



*'»+£)•+' 



X 



=)='-4 



2a^ * 4fl» 









After 
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After the fame manner, the cube root of* 
^' + x^ will be found to be 

§56. " The general Theorem which we gavd 
for the Involution of binonlials will ferve alfo 
for their Evolution j*' bccaufe to extradt any 
toot of a given quantity is the fame thing as 
to raife that quantity to a power whofe expo^ 
ftent is i fradion that has its denominator equal 
to the numbfer that expreffes what kind of root 
is to be extradled. Thusj to extraft the fquare 
l"Oot oi d -^^ hj is to raife a -^ h to z power 

whofe exponent is 4 2 Now fince a + b = tf* + 

Suppofing w = 4^ you will find 

X-^^iX-Wh^ Sit. =xj^4.2^_il + 

sua* Sa^ 

- — f — =-j (^Ci Ahd aftet this martnef you will 
find thdt 

fore. 

§ 57* The rdots of numbers are to b« ex- 

tradted as thofc of algebraic quantities. ** Placi, 

a feint over tbt units f and then place points over" 

E ever^ 
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every thirds fourth or fifth figure towards the 
left handj according as it is the root of the cnbey 
of the 4th or gth power that is required ; and if 
there he any decimals annexed to the number^ 
point them after the fame manner ^ proceeding from 
ihe place of Units towards the right hand. By this 
niedns the ntiniier will be divided into fo many pe- 
riods as there are figures in the root required. 
Then enquire ivhich is the greateji cube^ biqua- 
drate^ or gth power in ths firfi period^ and the root 
of that power <vill give the firfi figure of the root 
^ required. SuttraSl the greateji cube^ biquadrate^ 
dr ^th power from the firfi period^ and to ^ the re- 
maind^ anneic the firfi figure of your feeond periadj 
ivbicb fhdll give your dividend. 

Raife the firfi figure already found to a power 
lefs'by unit than the power whofe root is fought^ 
that is, to *the 2^, 3 J, or 4th power j according 
ds it is the cube root^ the root of the ^th^ &r tbt 
root of the ^tb power that is required^ and muU 
tiply that pow& by the index of the cube^ 4th cr 
^thpowety and divide the dividend by tbisprodU^^ 
fo Jhall the quotient be the fecond figure of the 
' root required. 

Raife the part already fourd of the r^^, 4^ 
the power whofe root is required^ and If thai 
power be found lefs thm the two firfi periods ef 
fhe given Htmber^ the fecond figure iff the ro(/i is 
\^y ^g^^' But if it hi found greater^ you tmfl -di- 
minijh the fec^nd^ figure of phe root tiU that power 

be 
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he found equal to or lefs than tbofe periods, of the 
given number. SnhtraB ity and to the remainder 
annex the next- period \ and proceed till you have 
gone through the whole given number^ finding the 
%d figure by means of the two firji^ as you found 
thefecond by the firft \ and afterwards finding the 
4th figure (if there be a 4th period) after tbi 
fame manner from the three firft.^* 

Thus to find the cube root oi 13824; point 

it 13824; find the greateft cube in 13, viz. €, 
whofe cube root 2 is the firft figure of the root 
required. Subtrad 8 from 13, and to the re-, 
mainder 5 annex 8 the firft figure of the fecond 
period j divide 58 by triple the fquare of 2, 
n;iz. ,12. and the quoucnt is 4, which is the fer 
cond figure of the root required, fince the cube 
of 24 gives 13824, the number propofed. After 
the fame manner the cube root of 133 12053 
is found to be 237. 

OPERATION. 

13824 (24 
Subtr.- 8 = 2x2x2 



3X4=? 12) 58 (4 

Subtraa 24 ^ 24 X 24 = 138H 

Rem. * 9 

« 
E 2 13 



V 
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»'33i2053 (237 






8 = 2X2X2 






12) SI (4 or) 3 






Subtract 12167 = 23x23x23 





3x23x23=1587) 1 1450 (7 

Subtraft 13312053 = 237 x 237 x 237 
Remain. o 

In extrafting of roots, after you have gone 
through the number propofed, if there is a 
remainder, you may continue the operation by 
adding periods o^ cyphers to that remainder, 
and find the true root in decimals to any degree 
of exaftnefs. 



it 



CHAP. IX. 
Of Proportion. 

^58.TT7HEN quantities of the fame kind 
VY are compared, it may be confi- 
dered either how much the one is greater than 
the other, and what is their difference \ or, it 
may be confidered how many times the one is 
contained in the other ; or, more generally, 

what 
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what is their quotient. The firft relation of 
quantities is cxprcffed by their Arithmetical ra^ 
tio -, the fecond by their Geometrical ratio. That 
term whofe ratio is enquired into b called the 
antecedent^ and that with which it is compared is 
called the confequeni. 

§ 59. When of four quantities the diflferencc 
betwixt the firft and fecond is equal to the dif- 
ference betwixt the third and fourth, thofc quan- 
tities are called Arithmetical proportionals ; as the 
numbers 3, 7, 12, 16. And the quantities, 
a J a-i^ij ey e'\-b. But quantities form z feries 
in arithmetical proportion, when they •* increafe 
or decreafe by the fame conjlant differenced As 
thcfe, <i, /J 4- ^, ii + 2^, ^ + 3^, a +' 4^, &c. 
x^ X — by X — 2^, &c. or the numbers, i, 2, 3, 
4, 5, 6?f, and.xo, 7, 4, 1, —2,-5^—8, 

§ 60. In four quantities arithmetically proper* 
tionaly " the fum of the extremes is equal to the 
fum of the mean terms.''* Thus ^7, ^ + ^i ^» ^ + ^» 
are arithmetical proportionals, and the fum of 
the extremes {a-^-e+b) is equal to the fum of 
the mean terms (^ + ^ + e). Hence, to find the 
fourth quantity arithmetically proportional to 
any three given quantities ; '* Add the fecond 
and third, and from their fum fubtraft the firft 
term, the remainder Khali give the fourth arith* 
inetical proportional required." 

E 3 § 6i- 
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§ 6f. In ay^wof arithmetical proportionals 
*• the fum of the firji and lafi terms is equal to 
the fum of any two terms equally dijiant from the 
extremes^ If the firft terms are a^ a + l^j 
a+ 2b^ &c. and the laft term x^ the laft term 
but one will be x — ^, the laft but two x — 2^, 
the laft but three x — 3^, &c. So that the firft 
half of the terms, having thofc that are equally 
diftant from the laft term fct under them, will 
ftand thus 5 

tfy a^yb, a^ib^ a-^-^h ^ + 4*, ^^ 
Xy X — ^, X — 2^, X — 3^» X — 4^, 

a+Xya-\^Xy a-^ x^ a-{- Xy a^ Xj fi^c. 

And it is plain that if each term be added to 
the term above it, the fum will be ^ + ^ equal 
to the fum of the firft term a and the laft term 
X. From which it is plain, that " the fum of 
all the terms of an arithmetical progreffion is equal 
to the fum of the^firjl and laft taken half as often 
as there are terms ^^^ that is, the fum of an arith- 
metical progreflion is equal to the fum* of the 
firft ajid laft terms multiplied by half the num- 
ber of terms. Thus in the preceding ferics, if 
n be the number of terms, the fum of all the 

terms will be a-^-x X — . 

§ 62. The common difference of the terms 

being ^, and b not being found in the firft 

term, it is plain that *' its coefficient in any 

» " term 
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term will be equal to the number of terms that 
precede that term." Therefore in the laft term 
X you muft have «— 1 x ^, fo that x muft be 
equal to a + n — i x *• And the fum of all 

the terms being ^ + ;c X — 5 it will alfo be equal 

to — , or to a A X». Thus for 

2 2 

example, the Teries i4.2 + 3 + 4+5> ^c. 

continued to a hundred, muft be equal to 

2X 100 + 10000 — 100 

^ = 5050. 

§ 6^. If a feries have (o) i>othing for its firft 
term, then *' its fum Jhall be equal to half the 
produp of the laft term multiplied by the number 
of terms.''* For then, a being = o, the fum 



of the terms, whif h is in general a-\-x X — , 

will in this cafe be — . From which it is evi- 
2 

dent, that " the fum of any number of arith- 

^netic^l proportionals beginning from nothing, 

is equal to half the fum of as many terms equal 

to thje great^ft term. 

Thus + 1 + 2+3 + 4+5 + 6+7 + 8 + 9 = 

9+9+9+9+ 9 +9+9+9+9+9 _ ^QXQ _ ^ ^ 
—T' - ^5- 

§ 64. *5 if of four quantities the quotient of 

the firft and fecond be equal to the quotient of 

the third and feurfhy then thofe quantities are 

faid to be in Geometrical proportion.''* Such arc 

E^ the 
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2 ; 6 


.? 4 


: I?- 






a : ar 


:: b 


; br. 





And you read them by faying. As 2 is to 6, fa 
IS 4 tp 12 I or as tf is to <jr, fo is b to br. 

In four quantities! geometrically proportional, 
^' the produ£f of the extremes is etiual to (beproduol 
cf the middle terms^^ Thus axbr-^ ary^b^ 
And, if it is required to find a fourth proportion 
pal to any three given quantities, " multiply the 
fecond by the thirds and divide their produSl by the 
firfi^ the quotient JhaU giije the fourth proporr 
iional r^quired.^^ Thus, to find ^ fourth pro- 
portional to tf, ary and by I multiply ar by by 
and divide the produdt arb by the firft term 
ay the quotient ^ is ^ fourth proportional re- 
quired. 

§ 65. In calculations it fbmetimes requires a 
little care to place the terms in due order ; for 
.which you may obferve the following Rule. 

*' Firft fet down the quantity that is of the- 
fame kind with the quantity fought y then con^ 
fidery from the nature af the queftion^ whether 
that which is given is greats or lefs than that 
which is fought \ if it is great ery then place the 
greateft of the other two quantities on the left 
jmand ; but if it is lefsy place the leqft of the other 
two quantities on the feft hand^ and the other on 
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the right.** Then fhall the terms be in due or- 
der i and you are to proceed according to the 
rule, multiplying the ^cond by the third, and 
idividing their produft'by the firft. 

EXAMPLE. 

ff 30 mn do any piece of work in 1 2 days^ 
kow majy men Jhall do it in 18 days ? 

Becaufe it is a number of men that is fought, 
I firft fee down 30, the numbeji: of men that is 
given : I eafily fee that the number that is given 
is greater than the number that is foug^, 
therefore I place 18 on the left hand, and iz 
on the right j and find a fourth proportional to 

o 30Kf2 

1 8, 30, 12, n)tx. ^—^ — = 2p- 

§ 66. When a ferics of quantities increafe by 
one common mujtiplicator^ or decreafe by one 
(Common divifor, they are faid tp be in ^yGeo-^ 
fnetrical proportion continued** 

As ^, ar^ ar^^ ar\ ar^^ ar\ &c. or, 
a a a a a ^ 

^^ 7"» 7i"> 7F» 7+' 7r» ^^* 

The common multiplier or divijbr is called 
their ♦^ common ratio.** 

In fuch a feries, *• the product of the firft and 
laft is ahjQays equal to the produSi of the fecond 
find laft but oney or to fh^ produlf of any two 
terms equally remote from the extremes. In. the 
ferics ^, ar^ ar^y ar^^ &c. if y be the laft term, 

then 



Digitized 



by Google 



6o ^Treatise of Part L 

then (hall the four lad terms of the feries be 
j^ -i, -^f "^ 5 '^^w *^ i* plain that ay^y zs. 

arxjr-ar'xji^ar'xjiy &c. 

5. 67. ** Tbefum of a feries of geometrical pro- 
portionals wanting the firfi term^ is equal to the 
fim of all but the laji term multiplied by the com- 
mon ratio.** 

For ar+ar'+arU8oc. ^ j^ + ^^^ + j^--Yy 

= rx^ + ^r + ^%&c.4.^ + ^ + ^+A 

Therefore if j be the fum of the feries, s — a 
will be equal to s — yxr*, that is, s—az=, 

sr — yr^ or sr — s =yr — a^ and s =^^ *. 

§ 68. Since the exponent of r is always in- 
creafing from the fccond term, if the number 
of -terms be », in the laft term its exponent will 
ht n — I. Therefore y = ar"^^ ; and jrir = 

ar—^+' =ar", and J = (^^^=^) = 2^. So 

that having the firft term of the feries, the num- 
ber of the terms, and the common ratio,- you ' 
may eafily find the fum of all the terms. 
If it is a decreafing feries whofe fum is to be 

found, asofj^ + ^+2: + ^, &c. + or' ^ 

ar* -f ar + a^ and the number of the terms be 
* iScc the Rulo* in the following. Chapter. 

fup- 
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fuppofed infinite^ then (h^l a^ die lad term, be 
equal to oc^hing. For, becaufe ;i, and conle^ 

quently f*— ' is infinite, ii = -^ x: o. TTie fum 

of fuch a feries J «= -^- \ which is a finite fum, 
though the number of terms be infinite. 
Thus 1+4+^+^+^+, 6?r. =1^^ = 2, 

and 1+4+^4.^+^+, (^c. =:i^ = 4, 



CHAR X. 

Of EcLUATioNS that involve only 
one unknown Quantitjr. 

§ 69. A N equation is ** a propqfiikn aJferHfig 
x\ the e(ptality of two quantities.^* It 
is cxprefled naoft conunonly by fetting down the 
quantities, and placing the fign {pz) between 
them. 

An equation gives the value of a quantity, 
when that quantity is alone on one fide of the 
equation : and that value is known, if all thofe 
that are on the other fide are known. Thus if 

I find that x — =8,1 have a known va- 

3 
lue of X4 Thcfe are the kft conclufioos we are 

to 
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to feck in queftions to be rcfolvcd y 'and if therms 
be only one unknown quantity in a given equa- 
tion, and only one dimenfion of it, fuch a value 
may always be found by the following Rules. 

RULE I. 

$ 70. " y% quantity may be tranfpofed from one 
fide of the equation to the other ^ if you change 
itsftgnr 

• For to take away a quantity from one fide, 
and to place it with a contrary fign on the other 
fide, is to fubtra£t it from both fides ; and. it 
is certain, that '* when from equal quantities you 
' fubtradt the fame quantity, the remainders muft 
be equal/' 

By this Rule, when the known and unknown 
quantities arc mixed in an equation, you may 
feparate them by bringing all the unknown to 
one fide, and the known to the other fide of the 
equation ; as in the following Examples. 

Suppofc 5>^ + 59 = 4^4-56f 
Bytranfpofit 5^ — 4^=56 — 50, or, ^ = 6. 

And \i ix-^arr^x-Ybj 

ZX"^ x = b — tf, or, x=b — a. 

RULE II. 
^ 71. " Any quantity by which the unknown quan- 
tity is multiplied may be taken away^ if yon 
divide all the other quantitios on both fides of 
the equation by it.^\ 

For 
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For that is to divide both fides of the equa- 
tion by the fame quantity 5 and when you divide 
equal quantities by the fame quantity! the quo* 
dents muft be equal. Thus, 

then x=i— . 
a 

And if 3x-f-i2 = 27, 
byRulci. 3x = 27— 12=15, 

and by Rule 2. x = ~ =5. 

AMb if ax -^ lia = 7CCj 
by Rule i. ax:=: ^cc — * 2^^, 

and by Rule 2. >f == 3ff *j^ 2^ 

RULE III. 

§ 72. 1/ the unknown quantity is £vided {y any 
quant ityj that quantity m^h. taken amay if. 
you multiply all the other members of the equa^ 
tionbyit:* Thus, 

then Ihall ;^ =^*+5^. 
If -^4- 4 = 10, 

AT + 20=50, 

and by Rule u ;if = 50— 20 = 30. 

If 
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If ^+.24=;;2X+ 6, 

by Rule i. 7a -^ i8 =s 6fl? ^4XyOts4::^Zif. 
^ by Rule 2. 99 -sz^ =s 27. 

By this Rule an equation^ whereof any part is 
a fradlion, may be reduced to an equation that 
fliall be expfeflcd by integers. If there arc 
more fradions than one in the given equation, 
you may, by rsducing th^m to t common de- 
nominator, and then multiplying all the other 
terms by that xlenoo^inaCor, 2^ri4g^ the calcula- 
tion thus; ; ^- . 



then 3Hi5f ^^_ 
- andibjrth«RvIe ^^+5*:= 15^—105, 



7 

RULE IV. 

5 7i^ " -5^ ^^^^ nwn^r pf tbt ijuation that in- 
volves (be unknown quantity be a furd rootj 
then the equatim is to be reduced to another 
that Jhall be free from atrf furd^ by bringing 
that member fifjt fo fltmd atone upon one fide 
of the equation^ Mud ibe» taking away the 
radical fign from itf and rxtifing the other 
fide of the equation to the power denominated 

- bythefurd:\ Thus 
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Thus if \/4tc+ i6i= 12, 
^^i6z=. 144, 
and 4*=i^-^J^3=i2?, 
and . * = ~ = 32, 



If v ^gy-l-^* — <• = </» 
then v^tf*-f ^ = i 4- ^» 

ind * = £±iti:i-ii£. 






R U L E V. 

§ 74. " ij^ that fide of the equation that con- 
tains th^ unknown quaiitity he a compleat , 
fytiarey €uh^ or other* ponder 5 ibtn ^mpoB 
the fquare rooty cube^ rootj or the foot jf 
that, pgwery from both fides of the e^ation^ 
and thus the equation Jhall be reduced to one of 
a lower degree.^* 

and ^ = + ^/20 -^3. 

If 
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If ;tf* + tf;tf + ^==*% 

4. 
/ thenar + -- = + *» 

and Af = + i — --'- 

If ;f* 4-14^^4-49=12/1 j' 

then X 4- 7 = i ^^» 
and ;f = ± II — 7 = 4f or — i^i 

RULE VI. 

§ 75. " ^ proportion f»ay be com)erted into an 
equation J ajif ting the pfoduH of the txtremi 
terms equal to the proiuSi of the mean t&ms^ 
or any one of the extremes equal to the pro*- 
dull of the means divided by the other ex* 
trevne^^' 

If. 12 — A? : — :: 4 • ^» 
then 12 — ^=:2x....3;v = i2....and^=4* 

Or if 20 — :v : ^ : : 7 : 3, 
then 60 — 3:^ = 7x... . io;^=6o. . . .and xrt: 6. 

' RULE ya 

§ 76. « If any quantity be found on both fides of 
the equation with the fame fign prefixtj it may 
be taken away from both ;" " Jlfo, if all thi 
quantities in the equation are multiplied or 
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divided by the fame quantity ^ it may be Jlruck 
out of them all** Thus, 

If 3^ + ^=^4 + *».».3;f=4.*Y^d;v = — i 

tf ^ax+ gab =^c.. 3x4-5^— 8^ -.andxis •^-^* 

If— 4-— =-:-..«.2^4-8=5i6«..»and;^s=4*' 
3 3 3 ^ 

RULE vm. 

i 77. " /;^^^i ^/ af^ quantity in an equation 
you may fubftitute another equal to it*\ 

Thus, if 3^+^^1=24^ 
and > = 9 i 

then 3^ + 9 = 24 . .. . X = - tH? ^ ^^ 

and y=:gxy 
then I 5a; 4- 5^ (= 20x) sa 1 20, 

and X = ' — • =: 64 

20 

The further improvements of this Rule fhall 
be taught in the following chapter* 



CHAP, 
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CHAP. XL 

Of the Solution of queftions that 

produce fimple equations. 

SIMPLE equations are thofc ** wherein the un- 
known quantity is only of one dimenfion :" 
In the folution of which we are to obfer/c the 
following direftions. ^ 

DIRECTION I. 

§ ^8. " After forming a diftinSl idea of the que- 
Jiion propofedj the unknown quantities are to be 
exprejfed by letters^ and the particulars to be 
tranjlated from the common language into the 
algebraic manner of exprejftng them^ that is^ 
int^ fuch equations as fhall exprefs the rela- 
tions or properties that are given of fuch quan- 
tities'^ 

Thus, if the fum of two quantities muft be 60, 
that condition is expreffed thus, X'\-y=^6o^ 

If their difference muft be 24, that condition 
gives X — y^2^' 

If their produdt muft be 1640, then xj=: 1640. 

If their quotient muft be 6, then . • . —=.6. 

If their proportion is as 3 to 2, then >^ : jy :: 3 : 2, 
QV zx-zr ry \ becaufe the product of the ex- 
tremes 



Digitized 



by Google 



Chap. II. ALGEBRA. 69 

trcmes is equal to the produft of the mean 
terms. 

DIRECTION II. 

§L 79. ** After m equation is formed^ if you 
have one unknown quantity only^ tben^ by the 
Rules of the preceding Chapter^ bring it to ft and 
alone on one fidey fo as to banje only known 
quantities on the other fide ;'* thus you fball 
dif cover its value. 

EXAMPLE. 

A perfon being afked what was bis age^ an- 
fwered that ^ of his age multiplied by -A of his 
age gives a produSl equal to his age. Qu. What 
was his age? 

It appears from the queftion, that if you call 

his age x, then fhall . . . ^ x — = ^» 

that is . . . -~ = ^; 
45 

and by Rule 3. . . . 3;?* = 48^", 

and by Rule 7. . . . 3^ = 48, 

whence by Rule 2. ... x z=i 16. 

DIRECTION III. 

§ 80. " If there are two unknown quantities^ then 

there tnuji be two equations arifing from the 

conditions of the queftion : Suppcfc the quan* 

titles X and y ; find a value of x or 7, from 

F 2 each 
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Wi& ^ /i&^ equations^ and then hy pitting 
thefe two values equal to each otber^ there 
will arije a new equation invohing one un- 
known quantity 5 which muji be reduced hy the 
Ruks of the former Ch^ter:^ 

EXAMPLE I. 

Letthefiim of two quantities he Sy and their 
difference d. Let s and d be giveh^ and kt it bet 
required to find the quantities themfelves. Sup- 
pqfe them tQ be x and y^ then, bj the fup- 
pofition, 

whence J ""^ •^"•5' 
:. ix — d'r\^y 

ahd <i+jf = s — y 

5—d 

and X = ■ ^1 . 

EXAMPLE IL 

Let it be required to find two numbers whSfe 
fum is Sy and their proportion as a to b. Let 
the numbers be x and y^ then fhatt 

SuppoC 
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hxsz ay 












x^zs—y 






?=.'-. , 






f+^=- 



7K 



ay -{- by =zbs 

a^bxy = bs 

bs^ 

^ ^ a + b 

tfjt as 

^ - T - 7+1' 

EXAMPLE III. 

/f privateer running at the rate of ro miles 
an bouTy difcovers a Jbip i8 miles off making 
way at the rate of 8 miles an hour : It is de^ 
manded how many miles the Jhip can run before 
Jhe be overtaken f 

Let the number of miles the (hip can run 
before ^Ihe be overtaken be called x j and the 
number of miles the privateer muft run before 
(he come up with the fhip, be y ; then fhall 
(by 5«j)p.)....jr=x + i8....andy :jf :: 8 : lo, 

whpnceiox=8j^...,j^=ii....andx=:;y — 18. 

F 3 Whence 
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Whence jf — 18=— , andj=90...x=j^ — 18 

= 72. 

To find the time, fay, if 8 miles give i hour ; 
72 miles will give 9 hours. — Thus, 8 : i : : 72 : 9. 

EXAMPLE IV. 

Suppofe the diftance between London and Edin- 
burgh to he 360 miles ^ and that a courier fets out 
from Edirtburgh running at the rate of 10 miles 
an hour \ another fets out at the fame time from 
London, and runs 8 miles an hour. It is re- 
quired to know where they will meet ? Suppofe the 
courier that fets out from Edinburgh runs x miles, 
and the other y miles before they meet j then fhall 



" ix:y::5:4 



4 
xz=s6o-^y 

9y = J440 

1440 , 
y =— i-i- = 160 
^ 9 

f( s; 360 —• y s: 200. 

EXAMPLE V. 

TtD9 perfotts difcour/tttg of their revemest fays 
At if B would yield him a pojl he has of 25 1. a 

yeary 
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year^ their revenues would he equal: Says B, if 

A would give bim a place be holds of 22 I. per 

annum, the revenue of B would be double that of 

A. Qu. their revenues ? 

Let the revenue of A be called >r, that of 5, 

y\ then, 

^ + 25 = y — 2S 
;j^ + 22 =2^—44 

;f = ;^ + 25 + 25 = ^ + 50 

J =r 2X — 44 — 22 == 2X — 66 

2x — 66 = y + 50 
A* == 66 4- 50 =116 
J= ^-{•50=166.. 

E X A M P L E VI. 

A gentleman difirtbuting money among fome poor 
people J found be wanted 10 s. to be able to give 5 s. 
to each j therefore he gives each 4 s. only^ and finds 
that he h^s $s. left. Qu, the number of fhillings 
and poor people ? 

Call the number of the poor x, and the num- 
ber of Ihillings y \ then, 

y = 5x — 10 

y = 4x-\- 5 ' 
5x — 10 = 4^ + 5 
5* — 4* =15 

* = 15 

J = 4* + 5 = 65. 

F.4 EX- 
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EXAMPI.E VIL 

Two merchants v^ere copartners •, tbefum afibe^p 
fiock was 300 1. One of their fiocks continued in com^ 
parry 1 1 months^ but tbe other drew out hisftock in 
9 fnonths \ when they made up their accounts they 
divided the gain equally. Qu. What was each man^s 
fiock? Suppofe the ftodc of the firft to be x^ 
^nd the ftock of the other to be j j then, 



i^fw-i'.t/fif 



x = f^ = 30o^y 

iiy-^9y—iloo 
2q)r= 3300 

/ 7 = ^=^^5-^-300— ;^=i35^ 

EXAMPLE VIII. 
^bere are two numbers whofifunris tbe 6tb pari 
$f their produS^ and tbe greater ii to the leffer as 
g to 2.. Qu, JVbat are thefd numbers ? Call thca^ 
X and^; then, 

izy z=: 2yy — liy 

— 7~rr y>y=^y 

yx=6x^6y 30 =37 

yxr-SxzizSy ^o 

■ 2 ^ /r y = — = 10 

y—6xxz=i6y . ^ 3 

6ir 3x10 

y — 6 2 

* = y^ whence* 4) t 



tx:;^::3:2 * I2yz:z 
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DKRECTEON IV. 
I gvi. << Whtn in^me of tbi.ghm equatUim% the 
unknown' quantity u of One dimnfionj and in, 
the other of a higher dsmef^on\ you tnufifini, 
a value- of the unknown quantity from thai 
iquation-whsreitis of one dimer^ony and: tbm 
raife that value to the power of the unknown 
quantity in the other equation % and by corn- 
faring it J fo involved, with the value you de* 
duce from that other equation^ you Jhall obtain 
an equation that will have only one unknown 
quantity^ and its powers P^ 

That is, when you have two equations of dif- 
ferent dimcnfions, if you cannot reduce the higher 
to the fame dimenfion with the lower,, ytwi mud 
raife the Igwer to the fame dimenfion with the 
higher. 

EXAMPLE IX. 

^he fum of two quantities^ end the difference of 
their fquares, being giveut -to find the quantities. 
Suppofe them to be ^r and 7, their fum j, an4 
diffetence of their fquares d. Then, 

Sx^y = l 

lx'—y' = d 

9C ti^s — y 

x^ = d-\-y^. 

d 4:jr*2=: J* — isy-^r-y^ 

d^s^ — 2^, whence* 

EXAMPLE 
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EXAMPLE X. 

Let the proper Hon of two numbers and thefum 
of their fquares he given j and let it be required to 
find the numbers tbemfehes. Suppofc their pro- 
portion to be the fame as that of a to by and 
let the fum of their fquares be ci that is, let 



{ 



X :y i:a : b 
X* ^ y* =. c 



then ^ = y > 

and ;c* := -^ ; 
butx*= c —y^y 

whence r—;^ ^"F" 

bY+ ay= cb'' 
a^ + b^xy^^^^cb'^ 



f = 



+ ** 



= y ?qrF^ ^^^ ^ = V ?T^* 



EXAMPLE XI. 

l^t the proportion of two numbers be that of 
0, to by and the difference of their cubes be d. 
Qu. What are the numbers? Then, 
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{X'.y::a:b 



but *'=</+ jr» 



whence 
and a^^ 


db* 


-/ 

;' = 


'a^ — i* 

3 

1 db* 

-•J a'^b^ 

1 


and X z= 


, 1 da^ 



DIRECTION V. 

§ 82. ^^ if there are three unknown quantities^ 
there muft be three equations in order to deters 
mine them^ by comparing which you may^ in 
all cafesy find two equations involving onfy 
two unknown quantities ; a?td then^ by Direc- 
tion 3, from thefe two you may deduce an 
equation involving only one unknown quantity % 
which may be refolved by the Rules of the lajt 

• Chapter:^ 

From three equatiom involving any three 
unknown quantities, ^, jy, and z, to deduce two 

equa« 
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equations involving only two unknown quan- 
tities, the following Rule will always ferve. 



RULE. 

•* Find three valued of x from the three given equa- 
tions \ then^ by comparing the firft: and fecond 
value J you will find an equation im^olving only 
y and z ; again j by comparing the firjl and 
thirds you will find another equation involving 
only y and z ;" W_ l^fyj thofe equations are 
to be refolved i^Direftion 3. 



EXAMPLE XH. 

Suppofe 

j.2---J^ — :Z=!ja — 2y 32 

1?—;^— 2=18 — ^—32; 



Thefc two lafl: equation? involve only y and - 
2J, and arc to be refolved, by DireBion 3, as 

fQllQWS. 
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{ 

whencc;.= i 8-^^-- 'ftvaluc. 
CI2— 42: •.2d value, 

8 "i— 22; = 12 — 42: 
22= 12 — 8=4 
and 2=2 

y(z=z 8— 22) =4 
;v(=i2— jr — 2j)=6. 

§ 83. This merfiod is general, and will ex- 
tend to all equations that involve three unknown 
quantities : but there aire often eafier and fhorter 
methods to deduce an equation involving one 
unknown quantity only j Which will be 'beft 
learned by pradlicc. 

EXAMPLE XIIL 

A? — z = 6 

by addition ^xz=z^6 

= 36_ 



f;.= | = i2 

j;^- Af ~ 4 = 8 
Iz^ X ^ 6 = 6. 
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Soppofing 



EXAMPLE XIV. 






xr=a—'y 
a — y '\-z:=ib 
y-^z-=c 

22=:^ + ^ — <» 
2 = --l- 



1 






§ 84. It is obvious from the 3d and 5th Di- 
rections, in what manner you are to work if 
there are four, or more, unknown quantities, 
and four, or more, equations given. By com* 
paring the ^ven equations, you may always at 
length difcover an equation involving only one 
unknown quantity ; which, if it is a fimple 
equation, may always be refolved by the Rules 
Df the laft Chapter, We may conclude then, 
that " When there are as m^ny fimple equations 
given as quantities required, thefe quantities 
may be difcovcrcd by the application of the pre- 
ceding Rules.'! 

S85. 
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§ 85. *< If indeed thqre are more quantities 
required than equations given» dien the que- 
ftion is not limited to determinate quantities ; 
but is capable of an infinite number of Iblu* 
tions/* And, " If there are more equations 
given than there aie quantities required, it may 
be impoflible to find the quantities that will 
anfwer the conditions of the queftion 5** be* 
caule fome of theie conditions may be incon- 
fiftent with others. 

CHAP. XII. 

Containing fome General Theorems 
for the exterminating unknown 
Quantities in given Equations. 

IN the following Theorems^ we call thofc co- 
efficients of the *' fame order^* that are prc- 
fixt to the fame unknown quantities in the <lif- 
ferent equations. Thus, in Theor. 1. a^ d^ g^ 
are of the fame order, being the coefficients of 
^ ; alfo ^, Cy by are of the fame order, being 
the coefficients of ^ : and thofe are of the fame 
order that affe6l; no unknown quantity. 

But thofe, are called ** oppojite** coefficients 
that are taken each from a diflferent equation, 

and 
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mud from ardifierent order . of coefficients t As« 
0, e^ and *dj h^ in tl^ firft Theorem ; and 
lO, €^ lit) in the fecxmdi .alfo^ j, b^ f\ and 

THE Oil EM 1. 

i%%S. Suppofe that two equations are.giveof 
•mvdving two unknown quantities, as 

dx + eyz=:f 

thenfluU^ys^^. 
•^ ae — db 

Where the numerator is the difference of the 
produi^ of the oppofite coefficients in the or« 
ders in which j^ is not found, and the deno- 
minator is the difference of the produfts of the 
oppofite coefficients taken from the orders that 
involve the two unknown quantities^ 

For, from the firfl equation, it is plain that 

• axz=ic — ^. . andx = ^^^^, 

from the 2d, dx =/— (?y . . and ^ =-i^^, 

therefore ^-—^ zzA^—^j zxdcd — dbyz:zaf*^aeyi 
whence aey — ^=af — cd^ 
and yi=.^ — -; 

after the fame manner, x = ^^~ Sl » 

EX- 
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EXAMPLE L 

then y^lJ^^flV^ =, 122 =, 5^v. 
5x8—3x7 19 ^^^ 

and x=-^ = 1244. 
EXAMPLE 11. 

CSX — 2y:^i66 

4Xi6o-^3X90 _ 64g^2yo 3;fo ^ 

*^";"4X— 2— 3x8"^— 8— 24"^Iii-'*"'^' 

THEOREM II. 

^87. Suppofe now thalt there are three un-» 
known quantities and thfec equations, then call 
Ihe unknown quantities Xj y^ and z. 
rax+ky-i-cz — m 
Thus <dx+ey+fz-=:n 
(gx + hy + kz—p 

TK (Vi 11 oep—ahn'\'dhm — dbp ^gJn-^geffi 

atk *^6ihf'\' dhc — dhk -^-ghf — gee * 

Where the ntimerator confifts of all the dif-* 
ferent produfts that can be made of three oppo- 
fite coefficients taken from the orders in which z 
is not foui)d •, and the denominator confifts of 
all the prodiJfts that can be made of the three 

G oppofite 
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oppofite coefficiehts taken from the orders that 
involve the three unknown quantities. F6r, 
from the laft it appears, that "• 

:k = ""-">3^+^ . indthat , 
^rr '^-'^-^'+^ i therefore ^ 

ai — S ' ah — gh ^' \ 

an — afz — d>n + Icz X ah — gb x an- — afz + 
gbdm — gbdcz = ap — gm—akz-^-gcz X ^^ -^ 
db X ap^akz + gbdm — gbdcz. 

T^kt^bdm-- gbdcz from both fides, and di* 
vide by a^ fo (hall 

/j;^ — iw — afz-i-dciix h — gbn+gbfz = 
ap — gm — akz +gcz x ^ — dbp + i^^z. , 
Tranfpofe and divide, fo (hall you find 

_ a^p—abn + dhm^dbp + ^i?» — f ir//^ The va^ ' 
"^ <7^i^ — ^^+ ^^^ — dbk'\'gbf — gee * 

lues of ;^ and^ are found after the fame manner^ 
and have the fame denominator. Ex gr. 

a/p — gin -^dim ^^dep + g^^ ^^gf^ 

y — aek '^ah/+ dhi^dbk-^-gbf^gec * 

If any term is wanting in any of the thire 
given equations, the values of z and y will be 
found more fimple. Suppofe, for example, that 
/ and k are equal to nothing, then the term fz 
;will vanifli in the fecond equation, and kz in the 
..J , ., ; aep'^anh'^dhm — dbp-^gbn — gem ^ 

tnird, and z ^^ jl i ■ ■ i ^ 

' dhc^gec 

gen — dep 
^ dhc^gec If 
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• If four equations are given^ involving four 
unknown quantities, their values may be fpund 
much after the fame manner, by taking all the 
produfts that can be made of four oppofite 
^efficients, and always prefixing contrary (ign« 
jo thofe that involve the produ£b of two oppo* 
oite coefficients. 

CHAR XIII. 
Of Quadratic Equations. 

§ 88, TN the folution of any queftion where 
JL you have got an equation that involves 
one unknown quantity, but involves at the feme 
time the iquare of that quantity, and the pro- 
duft of it multiplied by fome known quantity, 
then you have what is called a Quadratic equa-- 
Hm\ which may be revived by the following 

RULE 

1. " Tranfpori all the terms that involve the un- 
. known quantity to one Jide^ and the knozvn 

terms to the other fide of the equation. 

2. If the fquare of the unknown quantify is mul- 
tiplied hy -any coefficient^ you are to divide all 
the firms by that coefficient ^ that the coej^tciertf 

G a 0/ 
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of the [quart of the unknown quantity may be 
unit. 

3* Add to both fides the fquare of half the coef- 
ficient prefixed to the unknown quantity itfelf 
and the fide of the equation that involves the 
unknown quantity will then be a compleat 
fquare. 

4. ExtraSl the fquare root from both fides of the 
■ equation •, which you willfind^ on one fide^ al- 
ways to be the unknown quantity with half 
the forefaid coefficient fubjoined to it \ fo that 
by tranfpofing this half you -may obtain the va- 
lue of the unknown quantity exprejfed in known 
terms. ^^ Thus, 

Suppofc J* + ^^ = ^, 

Add the fquare of 



2 

to both fides 



Extraft the root, y+-=+-y^ + -> 

Tfanfpofef,;. = ±y^ + l'_l. 

§ 89. The fquare root of any quantity, asr 
-4- aa^ may be -f- ^> or — a\ and hence, *' All 
quadratic equations admit of two folutions/* 
In the laft example, after finding that y^ + 

ay ^ — -=, b -\ , it may be inferred that 

J^ + f = + y^ + 7* oxiQ-^Jb + ^*5 fince 
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— y^ + ^X— y^ + ^ gives ^ + ^. as 

well as + Jh + 1' X + V^ + 7- There 
arc therefore two values of 3 ; the one ^vcs 
^ = + y ^ + ^ — |-, the otlier 

§ i)-^. Since the fqiiares of all quantities are 
pofitive, it is plain that " The fquare root of a 
negative quantity is imaginary, and cannot be 
aiTigned.'* Therefore there are fome quadratic 
equations that cani^ot have any folution. For 
example, 

Suppofe f — ay\ ^a^ = o, 

add~toboth,y— /?7+-7=-3tf* + -7=-^---— , 
4 4 4 4 

cxtraft the root, y — -^ = ±s/ — > 

2 • 4 

and y =—+</——— • 
^ 2 — ^ 4 

whence the two values of ^ muft be ima^ary or 
impoffible, becaufe the root of — cannot 

poflibly be affigned. 

But of this we (hall treat more fully in the 
Second Part. 

' G 3 Suppofe 
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, Suppofe that the quadratic equation propofcd 
to be refolved is y — ay = b ; 

then >* — tfy + — = ^ + -j, 



4 



If the fquare root of ^ + — cannot be cxtraftcd 

^adly, you mufl:, in order to determine the 
valu^ of y, nearly approximate to the value of 



J 



b + -, by the Rules in Cbap:Z. The fol- 
4 * 

lowing examples will illuftrate the Rule for 

quadratic equations. 

EXAMPLE L 

To find that number^ which if you multiply hy 
'8, thi froduH flidl be equal to the fquare of the 
fame number^ having 1 2 added to it. 

Call the number y % then 

tranlp. y* — 8^^=: — 12, 
Add the Iq. of 4, jf»-^83f4- 16 = — 12+ 16=4, 
cxirad the root ^ — 4 = ±2, 

tran^, jy = 4 i 2 = 6, or 2. 



EXAMPLE 
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EXAMPLE II. 

^0 find a number fucb that if you fubtraS it 
from 10, and multiply the remainder by the num^^ 
ber itfelfy the produll Jhall give 21. 

Call it y 5 then 

10 ^yy.y=z2iy 
that is, iqy — yy zs.ii\ ^ 
tranfp. y* — ioy= — 21, 
add the fq. of 5, j^*— iqy4T25 = --2i + 25=s4j 
extradk jF-r-5 = + \/4 = i2, 
and j^ = 5 i 2 = 7, or 3. 

EXAMPLE III. 

^e fum of two quantities is j, their froduEt 
i. Qu. What are the quantities? 

x 4-;f = a ..* and a# = ^ — y^ 



». 



Cx 4-;f = a ..* and a# = ^ 
Suppofc^^^^ ..ar)dx=ri 

therefore a — j = —, 

and ay — y= b^ 
tranfp. y^-^ay:=^ — ^> 

add ^ . . . y * — /?y 4- T ==^ "^ * + T » 
4 4 4 



G4 EX* 
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EXAMPLE IV. 

. .^he fum of twp quantities is a^ find the fum 
pf their fquares b. Qu. the quantities ? 

Suppofc ?^ + ;^ = ^ •.. ai>d x=a-y. 

invol. x*=ij* — 2^;^+j% 

whence 4* — zay +;^* = b — j* ; 

tranfb. C2y* — 2^=^ — ^% 
and di- < , ^ — ^^ 

vide If-^^-r-' 

add — , y*— ? /g'+ — = — = , 

• tf . 'lib— TO* J « 

cxtr. V, ;» — - = ± V — ^? *"^ J' ^ "7 

^J-—-; xi=a—y) = - + ^^^--^ 

>-, ^, a + ViA— fl* J fl+Vaf-rr^* 
Prthus,j;=« — ^r^ , and* = -== • 

2 2 ' 

EXAMPLE V. 

4 company dining together in an inn^ find their 
bill amounts to 1 75 Jhillings •,• . ^wo pf {hem were 
not allowed to fay^ and the reft found that their 
Jhares amounted to 10%. a man more than if all 
had paid. Qu. How many were ih company ? 

Sqppofe their number x ; then if all had paid, 

pach map's fharc would have been — , feeing 

AT — 2 is the numbg- of thofe th^t pay. Jt is 
thejTf fore, by the cjueftion. 
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-4^ ^= 10, 

X — 2 X 

and 175X — i75X+350 = icw*--.2o;^; 
that is, I ox* — 20x=350, 
and X* — 2*^=35; 
addi*.x— 2*^+1 = 35+1=36, 
extr. V""- . If — I = ± 6, 

y = I + 6 = 7, or — 5. 

It is obvious that the pofitivc value 7 gives 
the folution of the queftion ;_ the negative va- 
lue -r 5 being, in the prefent cafe, ufelels. 

EXAMPLE VI. 

There are three numbers in continual geometrical 
proportions the [urn of the firjl and fecond is 10, 
and the difference of the fecond and ^d is 24. 
Qu. the numbers ? 

Let the firft be Xj and the lecond will be 10— x, 
and the third, 34 — xi therefore, 

X : 10 — X : : 10 — x : 34 — x^ 
and 34^ — ;c* = 100 — 20^ + ^*; 
tranfp. K 54X =100+ 2x% 
and divid. c ^*— 2 yx = — 50, 

and ;v = 22±^ or=^2z^~25,or2. 

So 
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So the three continued p-c^rtionals arc 
2:8: 32, or 
25 : — 15 • 9- 

^ 91. Any equation of this form>*" +<?>'*' = ^, 
where the greatcft index of the unknown quan- 
tity y is double to the index of jr in the other 
term, may be reduced to a qiwdratic z*+tf2=^, 
))j putting y — ^ and cpnfcquently y^ 7=^ z*. 
And this quadrate refolvcd ^ above, gives 

And fedng j*' = z =;•-- — ± v * + -» 

EXAMPLE. I. 

y^<r ^i«^ «/ /wfl quantities is a^ and thf 
fum af their fqmrei h Qu. the quantitUs ? 

*y=:fl... .or, ^ = --, **=-v» 

whence * — / = -ii 

mult. h^y*'..hf—2*' = «% 
• trairfp. ;^*-*^*=-^«*• 
Put now/ = a ... and confcqu^ntTy;'* =.z^» 

and it is 



»*— 
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2* — fts = — a*i 

add—, 2 — te + — = a', 

4 4 4 

€xt*r-, 2— - = ± J-T-—'^** ^ 

and 2 ::= — + ^-»— <»*•, and, fccingjf =s V2, 

EXAMPLE IL 
to find a numbir from the cube of which if 
you fubtraa 19, and multiply the remainder by 
that cuiey the produS fiaU he 216. 

Call the number required xi and then, by 
the queftion, 

^'—19X^^=216, 
x^ — 19^5=216. . „ 

Put x^—z x^=z\ and it will be 

4 /T ,4 

andV"".,2f — i2 = + 21. t 

2 — 2 

whence z = ' ^^ = 27, or = —^ 8# 
But X = 1/2 J wherefore ITS +3, or— «• 



Digitized 



by Google 



94 -^ Treatise of PartL 



EXAMPLE 


III. 




^0 find the value of Xy fuffofmg 


that *' — 


A=8. 






Put' tx^ = Zy and x^ 


= 2% 


' 


then z* — 72; = 8, 






^«-7^ + f = 


81 

= 7' 





2=8. 
But >r» = 2% and * = v'2* = v'64 = 4- 

CHAP. XIV. 

Of S U R D S. 

§92*TF a Icflcr quantity mcafures a greater 
JL fo as to leave no remainder, as 2a 
jneafures ioj, boing found in it five times, it is 
faid to be an aliquot part of it, and the greater 
is faid to be a multiple of the leffer. The lefler 
quantity in this cafe is the greateft common mea- 
Jure of the two quantities ; for as it meafures the 
greater, fo it alfo mcafures itfelf, and no quan- 
-tity can meafure it that is greater than itfelf. 

When a third quantity meafures any. two pro- 
pofed quantities) as zai meafures 6a and loa^ it 
^. . . ' ia 
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is faid to be a common meafure of thefe quanti- 
ties ; and if no greater quantity meafure them 
both, it is called their greateft common meafure. 

Thofe quantities are faid to be commenfurahk 
which have any common meafure j but if them 
can be no quantity found that meafures dicm 
both, they are faid to be incommenfurabU ; and if 
any one quantity be called rational^ al^ others 
that have any common meafure with it, are alfi> 
called rational ': But thofe that have no common 
meafure with it, are called irrational quanti- 
ties. 

§ 93. If any two quantities a and b have any 
common meafure x^ this quantity x Ihall alfo 
meafure their fum or difference a'^b. Let x 
be found in a as many times as unit is found in 
m^ fo that az=:mx\ and in ^, as many rimes as 
unit is found in », fo that bzunx-, then Ihafl 

a+b = mx^nx^m:fnx:^; fo that x fhall be 
found in a^by as often as unit is found in m'Xn: 
Now fince m and n are integer numbers, mZ\in 
muft be an integer number or unit, and there- 
fore X muft meafure a'^b. 

§ 94. It is alfo evident, that if x meafure any 
number as a^ it muft meafure any multiple of 
that number. If it be found in a as many 
times as unit is found in w, fo that a = f»;», 
then it will be found in any multiple of ^, as 
. na^ as many timefe as unit is found in mn ; fot 
fiizzmnx^ 

S 95^ 
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§ 95. If two quantities a and b are prop6fed« 
and b meafure n by the units that are in m (that 
is» be found in n as many times as unit is found 
in m) and there be a remainder c ; and if ;c be 
fiippofed to be a common meafure of a and 
b^ it fliall be alfo a meafure of c. For by the, 
fuppoiition = i«^ -{* r, lince it contains b as 
many times as there are units in m, and there 
is c befides of remainder ; therefore a — mb 
c= ^ Now K is fuppofed to meafure a and b^ 
and therefore it meafures mb (Art. 94.J and 
coniequently a — mb (Art. 93.) which isequa^ 
tor. 

if r meafures b by the units in n^ and there be a 
remainder J^ fo that ^ = w-|-^, and^ — nc-rzd^ 
Chen ihall x alfo meafure d\ becaufe it is fup* 
pD&d to meafure b^ and it has been proved that 
it meafiir^ Cy and confequently nc^ and b — nc 
(by Art. 94.) which is equal to d. Whence, a^ 
after fubtra£ting b as often as poflible from a^ 
the renoainder c is meafured by x\ and after 
iubtrading c as often as poflible from b^ the re- 
mainder d is alfo meafured by x; fb, for the fame 
reafbn, if you fubtraft d as often as poflible 
ftpm f, the remainder (if there be any) mulb 
ftiU be meafured by x : and if you proceed^ 
ftitl fubtrading every reniainder from the pre^ 
ceding refff&inder, till you find iomt remainder 
li^ch fubtradcd from the preceding leaves no 
fcirthcr r^ipainder, but exaftly meafures it, tbt^ 

lafl; 
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iaft tiexminder will ftill be meafut«d by ir, utf 
common meadure of a and b. 

§ 96. The laft of thefe remainders, t^ duK 
which exadly measures the preceding itmi^ 
der, muft be a comnvdn meafure of 41 and i ^ 
fuppoie that d, was this laft remainder^ and that 
ft meaflired c by the units in r, then fluU i^rdi 
and TM fhall have theie equations^ 

a =, mh -^^ c^ 

i = nc +d. ' 

Now it is plain that lince 4 meafum c, it 
muft alfo meafure nc^ and therefore muft diea^ 
fure nc-^-dy or 3. And fince it meafurcs t and ^ 
it muft uieafurc »*4- ^, or 4» ; fo that it muft be 
ia conunon meafure of ^ and i- B«M: further, St 
muft be their greatefi common mcsrfure; for 
eva7 common meafure of <j and k muft meafiire 
trf, by the laft article; and the greatcft number 
that mcafures d^ is itfelf, which therefore is the 
]greateft common meafure of a and b. 

^ 97. But if, by continually fubtrafting every 
remainder from the preceding remainder, yto 
can never find one that mes^res that which pre* 
cedes it, exadly, no quantity can be found that 
will meafure both a and .^ ; and therefore they 
will be ^commenforabk to each other. 

For if there was any common meafitfe of thcfc 
quantifies, ^ as ^, it would neceflarily meastlifie 

all 
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all the remainders r, ^, &c., For it woulfi 
meafure a — mbj or c, and confequently b — nc^ 
or d'j and fo on. Now thefe remainders de- 
creafe in fuch a manner, that they will necefla- - 
rily become at length lefs than Xi or any aflign^ 
able quantity : for c muft be lefs than ia ; be-» 
caufe c is lefs than bj and therefore lefs than ml^i 
and confequently lefs than ic+imby or 4^. In 
like manner d muft be lefs than 4^ ; for d is lefs 
than Cj and confequently lefs than id + ^ftd or 
4^. The third remainder, in the fame manner, 
muft be lefs than 4^, which is itfelf lefs than 4^: 
thus thefe remainders decreafe fo, that every 
one is left than the half of that which preceded 
jt next but one. Now if from any quantity you 
take away more than its half, and from the 
remainder more than its half, and proceed in 
this manner, you will come at a remainder lefs 
than any affignable quantity. It appears there" 
fore that if the remainders r, d» &c. never end^ 
they will become lefs than any affignable quan- 
tity, as x^ which therefore cannot polTibly mea- 
fure them, and therefore cannot be a comnioa 
meafure of a and ^. 

§ 98. In the fame way, the greateft common 
tneafure of two numbers is difcovcred. Unit 
is a common meafure of all integer numbers^, 
and two numbers are faid to be pri/^ to each 
other, when they have no greater common mea- 
l4jre than uniti fuch as 9 and 25. Such alwa^ 

ar^' 
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are the lead numbers that can be 'afluined m 
any given proportion 5 for if thcfc had any 
common meafure, then the quotients that would 
arife by dividing them by that eommon mea« 
fure would be in the fame proportion, and being 
Icf3 than the numbers themfelves, thefe num* 
bers would iH>t be the lead in the fame pro* 
portion ; againft the fuppoficion. 

$ 99. The leaft numbers in any proportion 
always meafure any other numbers that are in 
the fame proportion. Suppofe a and ^ to be 
the lead of all integer numbers in the fame 
proportiopt and that c and d are other numbers 
in that proportion, then will a meafure Ci and 
b meafure d. 

For if a and h are not aliquot parts of c and 
dy then they muft contain the fame number of 
the fame kind of parts of c and d, and therefore 
dividing a into parts of Cy and b into an equal 
number of like parts of d^ and calling one of 
the firft Wj and one of the latter n y then as m 
is to Ml fo will the fum of all the m\ be to the 
fum of all the »'s ; that h^ m i n :: a : b i 
therefore a and b will not be the Icaft in the fame 
proportion 5 againft the fuppofition. Therefore 
a and b muft be aliquot parts of ^ and d. Hehee 
we fee that numbers which are' prime to each 
other are*the leaft in the fame proportion ; for * 
if there were others in the fame proportion Icfs 
than them, thefe would meafure them by the 
H fame 
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ftmc number, which therefore would be their 
common nleafure og^inft the fuppoTuion, for 
we fuppofed diem to be prime to each others 

$ xoo» If two numbers a and h are prime to 
one another, and a third number c measures one 
of them if, it wUl be pr&nc to the other b. For 
if c and h were not prime to each other, thejt 
would have a common meafure,. which becaule 
it would meafure ^, would alfo meafure a^ which 
18 mealured by f, thcrefoie a and h would have 
a common meafure, againft the fuppofition. 

§ loi. If two numbers a and b are prime ta 
Cj then fhall their produ6t ab be alfo prime to c : 
For if you fuppofe them to have any common 
meafure as ^, and tuppofe that d meafures a^ 
by the units in f , fo that ie = aby then (hall 
d\ a : : h \ e. But fince d meafures r, and c is 
fuppofed tabe prime to a^ it follows (by ^r/. loo.) 
thati^ and a are prime to each other ; and there- 
fore (by Jrt. gg.) d muft meafure b\ and yet 
fince d\s fuppofed to meafure r, which is prime 
to^, it follows that d is alfo prime to b : that is,, 
d is prime to a number which k meafures, which 
is abfurd. 

§ 1 02. It follows from the kft article, that 
if a and c are prime to each other, then ^* will 
be prime to c : For by fuppofmg that^ is equal 
to b^ then ab will be equal to^*-, and confc- 
quently a* will be prime to c. In the fame 
manner c^ will be prime to a^ 

§ 103. 
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$ 103. If two numbers a and ^, are both 
prime to other two r, di then (hall the produft 
»^ be prime to the produft cdi for {by Jrt. lol.) 
at viill be prime to c and ^{o to ^, and there* 
fore, by the fant^ article, cd will be prime 
ioai. 

§ 104. From thk it follows^ that if a and r 
arc prime tb each other, then Ihall a* be prhnii 
to c\ by fuppofingi in the lalt, that iis^, and 
c z=zd. It is aUb evident that a^ will be prime 
to (f^ and in general any power of a to anj^ 
Jk)wer of c whatfoever. 

§ 105; Any two numbers^ a and 6^ being 
given^ to find the leaft number^ that are in thd 
fame proportion with them, dknde them ly their 
greateft common mtafure x^ and the quotients c and 
d jhdl he the leafi numbers in the fame frdpor^ 
Hon with a and k. 

For if there cduM be any other numbers ia 
that proportion lefs than c and d^ foppofe theni 
to be tf and /, arid thefe being in the fame pro- 
potddn as d and b would meafure them: And 
the number by which they would meafure themi 
Would ht gt-eater than x, bdcaufc e and / ard 
luppofed lefs than r and di fo that x would noC 
be the greateft comnlpn meafure of a and bi 
againil the fuppofition. 

§ 106. Let it be required to find the leaft 

ftumber that any two given numbers as a and b 

can meafure. Firft, if they an prime to each 

Ha etber^ 
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othtY^ then their produSl ah is the leajl number 
fvbich ih^ can both meafure. 
' For if they could meafure a lefs number than 
nh as r, fuppofe that c is equal to ma^ aiid to rib \ 
and fince c is lefs than ah^ therefore ma will be 
lefs than ab^ and m lefs than h \ and nb being 
leis than ab^ it follows that » muft be lefs than a \ 
but iince ma-==.nb^ and confequently a\h\\n\m^ 
and a and h are prime to each other, it would 
follow that a would meafure n^ and b meafure 
f»; that is, a greater number would meafure a 
lefs, which is abfurd. 

But if the numbers a and b are not prime to 
each other, and their greateft common meafure 
is y, which meafurcs a by the units in Vw, and 
meafures ^ by the units in », fb that 4=;9f;^, and 
h-=:nx\ then fhall an (which is equal to bm^ be- 
caufe a I b :i mx \ nx : m \ n^ and therefore an 
= bm) be the leaft number that a and ^ can 
both meafure. For if they could meafure any 
number c lefs than na^ fo that c-=ila:=z kb^ then 
a : b i: mini\ k: 1% and becaule x is fuppofed 
to be the greateft common meafure of a and by it 
follows that m and n are the leaft of all numbers 
in the fame proportion, and therefore » mea- 
fures kj and n meafures /. But as r is fuppofcd 
to be lefs than na^ that is, la lefs than »^, 
therefore / is Jefe than «, fo that a greater would 
meafure a lelRr, which is abfurd. Therefore 
4 and ^ cannot meafure anjr number lefs than 

sfia i 
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na J which they both meafure, bccaufe na = 
mb. 

It follows from thi^ reafoning, that if a and 
b meafure any quantity f, the leaft quantity nay 
which is meafured by a and b^ will alfo mea- 
furc c. ; For if you fuppofc as befprc that r = Ai, 
you will find that n muft meafure /» and na 
muft meafure Id or c. 

§ 10/. Let a exprefs any integer number, and 

— any fraftion reduced to its loweft terms, fo 

that m and n may be prime to each other, and 
confequently an + m alfo priipe to ;/, it will fol- 
low that an + m will be prime to »*, and 
confequently fHh^ ^\\i be ^ fraftion in its leaft 

terms, and can never be equal ta an integer 
numbet. Therefore the fquare of the mixt num* 

ber /? + — is ftiU a mixt number, and never 
n ' 

an integer. In the fame manner die cube, bi- 
quadrate, or any power of a mixt number, is 
ftill a mixt number, and never a» integer. It 
follows from this, that fbe fquare reot of an m* 
ttger muft be an integer or- an inammen/urablei 
Suppofe that the integer propofed" is B, and 
that the fquare root of it is l^fs than ^ + i, but 
greater tlian tf, then it muft be an incommcn- 
furable -, for if it is a commenfufable, let it be 

^ + ■-, where — rcprefents any fradion reduced 

H 3 to 
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to its |cgft tcnps \ it would follow th^t a + -3 

fquared \?Quld give s^n integer number B, the 
contrary of which WP have denionftrated. 

$ 108. It follows froq) the lafl article^ that 
the fquare roots of all numhers but <?/ 1, 4, 9^ 
i^> 25, ,36, 49^ 64, 8f, 100, i?i, 144, &c. 
(which are the fquares of the integer numbers 

I, 2, z> 45 5> ^> 7' S» 9» »0' "> i2,€!?r.) iir« 
^ncommenfurabUs y after the fame manner, /iter 
f«^^ r^^/j of (ill numbers but of th^ cubes of 
I, 2, 3, 4, 5, 6, 7, 8, 9, Cffr. are inconmenfu' 
rabies: ahd quantities that are to one another 
in the pi^dportion pf fiich numbers mud alfq 
l^zy^ ;heir fquarc roots pr fube roots inconir 
pienfurable. 

§ 109. The rpots of fuch numbers Ijeing in-^ 
commenfurable are exprefled therefore by pla^* 
cing the proper radical fign over theift; thuS| 

V2, ^5, 1/5, V6, V7> V8, v'lo, C^c. cxprefi 
numbers incommenfurable with unit.. Thcfc 
mimbcrs, . though thdy.i are incpmmenfurablc 
themfelves with unit, mrixommenfurMt in power 
with it, bo(:aufe their ppwers are iptegers, that 
15, multiples;. of unit. . f ^cy may alfo be com- 
menfurable Ibmetunes witii one another, i& the 

y'^, and the V^, b^cauft they are to one an- 
other as 2 tQ'i : And when they have a com- 

ipon ipeafure, as ^2 is the ^ommon mcafdre 

■ ^\ ■■ '■ of* 
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of both, then their ratio is reduced to an cx- 
ptefllbn in the leaft terms, as that of commen'^ 
furable quantities, by dividing them by their 
greateft common meafure. This common mea- 
fure is found as in commenfurable quantities, 
only the root of the common n^fure is to 

be made their common divifor. 'Hius *^ ':?:s 
^4=2, andi—p^jv'tf. 

f no. A rational quantity mayi^e reduced 
to the form of any given furd, by raifing the 
quantity to the power that is denominated by 
the name of the furd, and then fetting the ra- 

dical fign over It thus, a = ^a* = ^a^ == ^a^ = 
5 « 34 

^a^ zz i^a\ and 4 =: ^16 = ^64 = ^256 = 

5 • 

§ III. As furds may be confider^d as powers 
with fraftional exponents, they are reduced to 
others of the fame value that fball barve the fan^ 
radical Jign^ by reducing thefe fraSional expo- 
nents to fir anions baling the fam^ value and a 

common denominator. Thus ^a z=l a*t «nd 

ija = tf w, and — = — , — = — , and therc- 
n nm m nm 

n m 

fore ^a and ^a^ reduced to the fame racjicf! 
H 4 fign, 
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fign, bccooie Va" and V ^'*. If yoy are to rc* 
ducc ^3 and v^2 to the fame denominator, con- 

» .13 

fider \/3 as equal to Q;^i the v^3^ as equal tq 
^^, whofe indices reduced to a common dcno- 
minator, you have 3 ? = 3''* and a*^ = a''', and 

16 6 3 6 

confequently ^3 = ^^j^ = ^2y^ and ^/^ = V^* 

6 » 3 

= V'^ 5 fo that the propofed furds ^/^ and ^z 

. . , , • ' .6 6 

are reduced tp pther equal furds,y27 and ^^4, 
having *a comtrlon radical figri. 

4 I ^ 2- '^^^^ ^/ ^^^ y^^^ rational ^atuity are 
multiplied by adding their exponents^ and divided, 
hy fubtraSing tbem. 

» t I f i±i 5 6 

Thusv^^X v^^=:«'^X^'^=tf ^ =a'^ z=,^a^\ 

3 I r — * 

and iii = f^ = i»-^" -^ = ^ 15 = a^zzi^a' 5 
^a%4a^a^ \ ^ = a ^^ i Va X /a = 

§ 113. If t^ie furds are of different, rational 

quantities, as V^ and >/ b\ and have the fame 
iSpti, muUify 'thfe rational quantities into one 

ariother^ 
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another^ or divide them by oni another^ and 
fit the common radical ftgn over their fro* 

n m m 

du£t or quotient. Thus ^ X ^ = V^*^' j 

m m m 

\ \ % v'fl* r^ /7 

ad - /^ - /X ^ . % 

V24 

If the furds have not the fame radical fign, 
reduce tbem by the iiitb Art. tofucb as Jhall have 
the fame radical Jign^ and proceed as before^ Thus 

m WH 

^a>iy/b = ^a^b^% ir^J--^y v'2XV'4 = 
".^ X 4"^ = 2^ X 4"^ = V^2' X V = v/8xi6 



2^ 

= y^ 2. If the furds have any rational coeffici- 
ents, their produft or quotient mtift be prefixed. 

Thus 2-^3 X 5v^6 = lov'iS, 

§ 114. The powers of furds are found as the 
ppwers of other quantities, by multiplying their 
efcfonents by the index of the power required. Thus 

the fquare of y'? is a"^^^ si 2"^= -^4 5 the 

cube 
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cube o\ yJs — ^ ^ — s^ — ^125- Oryoi 
need only, in involving furds, raife the quan- 
tify under the radical Jtgn to the power required^ 
continuing the fame' radical Jign ; unlefs the index 
of that power is equal to the name of the furd^ 
ir a multiple, of ity and in that cafe the power of 
the fu^rd becomes rational, Evolution is per- 
formed by dividing the fraction which is the ex* 
ponent of thefur^ by the name of the root re^ 
quired* 

Thus the fquarc root of n/a^ is \/^% or \/a\ 

m m 

' § 115. The furd \/a'"x = a^Xi and in like 
manner, if a power of any quantity of.the fam« 
name with the furd divides the quantity under 
the radical fign without a remainder, as here 

^ divides ^"x, and 25 tjie fqparc of 5 dividfes 

* 
75, the quantity under the fign in ^75^ with- 
out a remainder, then place the root of that 
power rationally before the fign^ and the quo? 
ticnt under the fign, and thus the furd will 
be reduced ta a more fimple exprefllon* Thus 



V75 = 5v^3 5 V48 = \/3X»6 = 4V3i 



V81 = v^27 X 3 ==? 3v^3- 

§ 116. When furds by the laft article are re- 
cluced to their Icaft cxprcflSons, if they have 
fhc fa^e inational part, they are $^dded or fub-, 

traftcdjj 
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tn&cd^ hj adding er fuktraSling their rational 
foefficientSy and prefixing the fum or difference to 
the common irrational part* 

Thu9 hs + 1/48 = S^i + 4/3 = 9>/z \ 

^81 + V24 = 3v^3 + V3 = 5v^3 \ Vf50 — 

]/S^ - 5V6 ^ 3^^ = 2v^^^ >/^ + %/^ 
= a^x + k^x = tf+^ X y/x. 

' § 117. Compound furds arc foch as conlift of 
two or more joined together. The fimple furds 
are commcnfurable in power, and by being mul* 
tiplied into then^felves ^ve at length ratioiial 
quantities } yet compound furds multiplied intp 
themfclvcs commonly give ftill irrational pro- 
dufts. 3ut when any compound furd is pro* 
pofed, there is another compound furd which mul^ 
tiplied into it gives a rational produB. . Thus 
i/a + ^/b multiplied by s/a — ^/b gives a—b^ 
and the inveJHgation of that furd which multiplied 
into the propofed furd will give a rational produR^ 
|s made eady by the following Theorems. 

THEOREM I. 

§ 118. Genierally, if ypu multiply 4*— i« 
by <2«-« + /»»^»^> + ij^-s^^i^ + ar-^bVi &c. 
continued till the terms be in number equal to 

— , the produft (hall be a" — ^ ; for 

m *■ V . . 
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, ^«— «^ — ^if-a«r^iw tf«— 3*»^3*«, &C, ^^^« 



~^. 



THEOREM II. 



multiplied by ^r* + i«, gives tf« T ^si which 
is demonftrated as the other* Here the fign 

of ^ is pofkive, when r-- is ai> odd number. , 

§fM9* When any Binomial furd is propofed, 
Jupfofe the index of each number equal to w, and, 
let n be the leaji integer number that is meafured 
iy niy th(njhall j»--» + 4j«--J«i'» -j- 4«~3«^**», &c- 
gin)e a compound Jurd^ which multiplied into the 
propofed Jurd a^'^l^ will give a rational produS. 
Thus to find the furd which muldplied by 

S3 

tja -*^ ^b^ will give a rational quantity. Here 
i» = ^, and the leaft number which is mea- 
fured by 4 is unit \ let n =' t^ then fhall 

^'-t^t'^ ^ojpr - ^T ^ ah^ + ^^ = ^7^ + 

« 5 3 3 

\/ab + \/^*, which multiplied by i/a — »/b^ 

gives a — h 

To 
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. To find the furd which multiplied by s/ o} + 

4 3 3 

\/b^ -. ^T ^ ^"«^, gives a rational produft. Here 
i» = ^ and » = 3, and (f^-^ — ^-*«^ + tf»-3««^, 

THEOREM III- 

§ I20. Let «« + ^' be muldplied by a*-" tJT 
^ft^zm}^ j^ a^—%m]^ii ij: |j«-4«^3^;4- fff^, and the 

produ6k '(ball give a"" ±^b^ : therefore n mufi be 
taken the haft integer that flmll give — aljb an 
integer. 

Xa^±l^ [ &c.4^^« ^ 

' ij«4:tf»-«i>^+^»— «»^»', &c. 

n 

I " ' ' ' I 

^ ♦ ♦ • +i*^ 

iThe fign of ^« is pofitive only when ~ is 
an odd number, .and the binomial propofed if 

§121. 
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I 12 1. If any binomial furd is proposed 
Whofe two numberk have different indices, let 
thdc be m and /, and take n equal to the lead in* 

teger number that is meafured by m and by -^ ; 

«Bd (fi-^'%a^^*V ^ a»-3«^*^'7ii«-4«^3^, &C. 
fliall give a compound furd, which mulriplied 
by the propofed a^±^V fliall ^ve a rational pro-^ 

du6t. Thus s/a — s/b being given, fuppofe 
w = i, / = T> ^"d 7 ~ ^» therefore you havd 
0=3, and a*^^ + e^-^l^^ a^y»l^^-\^a^iHi^ 

^3-4^T ^. aH^ = /+ ^«^T ^ /^T j^ ah + 
ah^ +b^ = v/"S^+4*k •* + %/^X\/7^ 

4- Wax \/b^ + ab + bs/a Xs/b + bX ^b% 
which multiplied by the ^a — 4/b^ ^ve$ 

§ 122. By thefe Theofeths any binomial furd 
whatfoever being given, you may find a furd 
which multiplied by it fhall give a rational pro* 
dud^. 

Suppofe that Ja binomial furd was to be di- 

■ 2 a 2 4 

Vided by another,' as v^20 + f^i2, by ^5 — \/3^ 

the 
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the quotient may be cxpreffid by ?^^ /^ 

But it may be exprefled in a more fimple form 
by multiplying both numtratot and denominator hf 
that fur d which multiplied into the denominator 

V20 + i/i2 iv/5 4-i/3 _ V^joo + av^6o + 6 
y^S-s/3 ^i/5 + ^3 ~ 5 — 3 

16 + 2-/60 o • ^ y 

= — T^ ^ = 8 + 2^15. 

§ 123. In general, when any quantity is di^ 
vided by a binomial furd, gs tf*" + y, where m 
and / reprefent any fraflions whatfoever^ take m 
the leaft int^er number that is meafured by m and 

~, multiply both numerator and denominator by 
^n^m j^ ^«-2»^ + ij"— 3*^^-', &c. and the denomi- 
nator of the produH will become rational^ and equal 

nl 

iQ an — ^w . f}^^ divide all the members of the 
numerator by this rational quantity ^ and the quote 
arifing will be that of the p'-opofed quantity divided 
by the binomial furd^ escprejfed in its leaft terms^ 

Thus— i-- = 3i^^^' = v'5 + v'a. 
vS — v^ 3 

^6 _ v^42 4-v/i8 i/20 _ ^20 

X 3 3 — 3 "^3 f> 3 3 

^16+2+4/4 v^4-V'2^ V»+a+V4 
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_ "^^ ^ \ T^ =2i/^ + i/20 + v^I0! 



2 

Alio ^^^^3 = (bce;tufe /» =r 4, /2S:|, ;/3= 3V 
ilnd ^* — ^«» = > — 9 = -— 1) — 



3 3 

^ $ 124. When the fqoare root of ^ fard is rtf- 
ifuired) it may be found neairly hy extraffing the 
root of a rational quantity that approximates to its 
value. Thus to find the fquare root of 3 + 2/2, 
yfft firft calculate i/2 = i, 4i4^i> ^d therefore 
3 + 2-/2 = 5, 82842, whofe root is found to be 



nearly 2, 41421 : fo that v^3 + 2-/2 is nearly 
2, 41421. But fometimes we may be able to 
cxprefs the roots of furds exaftly by other (urds j 
as in this example the fquare root of 3 + ii/2 
is I + s/2, for I + \/2 X I + \/2 = I + ly/i 
+ 2 = 3 + 2/2. 

In order to know when and how this may be 
found, let us fuppofe that x+y is a binomi^ 
furd, whofe fquare will be x*+jy*+ 2xy: If x 
and y are quadratic furds, then x* -^^y* will 
be rational, and 2^ irrational^ fo thjit 2xy 

. {hall 
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fliall always be lefs than x*+J*» t)ccaufe thef 
difference is ;f* + J'* — ^^j = ^— ^^ which is 
always pofitive. Suppofe that a propofed furd 
confifting of a rational part A, and an irrational 
part B, coincides with this, then ;v* + ;^* = A 
and xy zn ^B : Therefore by what was faid of 
Equations, Chaf. 13th, 

y^:^ A^^x"" =: —ti ^^^ therefore 

gi gi 

Ax'^-^x^^—^ andx*— A;f*H — = 05 
4 4 



from whence we have x^ = ' — ^ 



and 



A a/A^ B^ 
^* 1= i_. Therefore when a quantity 

partly rational and partly irrational is propofed to 

have its root extrafted, call the rational part A^ 

the irratiotiaT B^ and the fquare of the great eft 

A -P i/ A*-— B* 
member of the root Jh all he •- , and the 



fquare of the leffer part fhall he -^ 



2 

And as often as the fquare root of A* — - B* can 
be extrafted, the fquare root of the propofed 
binomial furd may be exprefled itfelf as a bino- 
mial furd. For example, if 3 + ^-/^ is pro- 
pofed, then A=3, B=i2i/2, and A*-^B*=:9 



— 8=1. Therefore x^ = — ^ = 



2, and 



/=:- — -— =1. Theref. ;v+:y=i + /2. 

2 

I To 
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To find the fquarc ro6t of — 1 + ^— 8, fup- 
pofe A = — I , B = ^'^^y fo that A»^ 6 ^ = 9, 

_ ~'~3 _s — 2, therefore the root required 
2 

§ 125. But though jf and y arc not quadratic 
furds or roots of integers, if they arc the roots 
of like furds,' as if they arc equal to >/ m>/z 
and yfUTz, where m and n are integers, then 

A = ;r^ X v/2: and 4rB = ^^« ^> A--B - = 

,» ^ , ' A + V^A* — B* _ 

fn—n\ X 2;, and x* = j 

2 ' 2 

= »/2;, and at + j^ = "Jliu/z + v^^^/z. The 
part A here cafily diftinguiihes itfelf from B by 
its. being greater. 

§ 126. If X and y arc equal to ">/ m^/z and 
V'J^, then x"+ 2XJ + y^^m\/z + «•/ + 2 
'JmnVzt\ So that if z or / be not multiples 
one of the other, or of fome number that mea- 
fures them b6th by a fquarc number, then will 
A itfelf be a binomial. 

§ 1 27. Let v: '\- y '\' z exprefs any trinomial 
furd, its fquare x* 4-;^* + z* + 2xy + 2^2 + 2jz 
may be fuppofed equal to A + B as before. But 

rather 



Digitized 



by Google 



Chap* 14. ALGEBRA. 117 

rather multiply any two radicals as ixy by ixz^ 
and divide by the third 2V2, which gives the 
quotient 2x^ rational, and double the fquare cd^ 
the furd X required. The fame rule ferves when 
there are four quantities, ^*+^* + 2j* + j* + 
2xy + 2XS + 2X2:4- 2yz + lys + 22J, multiply ixy 
by 2;i^i, and the produdt 4X*jy divided' by 2jy 
gives 2x* a rational quotient, half the fquare 
of 2x. In like manner 2^ x 272 = ^^xZy which 
divided by 2xz another member gives 2y*, a ra- 
tional quote, the half of the fquare of 2j. In 
the fame manner z and s may be found \ and 
their fum x ••\-y -{- 2 -{^ j, the fquare root of the 
feptinomial x*4-jy* -|^z*-f-i* + 2^ + 2XJ -f 
2x2 -f 2yz 4" ^y^fj difcovered. 

For example, to find the fquare root of 

10 + v^24 + ^40 + ^60; I try ^"^60^^° , 

which I find to be v'l 6 = 4, the half of the fquare 
root of the double of which, viz. 4rX V8 = ^2, 
is one member of the fquare root required ; next 

— i-^ = 6, the half of the fquare root of 

the double of which is \/3, another member of 

the root required ; laftly, =10, which 

gives \/5 for the third member of the root re- 
quired : From which we conclude^hat the fquare 
root of 10 + -/24 + i/40 + 60 is i/2 -f- -/s 
4- v^5 \ and trying you find it fucceeds, fince 
I 2 multi- 
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mulriplied by itfelf it gives the propoied qua- 
drinomial. 

^127. For extradting the hi^er roots of a 
binomial, whofe two members being fquared 
arc commenfurable numbers, there is the fol- 
lowing 

RULE. 

• " Let the quantity be A i B, whereof A is 
the greater fart^ and c the exponent of the 
root required. Seek the leaft number n whofe 
power 'tf is divijible ^ A A — BB, the quo- 



tient being Q^ Compute \/a+B x ^Q. in the 
near eft integer number^ which fuppofe to be r. 
Divide AV^Q^^ iis greateft rational divifor^ 



n 



and let the quotient be Sj and let , in the 

nearefi integer number^ be /, fo fhall the root 
required be — = ^^, // the c root of 

A^^^ can be extracted. 

EXAMPLE I. 

Thus to find the cube root of 1/968 + 25, 
we have A* — B* = 343 ^ whofe divifors are 
7» 7» 7> whence n =: 7, and Q^= i. Further, 
A>-pi$ X ^, that is, V968 + 25 is a little more 

• Arithm. Univerfal. p* 59. 

than 
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than g6^ whofe neareft cube root is 4. Where- 
fore r = 4. Again, dividing V968 by its great- 
eft rational divifor, we have A\/Qj=i 22^/2, and 

n 

r4 — 
the radical part ^2 = j, and , or — ^, in 

^ ' 2J ' 2y^2 

the neareft integers, is 2 = /. And laftly, 

2e 6 

is ri: 2v^2, V?F^ = I, and \/Q^= >/T = I. 
Whence 2v^2 -f- 1 is the root, whofe cube, upoQ 
trial, I find to be V968 + 25. 

EXAMPLE II. 

To find the cube root of 68 — V4374 ; we 
have A* — B*=250, whofe divifors arc 5,5, 5, 2, 
Thence » = 5X2=:io, and Q^= 4, and 



\/a + B X ^^Qj or ^68 + V4374 X 2 is near- 
ly 7 = r j again, AVQ, or 68x-v^4=ii36x'|/i, 



10, 



that is, J = I, and ^ — — , or , is nearly 

' 2S 2 ' 

=;: 4 = ^ Therefore /j = 4, V/V — » = i/6, 

and vQ^= i/4 = \/2, whence the root to be 

^ J • 4— \/6 
tned IS ■ 3^ . 

EXAMPLE IIL 

Suppofe the fifth root of ^gj/S-^^W^ i» 

Remanded, A*— B* = 3, and ^ssjj (^—ti^ 

13 ^=5» 
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and vQ^= ^%\ = v^p. And therefore trial i^ 
to be made with s '^ > 

In thefe operations, if the quantity is a frac* 
tion, or if its parts have a common divifor, you 
are to extra6t the root of the numerator and de^ 
nominator^ or of the faSlcrs feparately. Thus 
to extraft the cube root of ^^242 ^— 124^, 
this reduced to a common denominator is 

■ ■ ~ . And the roots of the numerator 
2 

and denominator, feparately^ found, give the 
root 3 ~ ■. And if you fcek any root of 



^2 



6 



^3993 + '^^ysl^^^Sy divide its parts by the 

3 
common fdivifof ^3, and the quotient being 

1 1 + V125, the root of the quantity propofed 

3 
wilj be found by taking the roots of -^3 and 

of 1 1 -)- V125, and rpultiplying them into each 
other. 

§ 128. The ground of this Rule may be ex- 
plained from the following 

THEOREM. 

l^t the Jum or difference of * two quantities x 
0nd y he raijed to power wbofe exponent is r, 

and 
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and let tb: ly?, 3^, 5/J&, ytbj &c. terms of that 
power^ colkBed into one funty he called A, and 
the reft of the terms ^ in the evenphcesy call hi 
the difference of the fquares of A and B fiall be 
equal to the difference of the fquares of x and y 
raifed to the fame power f . 

For the terms in the c power oi x^ y (writ- 
ing for their coefficients, refpedively, i, r, ^> 
e^ &c.) are 

x'-\-cx'-^yJ^dx'''^y'' + ex'-'^y^ +,&c. = A + B, 
and the fame power of x — y (changing the 
figns in the even places) is 
xf' — cx'-^y -j- i^K'-y-^ ^;v^""3/-l.,&c.= A-B, 

and therefore x~|-jf X x — y{ = A + Bx A — B 

= A* -^ B* (= 7^y>r^^) - 7^=3^' 
Q^E. D. 

Let one, or both, of the quantities x^ y^ be 
a quadratic furd\ that is, let x 4-jy» the c root 
of the propofed binomial A4-B, belong to one 
of thefe forms, p -|- Vj, ky/p'\-q^ or ks/p -{- Vy. 
And it follows, 

1 . \i xJ^-y^p -[- Is/q^ that, c being any whole 
number. A, the fum of the odd terms, will be 
a rational number 5 an^ B, the fum of the terms 
in the even places, each of wWch involves an odd 
power of y will be a rational number multi- 
plied into the quadratic furd n/^^ 

2. Let r, the exponent of the root fought, 
be an odd number, as we may always fuppofc 

I 4 it. 
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it, becaufe if it is even, it may be halved by the 
extraftion pF the fquare root, till it becomes 
odd ; and let a; + ^^ = ks/p + q. Then A will 
involve the furd -/p, and B will be rational. 

3. But if both members of the root are irra- 
tional C;^ +^ = ks/p 4- Is/q) A and B are both 
irrational, the one involving s/p^ and the other 
the furd \^(i. 

And in all thefe cafes, it is eafily fecn that 
when ^ is gipater than y^ A will be greater 
than B. 

§ 129. From this compofition of the bino- 
mial A + B, we are led to its refolution, ^ in 
t^^ foregoing rule, by thefe fteps- 

I. 

"When A is rational^ and A* — B* is a per- 
fed c power* > 

1. By the Theorem^ A* — B* == x*-^j-| accu-^ 
rately \ and therefore extrafting the c root of 
A* — B* it will be jf* — - j\ Call this root n. 

2. Extraft in the neareft integer, the/ root 
of A + B, *it>ill be (ne<frly) x + y. Which 
put = r. 

3. Divide ^* — / (= n) by at + j' (= r) the 
quotient is (nearly) x — y^ and the fum of the 
iJivifor aad quotient is (more nearly) 2X -, that is, 
if an integer value of x is to be found, it wUl 

te the neareft to -■ r.- 

' ' '■ 7t 
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r+T 



4. X* — X* — /=^*i or» 



« :sf'. 



r+7\ 



whence y = s/ — — • — »> and therefore, put- 

ting / = -— , the root fought x + y z=:^ + 

V/* _. n ; the fame cxpreffion as in the rule, 
when Qj= i, j = i, that is, when A* — B* is 
a perfeft r power, and the greater member A 
is rational. 

11- 

When A is kratianaiy and Qjs: i. 

By the fame procefs, x = (= T) and 

y = Vt*— »• But feeing A is fuppofcd irratir 
onal, and c an odd number, x will be irrational 
likewife ; and they will both involve the fame 
irreducible furd -/?> or j, which is found by 
dividing A by its greateft rational divifor. Write 
therefore for x or T, its value tx^9 and x +y 

III. 

If the r root of A* — B* cannot be taken^ 

multiply A* — B* by a number Q^, fijch as that 

the produd may be the (leafi) petfedt c power 

V (= A*Ct— 8*0;^) And now (iaftcad of 

A + 
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A -i- B) cxtraft the c root of A + 15 x "JQ^ 

which, found as above, will be /j + V/V — n ; 

and confequently the c root of A + B will be 

/j-j^V/V — », divided by the c root of Vq^j 

. fi + i/fV — « 
that IS, -—2-- . 



•a 

It is required in the rule that a perfe£i c power 
(fiF) be found which Jhall he a multiple of A* — 
B* hy the whole number Q^ To find this power, 
let the ^ven number A* — B* be rcprelcnted 
by the produft a^bPdf\ whole fingle divilbrs 
let be iz, ^, /7, .... ^, ^, ^, .... ^, / ; and 
rfie produd of thcfe divifors raifcd to the power 
r, which is a^b^df'y divided by tf*&^^/ will. give 
the quotient a'-'^b'-fdr-^f-^ = Q^ a whole 
numberi provided fomc index, as w or ^, be 
not greater than c. If it is, take, inftead of the 
fingle divifor a or b^ a^ or ^% a^ or ^S ^c. 
till there be no negative index in the quotient ; 
that is^till Q^be a whole number. 

§ 130. We may add the following remarks. 

1. If the refidual A — B is given, it is evi- 
dent from its genefis by involution, 'that the 
lame rule gives its root x — y. 

2. The extrafting the c root of A + B, or of 
A + B X \/Q^, in the neareft integer, n^left- 
ing the fraSional part, will always give x^j 
fuch, that the value of x which refults in the 
operation ihall not differ from its trye value by 

unity i 
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unity ; that is, it Ihall be the true integer va- 
lue fought. 

For, / being fome proper fraftion, let x+y 



4^/ be the accurate value of \/a + B x ^Q, 
and let the quotient of x^ — jy* divided by it be 
X — y+gy then, "the fum of the divifor and 
quotient being 2x ±,f+gy if our reckoning the 
fraftional part could make a difference of unity 
in the value of Xj it would follow that / — g 
or g — / = 2- Which is abfurd, ^, as well as 
/, being a proper fraftion. 

3. If both A and B are irrational ; or, if the 
lefler of the two members is rational, no root 
denominated by an even number can be found. 

4. When 'the greater member is rational, 
and the exponent c is an even number, it is am- 
biguous whether the greater member of the root 
is rational or furd. And though.a root in the 
form of p-^ l^/q is not found, yet a root in 
the form of *\//>^-j, or, that failing, in the 
form ks/p + l^q may be obtained. 

If we look for a root k^p + y, we are now 
to fubtrad x — y from x +j, and half the remain- 
der will give y (or q) the rational part. And to 
y» — y^ (=»j adding y\ the fum will be x\ 

f 



+ni the 



So that jf = ^, and x — \/ ^ 

cxpreflions being the fame as when c is odd, 

with 
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with the fign of n changed. If this docs not 
fucceed, and a prime number Hands under the 
radical fign, no farther trial need be made. 

But if a compofite number ftands under the 
radical fign, the root may pofiibly belong to 
the form h/p + V^ ; and that compofite num- 
ber being pxfj finceit*^ — t^q^n^ and k^pzzzx, 
the numbe/8 k^ 4 may be fought for in the 
neareft integers, and trial made with Wp+l%^qi 
as in this 

EXAMPLE. 

J'ofind the fourth root ^49849— 2895V^224. 

The 4A root of A*— B* is 157 = x^—y^—n^ 
and the 4th root of A — B, that is, x — y =r r =9 

nearly : and — r= -52 = 17 nearly. Whence 

ap = SLiiZ r=: 12. But now the leaft radical fac-r 
2 ^ 

tor in B being sfi^ = V7 x 2, I put 13 (= x) 

= Wjj and k in the neareft integer = 5. A- 

gain, **p— -r^— »= 175— /* X 2 = 157 ; that 

is, /* X 2 = 18, and / = 3 ^ which gives the 

root 5/7 — Sv'^. 

In this manner the even roots may be fought 

immediately. But to avoid ambiguity and need- 

\th trouble, it is better firft to deprefs them by 

extracting the fquare root, as in § 124. 



A SUP- 
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ASUPPLfeMENT 

TO THIS 

i 

CHAPTER. 



§ 131. fT^HERE occur fometimes, efpecialljr 
X in the refolution of cubic equations 
hy ^Cardan's Rule (Pari 11. §79.) binomiak of 
this form A + BV — j, whofc cube roots muft 
be found. To thefe the foregoing rule cannot 
be applied throu ghout^ becaufe of the imag^ 
nary fador >/ — q. Yet if the rpot is cxprcfli- 
ble in rational numbers, the firft ftep of thac 
rule will often lead us to it in a ihort way^ 
not merely tentative, the trials being confihod 
to known limits. 



For it being, univerfally, VA* — B* = x*— j* 



and, in the prcfent cafe, VA*+ B*^ (= /v' — y^) 
= ^* -4- /* X 5^ 5 if we divide the part under the 
radical fign by its greateft rational divifor, the 

quote is the imaginary furd V— j, and from 



Va*hFb*?> fubtrading p\ the ^uare of fomc 
divifor of A, the remainder is l^x qy ^ known 
multiple t)f the fquare of / a divifor of B. 

That 
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That / and / arc divifors of A and B rcfpec- 
tivcly is evident \ for cubing f ■\- /V — • j, you 

findA=px/>*-3^'?. ^-lX3P' — l'q. And 
thfc figns of ^ and / muft be fuch as will give the 

produfts of ;► X p'- 3/'?, / x W—^ of the 
feme figns as A and B refpeaively. 

EXAMPLE., 
To find the. cube root of Zi -^ V — 2700 = 
81 + 30V— 3. 

HcreA = 8f,B = 30,jf = 35 \/8ix8i + 27oo 
r= 2 1 =^*+ /*y. Subtrafting therefore from 2 1 , 
the fquare of O^ ± 3, which is a divifor of A, 
there remains T/* )j: ^ =) 2 x 2 x 3- And (I—) 2 
is a divifor of 30. Laftly, A {=pxp^ — j/*^; 
being pofitive, and the faftor />* — 3/*^ nega- 
tive, ^ muft have the negative fign 5 and for the ' 
like rcafoa / = + 2. So that the root is — 3 

It will be fhcwn in the Second Part of this 
Treatife that " every cube or other power has 
as many roots, real and imaginary, as there arc 
units in the exponent of the power 5" particu- 
larly, that unity itfclf has the cube roots i, 

^'+/-\ and -^-^/-^ . If therefore 
2 2 

we would find the other two cube roots, in this 
example, feeing 2' = 2' x i * and ^/z^ x V 1 = 2 
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(z^ reprefcnting any cube whatever, and z any 
of its roots) we are to multiply - — 3 + 2*/^^^ 
the root already found, by — i+W — 3j and 
by — 4- — T^ — 3» and the produfts — 4 — i^^^t 
and |.+4^V — 3 Y^ill be the rodt required. 

Or, becaufe the denominator of the imagi- 
nary roots of unity is 2, taking ^ = 4, one 
half of a divifor of A, we have 21 — ^= V = 
VX3=/*j, thatis/ = |-; and/)* — 3/*^ as well 
as 3^* — /* J being negative, both ^ and / mull be 
negative, and the root is— 1 — 4-^ — 3. Again 
take ^=1, and you Ihall find /=-J-4.; fo the 
remaining root is |-+4^^ — 3, as before. 

We may ,hcre obferve that the operation ought 
to be abridged, where it can be done, by divid- 
ing the given binomial by the greateft cube 
that it contains; and finding the root of the 
quotient ; which multiplied by the root of the 
cube by which you divided, will give the root 
required. Thus, irf the foregoing Example, 

gi + V — 2700= 27 X 3 + ^ — -^j and the 
roots of 3 + ^^ — V^ being now, more eafily, 
found to be — 1 + 2\/— 4-, — i — W—h and 
i+W — 4, thefe multiplied by 3, the cube root 
of 27, give the roots required the fame as. above. 
** If the coefficient of the imaginary mem- 
ber of the binomial has a contrary fign, the 
roots will be the fame, with the figns of the 

imaginary 
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imaginary parts changed." Thus the cube roots 
of 81 — V — 2700, or 81 — 30V— 3, will be 
— 3^— 2n/^, — 4+4VZJ^, andl— 4.^/II^^. 

And therefore V 8 1 +v'- 2700 + v 8 i-V-2700 
=-3X2=;=-6,or=-4x2=-3,ors=4x2 = 9, 
the ima^nary parts vanifhing by the contrariety 
of their figns. 

We may obfervc likewife, that fuch roots, 
whether cxprefliblc in rational numbers, or 
not, may be found by evolving the binomial 
A+BV— 2 by the theorem in fag. A^i^ and 
fumming the alternate terms. As, in the fore- 
going example, 81 + 30^^^31^, or rather 

STj^ X i+4T^^^^~3r> '^^"g c^^panded into a 
Icries, the lum of the odd terms will continually 
approach to 4.5 •= 1^, and the fum of the co- 
efficients of the even terms to 4-5 which is the 
coefficient of the imaginary part. But for a ge- 
neral and elegant Iblution, recourfe muft be had 
to Mr. de Moivre*s Appendix to Dr. Saunderfon^^ 
Algebra, and the continuation of it in Pbilof. 
^ranf. N** 45 r . What has been explained above 
may fcrve, for the prefent, to give the Learner 
fome notion of the compofition and refolutbn of 
thofe cubes 5 that he need not hereafter be fur- 
prifed to meet with expreffions of real quantities 
which involve imaginary roots. 

End of the First ParTt 



Digitized 



by Google 



A 

T R E A T I S E 

O F 

A L G E B R A. 

PART TI. 
Of the Genefis and Refolution of E-- 
QU AT IONS of all degrees ; and of 
the different Affeiaiohs of the 
Roots, 

CHAP. L 

Of the Genefis and Refolution of Equations 
in general ; and the number of roots an 
equation of any degree may have, 

[FTER the fame manner as the 
higher powers arc produced by the 
multiplication of the lower powers 
of the fame root j equations of 
iuperior orders are generated by the multiplica- 
tion of equations of inferior orders involving the 
fame unknown quantity^. And an equation of 

K • aty 
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tf»y dimenftons may be conftdered'as produced by the 
multiplication of as many fimple equations as it 
has dimenfifns ;. or of any^ other equations what^ 
foevcTy if the ftm of their dimenftons is equal to 
the dimenjion of that equation. Thus any cubic 
equation niay be conceived as generated by 
the muhiplicttioa of three fimple eqaations^' or 
of one quadratic and one ftmple equation. A 
biquadratic as generated by the multiplicatioa 
of four fimple equations, or of two quadratic 
equations ; or laftly , of one cubic and one fimple 
equation. 

^ a* If the equations which you foppofe n)ul- 
tiplicd by pne another are the ffonCy then the 
equation generated will be nothing elfehut feme 
power of thofe equations, and the operation is^ 
nierely inuoiution » of wUich we have treatfxl al- 
ready : and, when any fuch equation is given, 
the fimple equation by whofc multiplication it 
i\ produced is found by evolution^ or the extract 
tion of a root. 

But when the equations that are fuppoftd ta 
be multiplied by each other are different^ thea 
other equations than powers are generated % 
which tQ rcfolve into the fimple equations whence 
they are generalied, is 4 different operation from, 
involution, and is wh^ is called^ The refohitiim 
of equoHms^ 

But as evolution is performed by obferving 

and tracing back the Heps of involution *, fo to. 

• dilcover 
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difcover the rules for . the refolution of equa-< 
tions^ we muft carefully obfervc their genera^ 
tion. 

§ 3. Suppofc the unknown quantity to be oci 
and its values in any fimple equations to bd 
fl» i^ Ct di &c. then thgfe fimple equations, by 
bringing all the terms to one fide, become; 
X — ^ = 0, X — *=±o, X — f=:o, &c. And, thd 
produft of any two of thefc, asx* — ax^ — ^=0 
will give a quadratic equation, or an equation of 

two dimenfions. The product of any three of 

^it.ii. ..I ■ III ■ ■ 

them, as x — axx — bxx — r=o will give a 

cubic equation, or one of three dimenfions. The 
produft of any four of them will give a biqua^ 
dratic equation, or one of four dimenfions, as 
X — ay^x — by^x — cyx — ^ = 0^ And, in ge- 
neral^ •' In the equatum produced^ thfbigheft di^ 
men/ion of the unknown quantity will be equal to 
the number of Jimple equations, that are multiplied 
by each ather:^ 

§ 4. When any equation equivalent to thi$ , 

biquadratic x — *axx — bxx — cxx-^d^ o i^ 
propofed to be refolved, the whole difficulty con- 

fifts in finding the fimple equations x — a:zzo^ 

X — ^=3 0, x-^czzo, x-r^^=o, by whofe mul- 
tiplication it is produced ; for each of thefe 
fimple equations gives one of the values of Xf 
and one foiuMon of the propoicd equation. For, 
K2 if 
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if any of the values of x deduced from thofe 
fimple equations be fubftituted in the propofed 
equation, in place of x^ then all the terms of 
that equation will vanifh, and the whole be 
found equal to nothing. Becaufe when it is 
fuppofedthatA?:=^, orx=:^, orx = f, orxznd^ 

then the product x — axx — ixx—cxx — d 
does vanilh, becaufe one of the faftors is equal 
to nothing. There are therefore four fuppofi- 

tbns that give x — axx — ixx — cxx — dzno 
according to the propofed equation ; that is, 
there are four roots of the propofed equation.. 
And after the fame manner, " yi y ether equa* 
tion admits of as many folutions as there are 
fimple equations multiplied by one another that 
produce it," or " as many as there are units in 
the higheft dimenfion of the unknown quantity 
in the propofed equation." 

§ 5. But as there are no other quantities what- 
foever befides thefe four (a^b^c^d) that fubftitut- 
ed in tbe produft x — ax^ — l^Xx — ^x^ — d^ 
in the place of x^ will make the produft vanifh ; 
therefore, the equation x — axx — bxx — ex 
X — J = o, cannot poffibly have more than thefe 
four roots, and cannot admit of more folutions 
than four. If you fubftitute in that produ£b a 
quantity neither equal to a^ nor by nor r, nor 
dy which fuppofe ^, then fince neither e — it, 
e — by e-^Cy nore—dis equal to nothing*, their 

produft 
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produft e--axe — bxe—€Xe—d cannot be 
equal to nothing, but muft be fome real pro- 
duft : and therefore there is no fuppofition be- 
fide one of the forefaid four, that gives a juft 
value of X according to the propofed equation. 
So that it can have no more than thefe four 
roots. And after the fame manner it appear?, 
that " No equation can have more roots than 
it contains dimenjions of the unknown quan- 

§ 6. To make all this ft ill plainer by an ex- 
ample» in numbers -, fuppofe the equation to be 
refolved to be x^— k^x^-^^^x* — 50^ + 24=: o» 
and that you difcover that this equation is the 
fame with the produdt of Xr- iXx — 2 X x — 3 
XX — 4, then you certainly infer that the four 
values of x are i, 2, 3, 4 5 feeing any of thefe 
numbers placed for x makes that produd* and 
tonfcquently x^ — iox^ + 25^'' — 5^^+ 24,cqual 
to nothing, according to the propofed equation. 
And it is certain that there can be no other 
values of x befides thefe four: fince when you 
fubftitute any other number for x in thofe fac- 
tors X — I, X — 2, X — 3, X — 4, none of the 
fadors vanilh, and therefore their produdt can- 
not be equal to nothing according to the equa- 
tion. 

§ 7. It may be ufcful fometimes to confider 

equations as generated from others of an infe- 

K 3 rior 
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rior fort bcfide (implc ones. Thuff a cubic 
equation may be conceived as gcfteratcd from 
the quadratic x^ — fx + ^ =: o, and the ftmple 
(Bquation x — « = Ot multiplied by each other ^ 
whofe produd 

X ~ ^^ + ?^ ^ S rz: G may cxprefs any cubic 

equation whofe roots are the quantity (a) the 
value of X in the fimple equation, and the two 
roots of the quadratic equation, viz. 

C± — ^ ^ jind iLlI--£j-ll?. as appears from 

Chap. 1 3. Part I. And, according as thefe roots 
^re r^al or impojftbk^ two of the roots of the 
(cubic equation are real or impojftble. 

§ 8. In the dodrine of involution we fliewcd 
that " the fquare of any quantity pofitive or 
negative, is always pofitive,'* and therefore " the 
fijuare root of a negative is impoffible or ima- 
ginary/* For example, the ^a^ is either + a 
t)r — tf ; but ^/ — a^ can neither be + /» . nor 
— tf, but muft be imaginary. Hence is under- 
ftood that ^' a quadratic equation may have no 
impoffible expreflion in its coefficients, and yet, 
when it is refolved into the- fimple equations 
irtiat produce it, they may involve impoffible 
cxpjreffions.** Thus the quadratic equation 
a:*+^j* = o has no impoffible coefficient, but 
the fimple equations from which it is 'produced, 
C^'fe. X + V — (J* = o, and x •— \/--rt* tn o, 

both 
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both involve an imaginary quantity ; as the 
Square — a* is a real quantity, but its fquatt 
roc^ is imaginary. After the> fame manner a 
biquadriatic equation, when refolved, may givfe 
four fimple equations,- each of which may give 
an impoffibk value for the root r and the ftmc 
may be laid of any equation that can be pro- 
duced from quadratic equations only ; that is; 
whofe dimenfions arc of the «ven numbeis* 

§ 9, But *' a cubic equation .(which cann<* 
be generated frorii quadratic equations only^ 
but requires one fimple equation befides to pro** 
^uce it) if none of its coefficients are impOffiblc,. 
will have, at lead, one real* root," the fame 
with the root of the fimple equation whence it 
is produced. The fquare of an impoiTible quan- 
tity may be real, as the fquare of "J—a^ is 
— tf* 5 but ** the cube of an impofllble quanr 
n'ty is ftill impoffiblc,'* as it ftill involves the 

fquare toot of a negative : 




plainly imaginary. From which it appears, 
that though two fimple equations involving 
Impofllble exprcBions, multiplied by one an- 
other, may give a produft where no impoflible 
expreflion may appear-, yet " if three fuch fim- 
ple equations be multiplied by each other, the 
impofllble expreflion will not difappear in their 
K 4 . pro- 
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pfodui5t.** And hence it is plain, that though t 
quadratic equation whofe cocHicients are all real 
may have its two roots impoffiblc, yet *' a cubic 
equation whofe coefficients are real cannot nave 
all its three roots impoffible.** 

§ 10. In general, it appears that the impof- 
(ible exprelTions cannot difappear in the equation 
produced, but when their number is even % that 
there are never in any equations, whofe coeffi- 
cients are real quantities, fingle impoffible roots, 
or an odd number of impoffible roots, but 
♦^ that the roots become impoffible in pairs •,** 
and that ** an equation of an odd number of di- 
menfions has always one real root.** 

§ II. " The roots of equations arc either/^ 
JHive or negative according as the roots of th^ 
iimple equations whence they are produced arc 
pofitive or negative.'* If you fuppofe ;? = — a^ 
y = — ^, X zz: -^ c, x= — ^, &c. then (hall 
x+a=Oy x + b=zOj x + cz=iOy ;; + Jz=o; and 

the equation x-^-axx+ixx+cXx+d = o 
will have its roots, -^ ^ , — • ^, — r, ~ ^;, &c, 
negative. 

Bqt to know when the roott of equations 
we" pofitive and When negative, and how many 
there are of each kind, (hall be explained ia the 
nc)Ct chapter. 



CHAP, 
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CHAR II, 

Of the Signs and GDefEcients of 
Eqjuations. 

§ 12. TX 7 HEN any number of fimple cqua- 
VV tions are multiplied by each other, 
it b obvious that the highcft dimenfion of the 
unknown quantity in their prod^ft is equal to 
the number of thofe fimple equations ; and, the 
term involving the higheft dimenfion is called 
the firft term of the equation generated by this 
multiplication. The term involving the next 
dimenfion of the unknown quantity, lefs than 
the greateft by unit, is called the fecond term 
of the equation 5 the term involving the next di- 
menfion of the unknown quantity, whidi is lefs 
than the greatefl. by two, the third term of the 
equation, Csfr. And that term which involves 
no dimenfion of the unknown quantity, but is 
fome known quantity, is called the lafi term of 
the equation. 

" The nutnber cf terms is always greater than 
the higheft dimenfion of the unknown quantity by 
unit.** And when any term is wanting, an 
fijierijk is marked in its place. The Jigns and 
coefficients of equations will be undcrftood by 
confidering the following Table, where the 

fimple 



Digitized 



by Google 



s^o ^ Treatise 2/' Partll. 

fimple equations- AT— ^/^ — ^, &c. arc multi- 
plied by one another, and produce fucceffivcly 
the higher equations. 






-<7 = 
^ = 



JZ+ai}-^' ^^^^'^'''' 



'OX 



ss*'-^i 



—-h [xx^+ae > xx—ait — 0, a CuWc. 



X* 

»*♦■ 



— </=o 



*^ — *-» 4-«^") —abc-\ 

-. p'+ail ,-a.^/r 



+ 



^x A'+«ir</=:0, a K- 
[quadratic« 



X Jf — ^ == 



«;?'■ 




Vx*^ 






a Surfo- 
lid. 



S^3- 



Digitized 



by Google 



Chap. 2. ALGEBRA. I41 

§ 1 3, From the infpeftion of thefe equations 
it is plain, that the coefficients of the firft term 
h unit. 

The coefficient of the fecond term is tht 
fum of all the roots (a^ b^ r, dy e) having tbtir 
Jigns changed'. 

The coefficient of the third term is the fum 
pf all the produSfs 'that can be made by multi* 
plying any two of the roots (a^ b^ r, dy e) by one 
Another. 

The coefficient of the fourth term is the fum 
ef all the products that can be made by multipfying 
into one another an^ three of the roots^ with their 
figns changed* And after the fame manner all 
the other coefficients arc formed. 

The laft term is always the produSl of all the 
foots having their Jigns changed^ multiplied by 
one another. 

§ 14. Although in the Table fuch fimple equa- 
tions only are nwltiplied by one another as have 
pofitive roots, it is eafy to fee, that ** the co- 
efficients will be formed according to the fame 
rule when any of the fimple equations have 
negative roots.'* And, in general^ if ^'— ^a?* 
r^-qx — r = o reprefent any cubic equation, then 
fhall p be the fgm of the roots j q the (bm of 
the produfts made by multiplying any two of 
them ; r the produft of all the three : and, if 
' — P' + ?» *— ^» + -^j — A + «> &c. be the 
Cpeffidents of the 2d, 3d, 4th, 5tb, 6th, 7th, 

^c. 
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6?r, terms of any equation, then Ihall p be 
the fum of all the roots, q the fum of the 
produds of any two, r the fum of the produds 
of any three, s the fum of the produdb of any 
four, / the fum of the products of any five, 
u the fum of the produfts of any fix, C^c. 

§ 15. When therefore any equation is pro- 
pofed tQ be rcfolved, it is eafy to find the fum 
of the roots, (for it is equal to the coefficient 
of the fecond term having its fign changed :) 
or, to find the fum of the produfts that qan be 
made by multiplying any determinate number 
of them. 

But it is alfo eafy ** to find the fum of the 
fquares, or; of any powers, of the roots.'* 

The fum of the fquares is always p* — iq. 
For calling the fum of the fquares By fince the 
fum of the roots is p 5 and *' the Iquare of the 
fum of any quantities is always equal to the fum 
of their fquares added to double the produfts 
that can be made by multiplying any two of 
them,*' therefore ^*=: i5-f- 2 jf5 and confequently 
JS =/* — zj. For example, a + b + c\ = 
^* + ** + c*+ 2ab+2ac+ ibc\ that is, p'' = B 
+ iq. And tf + ^+c + / = j* + ^* + c* 
+ ^* + 2Xab-^ac+ad + bc'\'bd'\' cd^ that is 
again, p* =: 5 + 2j, or £ = p* — aj. And fo 
for any other number of quantities^ In general 
therefore, '* B the fum oi the fquares of the 

roots 
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roots may always be found by fubtrafting 2^ 
from p* ;" the quantities p and q being always 
known, fince they are the coefficients in the pro- 
pofed equation. 

§ 16. " T'he Jum of the cubes of the roots of 
any equation is equal to p^ — 3^ + 3^> or to 



Bp — pq + 3r." For B — q xp gives 
the excefs of the fum of the cubes of any quan^ 
tides above the triple fum of tlie produdb that 
can be made by multiplying any three of them. 

Thus a^' + b^+c^ — ab — ac — bcxa + l^+ c (:;= 

B—q X />;=«' + ^' + ^' — zabc. Therefore 
if the fum of the cubes is called C, then fliall 

B—qxp^C—^r, and C=Bp — qp'\'Z^ 
(becaufe B zzzp"- — 2q) =1 p^ — 3P^+ 3^* 

After the fame manner, if D be the fum oF 
the 4th powers of the roots, you will find that 
DzzipC — qB+pr — 4J : and if E be the fum of 
the 5 th powers, then /hall E=pD — qC^rB — 
/J + 5/. And after the fame manner the fum 
of any powers of the roots may be found -, the 
progreffion of thefe expreffions of the fum of 
the powers being obvious. 
• § 17. As for the figns of the terms of the 
equation produced, it appears from infpedion 
that the figns of all the terms in any equation 
in the Table are alternately -|- and — : thefe 
equations are generated by multiplying conti- 
nually x — a^ x — b^ x — r, x — 4> &c. by one 

another. 



Digitized 



by Google 



144 lif Treatise 6f Partll* 

another. The firftterm is always fome pure 
power of y, and i3 pofuive -, the fecond is a 
power of ^ multiplied by the quantities — n^ 
— *> — c-i &c. And fince thefe are all nega- 
tive, that tertn niuft therefore be negative. 
The third term has the produdts of any two of 
thefc quantities ( — a^ — h^ — r, &c.) for its 
cocfiicient; which produfts are all pofitive, be- 
<;aufc — X. — ^ves +. For the like reafon, 
the ne3ct coefficient, confifting of all the pro- 
du(^ made by multiplying any three of thefc 
quantities, muft be negative ; and the next po» 
fitive. So that the coefficients, in this cafe, will 
be pofitive and negative by turns. But ** in 
this cafe the roots are all pofitive -,** fince ;c = j, 
X'=:h^ A? = f , ^:=zdy ^ = ^, &c* are the af- 
fumed fimplo equations.' It is plain then, that 
*' when all the roots are poftthe^ the ftgns are aU 
ternately + and — .** 

§ 1 8. But i f the roots are all negative, then 
dc-^ayix + bxx+cxx-^-d^ &c. r= o, will ex- 
prefs the eqiiation to be produced; all whofe 
terms will plainly be pofitive •, fo that " when all 
the roots of an equation are negative^ it is plain 
there will be no changes in the Jigns of the term* 
cf that equation" 

§ 19. In general, *' there are as many pofi- 
tive roots in any equation as there are changes 
in the figns of the terms from ^4- to — , or 
from -^ to -^ i and the remaining roots are 

negative.**" 
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negative." The Rule is general, if the iii^f* 
fible roots be allowed to be either pofitive or 
negative. 

§ 20. In quadratic equations, the two roots 
are either both pdfitive, as in this 

{x — axx — i =) ^^"^ ax 4- ab = O9 

where there are two changes of the figns: Or 
they are boA negative, as in this 

where there is not any change of the %n8. 
Gr there is one pofitive and «ie negative* as m 

where there is neceflarily one changp of the 
figns i becaufe the firft term is pofitive, and the 
laft negative, and there can be but one change 
whether the fecond term be ^ or — . 

Therefore the rule given in the 19th feftion 
extends to all quadratic equations. 

§ 21. In cubic equations, the rpots may be, 

^^ All pofitive as in this, y — axx^-^ixx'^c 
~ o, in which the figns are alternately + an4 
— , as appears from the Table ^ and there are 
three changes of the figns. 

2». The roots may be all negative, as in tte 
equation ;f+aX^+^X^ + ^==o, where there 
can be no change of the figns. Or, ^ 

3*- 
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y. There may be two pofitivc roots and 
one negative, as in the equation x — ax^ — ^ 
Xx-^-czzoy which gives 
^^ — ^'. 



— b\ x^ — ac i, 



Here there muft be two changes of the figns : 
becaufe if a-\-b is greater than r, the fecond 
term muft be negative, its coefficient being — tf. 

And if tf + ^ ^ ^^^ ^^^^ ^' ^'^^'^ ^^^ ^^^^d 
tarm muft be negative, its coefficient -j- ^^ — 

tfr — be (ab — c X a-\-b)* being in that cafe 

negative. And there cannot poffibly be three 

changes of the figns, the firft and laft terms 

having the fame fign. 

4*. There may be one pofitive root and two 

negative, as in the equation x-^-ax x-^-bx 

X — ^ = o, which gives 

4^^ > x^ — ac >x — abc = o* 

Where there muft be always one change of the 
figns, fince the firft term is pofitive and the 
laft negative. And there can be but one change 
of the figns, fince if the fecond term is ne- 
gative, or a^b lefs than r, the third muft be 

• Becaufe the redlangle a X b u le& dian the fquarr 
« -h ^ X « 4- ^, and therefore much left than a-t ^ X c- 

negative 
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negative alfo, fo that there will be but ond 
change of the figns. Or, if the fecond tertit 
is affirmative, whatercr the third term is, thertf 
will be but one change of the figns. It ap- 
t>ears therefore, \ti general, that in cubic equa- 
tionsy there are as many affirmative roots as 
there are changes of the figns of the terms of 
the equation. 

The fame way of rcafoning may be ex- 
tended to eqiiatioiis of higher dimenfions, and 
the rule delivered in § 19, extended to all kinds of 
equatiom. 

§ 22. There are feveral ?onfe<9tarics of what 
has been already demonftrated, that are of ufc 
in difcovering the ^oots of equations. But 
before we proceed to that, it will be convenient 
to e^tplain fome transformations of equations, 
by which they may often be rendered more 
fimple^ and the inveftigation of their rootf 
more eafy^ 



# 
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CHAP. HL 

Of the Transformation of Equatx- 
6NI5 ; asnd ejrterminating their in- 
termediate terms. 

^ 23. IITT T E now prcKccd to explain the 
VV tFansfoimations of equations that 
arc moft ufeful : and firft, •* The i^mativt 
roots of an, equation are changed into negative 
yoots of the fame vahe^ and the ntgative roots 
inio affirmativiy by onfy ckangif^ the ftgns of the 
Terku ahernatefyj heginmng 'Ontb the fecond.^ 
Thusthe roots of the equaddn ;v*— «?' — ign^ 
•f 4gfj^-^363=o are + iv+2, + 3, ~5; inhere- 
tts the nx>ts of the fame equation havidig only 
the jQgns 6f the fecond and fourth cenns changed^, 
xiz. x^-i-x^ — I ^^ — 49X — '30 = o,. a» «— i^ 

~2, —3, +5. \ 

To underft^d the rcafon of this rule, let us 
aflume an equation, as«f — axx — bx^e — cK 
X — dxx — ^,&c. ==0, whofe roots are +ay 
+b, +c^ +i, +<?,&€• and another having its 
roots of the fame value, but afFcfted with contra- 
ry figns, as x+axx + bxx + cxx-^dxx+fr 
&c. = a It is plain, that the terms taken al- 
tematdy^ beginning from the firft^. arc the fame 
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to both ta}uatbns, aod have the fame fign,* 
** being produfts of an even number of the 
roots-," the prodiKSt of any two roots having 
ifae fame %n as their prtxjuft when both their 
iigns arfc changed j 45 +<^X— * = -^tfX+^: 

But the fecond terms and all ta)cen alter- 
nately from them, becaufe their coeffiqients in- 
. volve always the produfts of an odd numbef 
of the rootS) will have contrary figns in the 
two equations. Por example, the produdt of 
four, viti. abcd^ having the fanie fign in both^ 
4uk1 one equation in the £fth term having 
abcdyi +^ and the other abed >t^—ei it follows 
that their produft ahde muft have contrary 
iigns in the two equations : thefe two equa- 
tipns therefore that haye the fame roots, but 
with contrary figns^ have nothing different but 
the fign^ of the alternate terms, beginning with 
the fecond. f'rom which it follows, *^ that if 
any equation is given^ and you change the figns 
6f the alternate terms, beginning with the 
fecond/ the new equation will have roots of the 
fame valuer but with contrary figns.*' 

§ 24. It is. often very^'ufeftjl *^ to transform afi 
i^uatUn into another thai Jhall have its roots 
greater or kji than the toots of tht fropofed equa^ 
Hon hy fonie -given difference.*^ 

Let the equation propofcd be the cubic 

*' — px^ + jx — r = o- And let it be required to^ 

transform it into another equation -whofe roots 

L 2 flK^U 
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{hall be lefs than the roots of this equation t^ 
fomc given difference {e), that is, ftppofe 
yrsix — • *, and confequemly x-=-y-^e\ then 
inftead of x and its powers, fubftitute ^ + f 
and its powers, and there will arifc this newf 
equation, ^ 






-^^*( - o 



whole roots are lefs than the roots of the pre- 
ceding equation by the difference (e). 

If it had been required to find an equation 
whofe roots fhould be greater than tho£e of 
the propofed equation by the quantity (_e)^ then 
we muft have fuppofed jp = ^ + ^, and confe- 
quemly * =r jr — ^, and then the other equation 
would have had this form \ 



4- gy 



-XV 



o. 



If the propofed equation be in this fonn^„ 
;f^ +/>r'+ j^-j'^^^o* ^hen by fuppofing x+e=y 
there will arife an equation agreeing in all re- 
Ipefts with the equation (J)j but that the fe- 
cond and fourth terms will have contrary figas. 

. And' 
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And by fuppofing-* — e=y, there will arife. 
an equation agreeing vvitb (B) in all refpedls,. 
but that the fccond and fourth terms will have 
contrary figns to what they have in (B), 

The firft of thefe fuppofitions gives this 
equation, 

-4- V 

The lecond fuppofition gives the equation 



r J 



"f iy 4- ?<f 

4- 



?1" 



§ 25. The firft ufe of this transformation of 
equations is to fliew ^^ bow the fecond (or other 
intermediate) term may he taken away out df an 
eciuation.^ 

It is plain that in the equation (A) whofe le- 
cond term is 3^ — f X ^ » if you fuppofe e':^\p^ 
and confequently 3^ — ^ = 0, then the fecond 
term will vanifla. 

In the equation (C) whofe fecond term is 
— 3^ + i^Xjy*> fuppofing tf = tA the fecond 
term alfo vaniflies. 

Now the equation* (A) was deduced from 
it^ — px* + i^ — r=o, by fuppofing^fsTX — e: 

L 3 and 
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fuid ^t equaoon CQ wa» deduced from Hi^ +/x^ 
-j-j^f + fizoj by fbppofingj^,=rx^^f. Fron| 
I9vtdch tbiar Role may ealily be deduced for »r 
^rminat^ t}^ fecond jBerm out pf aifiy cuMc 

RULE. 

f • y^i/ /^ the unknown quantity of the given equaj 
tion the third farf of the coe^ienf of the 
fecond term m$b its proper fign^ viz. T 4/1 
and fuppofe this aggregate equal to a ttew un- 
known quantity (y). From this valuf of y find 
a value ofxpy tranffofition^ and fubjtifiae thi^ 
value, of X and its powers in the given equa- 
tiont and there will arife a new equatipn thaf 
fhall want the fecond term^ 



EXAMPLE, 

Lef it be requjrcid t^ exterminate the fecond 
^rm put of this equation, *', — 9x*-f 26x'— 

34=0, fupppfcar-r3=?J'. prj'+5 = *i and 
^bftitOting acc<»rdin^ to the rule, you wi|I ^ 



4-2^4- 



277 

78 f" 

34J 



_, — T . . . » . 

I» 
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o 

In wbkk Afire is no term where ;^ fe ojF tWQ, 
dii^nfioQil, and an aft^riik is placed ii\ the rooni / 
of the fecond term, to fliew it is wanting. 

§ 26. Let the equation propoled be of any 
number of dimenfions rcprefented by (n) ; and 
let the coefficient of the fecond term widi its fign 

prefixed be — ^, then fuppofing ^ ^— — = j^ 

•afid consequently ^=j4-— > ^nd fubftitutir^ 

this value for x in the given equation, there 
will arife a new equation that (hall want the fe- 
cond term. 

It is pl^n from what was demonftrated' in, 
Ctap. t. that the fum of the roots of the |)ro* 
po^ equation is+/; and fince we fuppofe 

^ = X — — > it follows, that in the new equation9 

each value of y will be lefs than the refpeftivc 

value of AT by — 5 and, fince the number of the 

WW 

roots is n, it follows that the fum of the values 
of jr will be lefs than + p^ the fum of the values 

of ;r, by » X — the diflference of any two roots, 

that is, by + ^ ; dierefore the fum of the va- 
lues of j^ will be +/— /=o. 

But the coe^cieat (^ the fecond term of the 
cquatbn of ;f is the fum of the values oiy^ viz. 
'^P'^h ^ therefore t])a( coefficient is equat 
tQ nothing y and coofequently, in the equatioa 

L 4 of 
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of jr, the fccond term variilhcs. It follows then, 
that the fecond term may be exterminated ouf 
p( any^givcn equation fcy the following 

RULE. 

f^ Divide the coefficient of the fecond term of (hf 
propofed equation by the number of dimenjions 
of the equation \ and affuming a new unknown 
quantity jy, add to it fhe auotient having its 
Jign changed, .^ken fuppofe this aggregate 
equal to x the unknown quantity in the pror 
pofed equation ; and for x and its powers^ 
fuhfiitute the aggregate and its powers^ fQ 
Jhatt the new equation that arifes want its fe-^ 
eond term^ ^ 

^271 If fhe propofed equation is 4 quadratic, 
fis ;tf* — />;c + ? = o» then, according to the 
fule, fgppofe jy + 4^ = ^, and fubftituting thi^ 
value for x^ you wil| find, 



y^-\^py^i^ 
-r-py-^ip 

+ q 



9 3 



'^nd from this example the ufc of ^xterminatr 
iftg the fecond term appears : for commonly the 
Iblution of the equation that wants the fecond 
ferrpkrnore cafy. And, if. you can ^nd the 
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value of y fram this new equation, it is edy 
to find the value of x by means of the' equation 
y + i.j> =: y. For example. 

Since/ + 5^ — 4/= o, It follows that 

>5^hicb Agriecs with what wc demonftratcd, Chap^ 
ter 13. Part I. 

' If the proppfed equation is a biquadratic, as 
^^ — p^i + qx* — rx + s^Oy then by fupppfing 
X — ip=yj or xn:y+'i:pj an equation fliall arife 
having no fecond term. And if the propofed 
is of five dimenfions, then you muft fuppofe 
X =y ±,^p. And fp on. 

§ 28. When the fecond term in any equa-- 
tion is wanting, it follows, that '^ the equatioil 
has both affirmative and negative roots," and 
that the fum of the affirmative roots is equal 
to the fum of the negative roots : by which 
means the coefficient of the fecond term, which 
is the fum of all the roots of both forts, va» 
niflies, and makes the fecond term vanifh. 

In gencralj ^* the coefficient of the fecond 
terpi is the difference between the fum of the 
affirmative roots and the fum of the negative 
roots :'* and the operations we have ^vcn ferve 
only to diminifh all the roots when the fum of 
the affirmative is greateft, or increafe the roots 
\vhen the fum of th? negative is greateft, fo 

as 
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39 to babu)ce diem, and reduce diem ^o an 
oqualitjr. 

It is obvious, that in a quadratic ecjuadon 
that waots the fecood term, there muft be one 
root affirnJative and one negative ; and thcfe 
muft bq equal to one another. 

In a cubic equation that want* the fecond 
term, theip muft be either, two affirmative roots 
equal, taken together, to a third root that muft 
be negative » or> two n^ative equal to a third 
diat muft he poGrive^ 

*' Let an equation x^ — ^x* + jat — r s= 6 be 
propofed, and let it be now required to cxtermi*. 
Tsmi»^ the third tcg-m.** 

By fuppofing j^ = x — ^, the cocfBcicnt of the 
third term in the cqiiation of jr is found (fee equa- 
tion A] to be 3^* -^ %p9 + y. Suppofe that cop 
cfl5cient equal to nothing, and by rcfolving the 
quadratic equation ^e* — ipe 4- f = o, you will 
find the v^ue of ^, which fubftituted for it in 
t^e equation j^ = a — r, will (hew how to tranf- 
fbrm the propofed equation into one that (hall 
vrant the thiid term* 

The quadratic g^* -»• 2^ -|- f = o g^ves 

cs L=iXZl3f ^ Sq ^^^ (he propofed cubic 
will be transformed into aQ equation wanting the 
third term by (uppofing ^ = :v -- tlZ-^JLIlM^ 



Digitized 



by Google 



CHap, 3- ALGEBRA. 257 

If the propofed equation is of » dimenlionsy 
the value of ^, by which the third tcrip rftscy br 
taken away, is had by rc(blving the quadratic 

equation ^ + — X ^ + — === = o, ibppofr 

ing —p and + } to be the coefficients of the fo 
icond and third tierms of the propp&d equa- 
tion. 

The fourth term of any equation may be taket) 
away by fblving a cubic equation, which is the 
coefficient of the foufth t^rm in the equatioi^ 
when tramfbrmed, as in the fecond article of 
this ch^ter. The fifth term may be taken 
away by folvjng a biquadratic ^ and after die 
lame manner the otl^er terms can be exterminate 
cd if there are ^y. 

§ 29. There are other tranfmutatipns (^equ^r 
dons, that on fome ocpafions are ufeful. 

An equation, as x^ — px* + jx — r = o, may 
he transformed into another tbatjhall have its roots 
equal to the roots of this equation multiplied ly a 
liven quantity J as /, by fuppofing y = fx^ and 

coniequently x=i^^ Jf^ fubilituting this value , 

for X in the propofed equation, there will arife 

ji — ^ + f — r= o, and muldplying all by 

/* • . . j» -^^* +/^2y — /V =s o, where the co^ 
efficient of the fecond term of the propofed ecjua*. 
f |on muldplied iqto / mallet the coefficient of 

the' 
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the fecond term of the transformed equation ; 
and tly following coefEcients are produced by 
the following coefficients of the propofcd equa- 
tion (as J, r, &c.) multiplied into the powers of 

/r/s A &c.) 

' Therefore ** to transform any equation into 
another whofe roots fhali be equal to the roots 
of the propofcd equation multiplied by a given 
quantity** (/), you need only multiply the 
terms, of the propofed equation, beginning at 
the fecond term, by /, /*f/',/S &c. and put- 
ting J inftead of x there will arife an equation 
having its roots equal to the roots of the pro- 
pofed equation multiplied by (f) as required. 

§ 30. The transformation mentioned in the 
laft article is of ufe when the higheft term of 
the equation has a coefficient different from 
unity; for, by it, the equation may be tranf- 
formed into one that (hall have the coefficient of 
the higheft term unit. 

If the equation propofcd is ax^ — ^v* -J-'jx — r 
= o, then transform the equation into one 
whofe roots are equal to^the roots of the pro- 
pofcd equation' multiplied by (a). That is, 

fuppofc y^=-ax^ ot x-=t — , and there will arifc 
7-$ + f ~^ = ^' fbthatj^^-i>y* + y4jr 

I'^rom 
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From which we cafily draw this 

RULE. ^ 

** Change the unknown quantity x into another j^ 
prefix no coefficient to the higheft term^ pafs 
the fecond^ multiply the following terms^ tegin- 
ning with the thirds by a^ a\ a\ a\ &c. tie 
powers of the coefficient of the higheft term of 
the propofed equation^ refpeSively.** 

Thus the equation 3;v' — i3;f*+ 14^+16=01 
is transformed into the equation 
yi — x^y* +^4x3x^4-16x9=0, or 
^3 _ i2^» j^ 42X + 144 = o. 

Then finding the roots of this equation, it 
will eafily be difcovcred what ari.the roots pf 
the propofed equation : fince 3;*^ =:^, or ^ = ^y^ 
And therefore fince one of the values of jy i$ 

— 2, it follows that one of the values of ;i; is 
2 

3 

§ 31. By the laft Rule " an equation is eaftly 

cleared of fraSlions.^* Suppofe the equation 
propofed is x^ — —x^ -{• ^x — ~ = o. Mul- 
tiply all the terms by the produft of the deno- 
minators, you find 

mne x x^'^nep x ^*4* ^^? X ^ — mnr -=. o. 
Then (by laft fcftion) transforming the equation 
into one that fhall have unit for the coefficient of 
the higheft term, you find 

f — nepxy'^+m^e'^nqxy — m^nU'^r:::: o. 

Or, 
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Or, negledtiY^ the dfcnominstor of the tad: 
term ~, you need only multiply all the equa- 
tion by nm^ which will give 
«wrX^'— »?Xx*4-;»jXx— ^ = 0* And 

Now after the values of y arc found, it will 
be cafy to difcoycr the values of x j fince, in thd 

firft cafe, X = -^ J in the fccond, x = — . 
For e}<^mple, the equation 

x^'^^tx'^ ^=.0, is firft reduced ttf 
*» 27 

this form 3;^ '• — 4^ — — = o^ and then trani* 

fwniedintoj^^* — i^y-^ii^6zsi04 
' Sometimes, by thcfe transformations, " Surds 
sre taken away^^ As for example, 
The equation v? — f»^a x ^* + j^ — r-/^ = c, * 

\yj putting yi=:i/axx^ or x = ---, is tnmt- 

fermed into this equation, 

^^^ -_p^^ X f + J X ^ - rV^ = o. 

"WMch by multiplying all the terms hj a^a^ 
becomes y^ — pay^ + S^ — w*= o, an equati^ 
on free of lurds. But in order to make this fuc- 
ceed, the furd {t/u) muft enter the altrm«*e 
terms banning with the (econd« 
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§32. An equation, as ^' — px* + q^ — r=:o, 

fnay be transformed into one njohofe roots Jhall bk 
the quantities reciprocal of x i hy fuppofing 

^ = — , and JF = —t or, (by bftc fuppdfidon) 
1; = ~, bcconacs z^ — qz^ +prz — r* = o. 

In the equation of jr, it is manifeft that the 
order of the coefficients is inverted ; fo that iS 
the fecood term had been wanting in the pro- 
pofed equation, the lail but one fliouH 'bai^ 
been wanting in the equations df y and z. If 
the third had been wanting in the equsttion pro** 
poied, the laft but two had beea wanting in the 
^equations of y and z* 

Another ufe of this transformation is, that 
*' the greateft root in the om is transformed int» 

ibe leafi root in the other J* For finee ^32—^ 

and jy = — ^ it is plain that when the value of ;c 

is greateft, the value of 7 is leaft, and coiti* 
verfely. 

How an equation is transformed i^ as to^haVt 
?J1 its roots affirmative, fliall be explained in tfie 
following chapter. 
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CHAR IV. 

Of finding the Roots of Equations^ 
when two or mote of the rooti^ 
are equstl to each othef . 

§33. TJEFORE we proceed to explain how 
i3 to rcfolve equations of all forts, we 
fliall firft demonftrate " bow an equation that 
has two or more roots equals is deprejfed to a 
Jow^ dimenjion ;'* and its refolution made, con- 
fequently, more eafyf And fball endeavour to 
explain the grounds of this and many other 
rules we fhall give in the remaining part of this 
Treatife, in a more fimplc and concife manner 
than has hitherto been done. 

In order to this, we muft look back to § 24. 
where we find that if any equation, as x^ — px^ 
+ j^-r-r=:o, is propofed, and you are to tranf- 
form it into another that (hall have its roots 
lefs than the values of x by any given difference, 
as ey you are to afTume y = x — ^, and fub- 
ftituting for tc its value ;^ + ^, you find the 
transformed equation, 



— fy^ — '^p^ 






Where 
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Where wc are to obferve, 

i^ That the laft term (e^ — pe^+ qe — r) is 
the very equation that was propofed, having e in 
place of X. 

2°' The coefficient of the laft term but one 
is 3^* r- 2pe + ?» which is the quantity that 
arifes by multiplying every term of the laft 
coefficient e^ — pe^ + qe — r by the index of e 
in each term, and dividing the product 3^' — 
2pe^ + q^ by the quantity e that is common to 
all the terms. 

3*. The coefficient of the laft term but two 
is 3^ — py which is the quantity that arifes by 
multiplying every term of the coefficient laft 
found (3^* — 2pe + q) by the index of e in each 
term, and dividing the whole by 2e. 

§ 34. Thefe fame obfervations extend to 
equations of all dimenfions. If it is the biqua- 
dratic X* — px^+qx* — rx + s:=zo that is pro- 
pofed, then by fuppofing jy = x — ^, it will be 
transformed into this other, 

— py^ — sp'^y'' —2P^^y — p^^ 

+ 2v* + ^^y '^- ?<?* r = ^* 



-— ry -^ re \ 



Where again it is obvious that the laft term is 
the equation that was propofed, having e in 
place of X. That the laft term but one has 

M for 
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for its coefficient the quantity that arifes by 
multiplying the terms of the laft quantity by 
the indices of e in each term, and dividing 
the produft by e. That the coefficient of the 
laft term but two (viz. 6e^ — ^pe + q) is de- 
duced in the fame manner from the term imme- 
diately following ; that is, by multiplying every 
term of 4^' — ^pe^ + 2j^ — r by the index 
of e in that term, and dividing the whole by 
e multiplied into the index of ^ in the term 
fought, that is, by ^ X 2. And the next term 

6<?*x2 — 3^^ XI 
,l4.-i> = ^^^-^, 

The demonftration of this may eafily be made 
general by the Theorem for finding the powers 
of a binomial, fince the transformed equation 
confifts of the powers of the binomial^ + e that 
are marked by the indices of ^ in the laft term, 
multiplied each by their coefficients i, — ^, 
+ ?> — ^> + -^j &c. relpedlively. 

S 35. From the laft two articles we can ea- 
fily find the terms of the transformed equation 
without any involution. The laft term is had 
by fubftituting ^.inftead of x in the propofed 
equation ; the next term, by multiplying every 
part of that laft term by the index of e in 
each part, and dividing the whole by e ; and 
the following terms in the manner defcribed in 
the foregoing- article 5 the relpcdtive divifors 

being 
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being the quantity e multiplied by the index of 
jf in each term. 

The dcmonftration for finding whcp two or 
more roots arc equal will be eafy, if we add to 
this, that ** wf>en the unknown quantity enters 
all the terms of any equation^ then one of its va^ 
lues is equal to nothing.'* As in the equation 
x^ — ? px* + ?^ = Oy where x — = being 
one of the fimple equations that produce 
x^ — px* + qx = 0^ it follows that one of the 
values of ^ is o. In like manner two of th^ 
values of x %ri equal to nothing in this equation 
a' — px* = o J and three of them vanifli in the 
equation x^ — ^x^ — o. 

It is alfo obvious (converfely) that " if x 
does not enter all the terms of the equation, 
/% e. if the laii term b^ot wanting, then none 
of the values of x can be equal to nothing •/* 
for if every term be not multiplied by x^ then' 
^ — o cannot be a divifor of the whole equation, 
^ and confequently o cannot be one of the values 
of X. If X* does not enter into all the terms 
of the equation, then two of the values of x 
cannot be equal to nothing. If x^ does not en- 
ter into all the terms of the equation, then 
three of the values of x cannot be equal to no- 
thing, ^c. 

§ 36. Suppofe now that two values of x are 

equal to one another, and to e ; then it is plain 

that two values of y in the transformed equation 

M 2 will 
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wiM be equal to nothing : fince y,= x — f. 
And confequently, by the lafl article, the two 
laft terms of the transformed equation muft 
vanifli. 

Suppofe it is the cubic equation of § 33. that 
is propoled, viz, x^ — px^-^qx^ — r=::o; and be* 
caufe we fuppofc xz:ze^ therefore the laft term of 
the transformed equation, viz. e^—pe^-^qe — r 
will vanifh. And fince two values of y vanifh, 
the laft term but one, viz. 3^*)' — 2pey + ^ 
will vanift) at the fame time. So that 3^* — 

, 2pe •\' q = o. But, by fuppofition, ^ = x\ 
therefore, when two values of x, in the equa- 
tion x^ — fx^-^-qx — rrro, are equal, it follows, 
that 3^*— 7px -{- q zn o. And thus '' the 

. propofed cubic is depreffed to a quadratic that has 
one of its roots equal tc^ne of the roots of that 
cubic/* 

If it is the biquadratic that is propofed, *Oiz. 
'x^ — px^ 4" ?^* — nv + J = 9, and two of its roots 
be equal •, then fuppofing e znx^ two of the va- 
lues of y muft vanifh, and the equation of § 34 
will be reduced to this form, 

y*' + 4cy' + ^^Y" ) 
^ ^ py^ — ^pey"- S* * = o. So that 



qy- 



s 



4^^ — 3pr -f 2 j^ — r r= o •, or, bccaufc 3^ = f , 
4*v^ — 3^^*+ ^"v — r = o. 

i In 
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In general^ when two values of x are equal 
to each other, and - to e, the two laft terms of 
the transformed equation vanifh : and confc- 
quently, *' if you multiply the terms of the 
propofed equation by the indices of x in each 
term, the quantity that will arifc will be = o, 
and will give an equation of a lower dimen- 
fion than the propofed, that fhall have x)nc of 
its roots equal to one of the roots of the pro- 
pofed equation.'* ^ 

» That the laft two terms of the equation va- 
nilh when the values of x are fuppofed equal to 
each other, and to ^, will alfo appear by con- 
fidering, that fince two values of y then be-^ 
come equal to nothing, the produd: of the va* 
lues of y muft vanifli, which is equal to the lafl; 
term of the equation ; and becaufe two of the 
four values of y are equal to nothing, it follows 
^Ifo that one of any three that can be taken out 
of thefe four, muft be = o ; and therefore, the 
produfts made by multiplying any three mutt 
yanilh •, and confequently the coefficient of the 
laft term but one, which is equal to. the furrt of 
thefe produfts, muft vanifti.^ 

§ 37. After the fame manner, if there are 
three equal roots in the biquadratic x^ — Px^ + 
qx^ — rx + s =z o, and if ^ be equal to one of 
them •, three values o( y{^ x-^e) wilj v^ifh, 
and confequently y^ will enter all the terms, of 

M 3 the 
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the trinsformed equation 5 whict^ will have 
this form, 

J^4-4(y'U*#-,p. Sothatliere 

^^*— 3^^ rfr J = 05 or, fince ^ = Xy therefore, 
6;^*— 2P^ + J = o : and one of the roots of 
this quadratic will be equal to one of the roots 
of the propofed biquadratic. 

Irt this cafe, two of the roots of the cubic 
equation 4^'^ 3/>x*+ 2jy — r = o are roots of 
theprogofed biquadratic, becaufe the quantity 
6^* — ZP^ + ? ?s deduced from 4^' -r- ^px^ + 
2j^ — r, by multipfying the tcrjns by the in- 
dieies of x in each term. 

In general, ** whatever is the number of 
equal roots in the propofed equation, they will 
all remain but one in the equation that is de- 
duced from it, by piultiplying all the terms by 
jhe indexes of x in them 5 and they will all re- 
main but two in the equation deduced in the 
fame manner from That •,** and fo of the reft. 

^38. What we obferved of the coefEciei^ts of 
pquations transformed by fuppofing y zzlx — e^ 
leads to this eafy demonftration«of this Rule-, 
and will be applied in the next chapter to de? 
fnonftrate the fulcs fpr finflinjg the linH^s of 
jcquatiqns. 

It is obvious however^ that though we make 
pfe of equations whpfe figns change alternately, 
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the fame reafoning actends to all other equa- 
tions. 

It is a confequence alfo of what has been 
demonftrated, that " if two roots of any equa- 
tion, as Af' — px*+ qx — r = o, are equal, then 
multiplying the terms by any arithmetical feries, 
as ^j + 3^, tf + 2^, a + b^ a^ the produdl will 
be = o. 

For fince ay(} — apx^ + ^J-^ — ^r = o j and 
3;^* — ^px + J X ^^ = o, it follows that 
ax^ + ibx^ ~ apx^ — ^bpx^ + aqx + bqx — tfr=o. 
Which is the produft that arifes by multiplying 
the terms of the propofed equation by the 
terms of the feries, ^ + 3^j ^ + 2^, tf + ^» ai 
which may reprefent any arithmetical progref- 
fion. 




M 4 
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C H A P. V. 

Of the Limits of Equations. 



539. TT7E now proceed to ftiew how to' 
V V difcover the limits of the roots of 
equations, by which their folution is much fa- 
cilitated. 

Let any equation, as x* — px*-^ qx — r = o, 
be propofed -, and transform it, as above, into 
the equation 



— pf — ipey — 






Where the values of y are lefs than the rcfpec- 
tive values of y: by the difference e. If you 
fuppofe ^ to be taken fuch as to make all the 
coefficients, of the equation of jy, .pofitivc, viz. 
e^—pe^ + qe — r^ 3e''—2pe+q,^e~p', then 
ther? being no variation of th? figns in the 
equation, all the values of v muft be negative; 
and confequently, the quantity ^, by which the 
values of x are diminiflbed, muft be greater than 
the greaceft pofitive value of x : and confe- 
quently muft be the limit of the roots of the 
equation x^ — p.v* -]- jx — r = o. 

It 
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It is fufficient therefore, in order to find the 
limit, to *' enquire what quantity fubftituted for 
X in each of thefe expreflions x^ — px* + yx — r, 
3x* — ^px + q^ 3x — pj will give them all po- 
sitive */* for that quantity will be the limit re- 
quired. 

How thefe expreflions are formed from one 
another, was explained in the beginning of the 
laft chapter. 

EXAMPLE. 

§40. If the equation x^ — 2x^ — ioa?' + 3ox* 
+ 63:^ + 120=0 is propofed 5 and it is required 
to determine the limit that is greater than any 
of the roots ; you are to enquire what integer 
number fubftituted for x in the propofed equa- 
tion, and following equations deduced from 
5^ by § 35> will give, in each, a pofitive quan- 
tity. ^ 

5x^ — Sx^ — 30;f* + 60X + 63 
5x^ — 6x*—iSx + 15 

5^'— 4^ — 5 
59c —2. 

The leaft integer number which gives each 
of thefe pofitive, is 2 ; which therefore is the 
limit of the roots of the propofed equation ; 
or a number that exceeds the greateft pofitive 
root. 

If 
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If the limit of the negative roots is required, 
you may, by § 23, change the negative intjo 
pofitive roots, and then proceed as before to find 
their limits. Thus, in the example, you will 
find that — 3 is the limit of the negative roots* 
So that the five roots of the propofed equation 
arc betwixt -r- 3 and -f- 2. 

§ 41. Having foui^d the limit that furpafies 
the greateft pofitive root, call rt m. And if you 
affumej^ = »^ — ^, and for 9C fubftitute m — ^, 
the equation that will arifc will have all its roots 
pofitive ; becaufe m is fuppofcd to furpafs all 
the values of x^ and confequently m — j^ (z= j) 
muft always be aflirmative. And by this means, 
atr^ equation may be changed into me that jhall 
hwot all its roots affirmative ^^ 

Or if — n reprefent the limit of the negative 
roots, then by afrumingj>^ = ^+;^ the propofed 
equatioa-fhall be transformed into one that Ihall 
have all its roots affirmative •, for + » being 
greater than any negative value of Xy it follows, 
that y -rzx ^n muft be always pofitive. 

§ 42. " I'be greateft negative coefficient of any 
equation increafed by unit^ always exceeds the greateft 
root of the equation}^ 

To demonftrate this, Jet the cuHc x^ — fx^ 
— ^^-— r=i:o be propofed; where all the terms 
;are negative except the iirft. Afiii'ming yzzx-^e 
it will be traqsfonxued into thse following equa- 
tion. 
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i». Let ufi fuppofe that the coefficients py y, r* 
f re equal to each other ^ and if you alfo fuppofe 
^ =: ^ 4* I, then the hQ, equation becomes 

(B)f 



y' + W^+ p"y + i} 
+ 3?- +3$y >=o. 
+ ay 3 



Where all the terms being politive, it follows 
that the values of y are all negative, and Jthat 
confequently e^ or /> + i> is greater than the 
greateft value of x in the propofed equation. 

2**. If q and r ht not =^, but lefs than it, 
and for c you ftill fubftitute^ 4- 1 (fince the ne- 
gative part f'^^ ^ j becomes lefs, the 

pofitive remaining undiminifhed) a fortioriy all 
the coefficients of the equation (J) become po- 
sitive. And the fame is obvious if q and r have 
positive figns» and not negative figns, as we 
iuppofed. It appears therefore, " that, if, in 
any cubic equation, p be the greateft negative 
coefficient, then p + i muft furpals the greateft 
iralue of x.'* 

4 43* 3*. By the fame reafoning it appears, 
that if q be the greateft negative coefficient of 

the 
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the equation, and ^ = j + i, then there will be 
no variation of the figns in the equation of jr; 
idf it appears from the laft article, that if all 
the three {f^ y, r) were equal to one another, 
and e equal to any one of them increafed by 
unit, as to j + i» ^h^ all the ternfis of the 
equation (A) would be pofitive. Now if f be 
fuppofed ftill equal to j + i, and p and r to be 
lefs than j, then, a fortiori all thefe terms will 
be pofitive, the negative part, which involves^ 
and r being diminiflied, while the pofitive part 
and the negative involving j remain as before. 

4*. After the fame manner it is dcmonftrated, 
that if r is the greateft negative coefficient in the 
equation, and e is fuppofed = r + i, dien all 
the terms of the equation (A) of y will be po- 
fitive; and confequently r+i will be greater 
than any of the values oi x. 

What we have faid of the cubic equation 
x^—px^ + q^x — r = o, is eafily applicable to 
others. 

In generdy we conclude that " the greateft 
negative coefficient in any equation increafed by 
unit, is always a limit that exceeds all the roots 
of that equation.** 

But it is to be obferved at the fame time, that 
the greateft negative coefficient increafed by 
unit, is very feldom the nearejl limit: that is 
beft difcovcred by the Rule in the 39th article, 

* §44- 
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§ 44. Having (hewn in § 41. how to change 
any propofed equation into one. that fhall have 
nil its roots affirmative ; we fhall only treat of 
foch as have all their roots pofitive, in what re-? 
mains relating to the limits of equations. ' 

Any fuch equation may be reprefentcd by 

x-^axx — ^X^ — cxx — d^ &c. =0, whofc 
roots are /^. h^ f, d^ &c. 

And of all fuch equations two limits arc 
cafily difcovered from what precedes, viz. o, 
which is lefs than the leaft, and e^ found ac- 
cording to § ^^. \7»uch furpafles the greateft 
root of the equation. 

But befides thefe, we Ihall now fhcw how 
*' to find other litnUs betwixt the roots tbemfehes.** 
And, for this purpofe, will fuppofe ^a to be the 
leaft root, b the fecond root, c the third, and lo 
on ; it being arbitrary. 

§ 45. If you fubftitute o in place of the un- 
known quantity, putting at = o, the quantity 
that will arife from that fuppofition i$ the laft 
term of the equation, all the others, that involve 
^, vanifliing. 

If you fiibftitute for x a quantity lefs than the 
leaft root a, the quantity refulting will have 
the fame fign as the laft term ; that is, will be 
pofitive or negative according as the equation is 
of an even or odd number of dimenfions. For 
all the faftors y — ^, x-^b^ x — r, &c. will 
be negative, and thciir produift* will be pofitive 

or 
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or negative according as their number is even 
or odd. 

If you fubflitute for ;^ a quantity greater than 
the lead root a^ but lefs than all the other 
roofs, then the fign of the quantity rcfulting 
will be contrary to what it was before ; becaufc 
one faftor (x — ^) becomes now pofitive, all 
the others remaining negative as before. 

If you fubftitut^ for x a quantity greater than 
%\\e two leaft roots, but lefs t|ian all the reft, 
both the fadors x- — a^ x — b, become pofitive, 
and the reft remain as ther were. So that thp 
whole produ£t will have the fame fign as the 
l^ft term of the equation. Thus fucceffively 
placing inftead of x quantities that are limits 
betwixt the roots of the equation, the quanti- 
fies that refult will have alternately the figns -f? 
and — . And, (onverfefyy " if you find quanti-r 
ties which fubftituted in place of x in the pro- 
posed equation, do give alternately pofitive and 
negative rcfults, thofe quantities are tjie limits 
pf that equation." 
• It is ufeful to obferve, thats in general, 
** when,- by fubftituting any two numbers for 
PC in any equation, the refglts have cpntrary 
figns, one or n^ore of the roots of the ^qu^tion 
muft be betwixt thofe numbers." Thus, in 
the equation x^ — ^;tf* — 5 = o, if you fubftir 
Itute 2 and 3 for .y, the refults are — 5, -^43 
whence jt follows that the roots are betwixt 1 

and 
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and 3 : for when thcfc refults have different 
figns, one or other of the faftors which pro- 
duce the equations muft have changed its fign ; 
fuppofe it is ;^ = ^ then it is plain that t muft be 
betwixt the numbers fuppofed equal to x. 

§ 46. Let the cubic equation ^' — py^ -f- f^ 
— r =0 be propofcd, and let it be transform^, 
by alTuming j^ = x — ^, into the equation 






]="' 



Let us fuppofe e equal fucceflively to the 
three values of x^ beginning with the leaft value ; 
and becaufe the laft term ^'— ^^*+ j^ — r will 
vanifh in all thefe fuppofitions, the equation 
will have this form, 

>*+3<y + 3^* 

+ i 

where the laft term 3^* — 2^^ + ? is, from the 
nature of equations, produced of the remaining 
values of yy or of the excefles of two other va- 
lues of X above what is fuppofed equal to ^ j 
fince always y:=^x — t. Now, 

I*. If ^ be equal to the le^ft value of y, then 
thofe two excefles being both pofitive, they 
will give a pofitive produdt, and confequcntly 
3^* — 2/^+ J will be, in this calj, pofitive. 



2*. 
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2°. If e ht equal to the fecond value of Xj 
then, of thofe two exccfles one being negative 
and one pofitive, their produd 3^* — 2pe + j, 
will be negative. 

S**. If f be equal to the third and greateft 
value of Xj then the two exceffes being both 
i^g^tive, their produA 3^* — .2pe + qit pofitivc. 
Whence, 

If in the equation 3^*— 2pe + q = o, you 
fubftitute fucceffively in the place of_f, the three 
roots of the equation e^ — pe^ -^ qi — r = o, 
tlie quantities refulting will fucceffively have the 
figns +, — , + > ^nd confcquently the three 
roots of the cubic equation are the limits of the 
roots of the equation 3^* — 2pe -^ q =: o (by 
§ 45.) That is, the leaft of the roots of the 
cubic is lefs than the leaft of the roots of the 
other ; the fecond root of the cubic is a limit 
between the two roots of the other; and the 
greateft root of the cubic is the limit that ex- 
ceeds both the roots of the other. 

§ 47. We have demonftrated that the roots 
of the cubic equation e^ — pc*+qe — r = o arc 
limits of the quadratic 3^* — 2^^+ q ; whence it 
follows (converfely) that the roots of the qua- 
dratic 3^* — 2p^ 4- ? = o are the limits between 
the firft and fecond, and between the fecond and 
third roots of the cubic e^ — p^*+q^ — 1" = o. 
So that if you find the lioiit that exceeds the 
• greateft 
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greateft root of the cubic, by § 39. you will 
have (with o, which is the limit lefs than any 
of the roots) four limits for the three roots of 
the propofed cubic. 

It was demonftrated in § 35. how the qua- 
dratic 3^* — 2pe+ q is deduced from the pro- 
pofed cubic e^ — ps'' + qc — r = o, viz. by mul- 
tiplying each term by the index of e in it, and 
then dividing the whole by ^1 and what we have, 
demonftrated of cubic equations is eafily extend- 
ed to all others 5 fo that we conclude, *' that the 
laft term but one of the transformed equation 
is the equation for determining the limits of 
the propofed equation." Or, that the equation 
arifing by multiplying each term by the index 
of the unknown quantity in it, is the equation 
whofe roots give the limits of the propofed 
equation ; if you add to them the two menr 
tioned in § 44. n < 

§ 48. For the fame rcafon, it is plain that 
the root of the fimple equation ^e — ^3^ = 0, 
(i. e. -^p) is the limit between the two roots of 
the quadratic 3^* — 2pe + ^ = o. And, as 
4^' — 3/^* + 2 j^ — f =1 o gives three limits of 
the equatiot e^ — pe^ + j^* — r^ 4- -^ = o» f^ 
the quadratic 6^* — 3/^^ + ^ = o gives two li- 
mits that are betwixt the roots of the cubic 
¥^ — 3^^* + 2 Jtf — r :::=: O ; and 4^ — p :=z O 
gives one limit that is betwixt the two roots of . 

N the 
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the quadratic 6e* — 3^^4-^=1=0. So that We 
have a complcat feries of thcfc equations arifing 
frbm a fimple equation to the propofed, each of 
which determines the limits of the following 
equation. 

§ 49- If two roots in. the propofed equation 
are equal, then ** the limit that ought to be be- 
twixt them muft, in this cafe, become equal to 
one of the equal roots themfclves.** Which 
pcrfeftly agrees with what was dcmonftrated in 
the lad chapter, concerning the Rule for finding 
the equal roots of equations. 

And, the fame equation that gives the li- 
snits, giving alfo one of the equal roots, when 
two oV more are equal, it appears, that " if 
you fubftitute a limit in place of the unknown 
quantity in an equation, and, inftead of a po- 
fitive or negative refult, it be found = o, then 
you may conclude, that not only the limit it- 
felf is a root of the equation, but that there 
are two roots in that equation equal to it and 
to one another." 

$ 50. It having been dcmonftrated that the 
roots of the equation x^ — px"- + ax — r—O 
are the limits of the roots of tnc equation 
^x^-^lpx + J ::= o, the three roots of the cubic 
equation, which fuppofe to be ^, ^, r, fubfti- 
tuted for x in the quadratic 3;^*— 2^x + q^ muft 
give the refults pofitive and negative alter-' 

natcly* 
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natdy. Suppofe thelc three refults to be + JVi 
— M + L •, that i?i^ 3«* —lpa + q = Nf 
^^* — 2^^ + f=2t— JVi; 3r* — 2pc + q=:Li and 
fince d^ —pa^ 4: ?^ — ^ = o> ^'^d 3<i' -^ 2/^tf*+ j4 
= iV"xtf, fubtrading the former multiplied in* 
to 3 from the latter, the remainder isj>^* — 2^^ 
+ 3r = JNTx ^» In the fame manner j>^* -^ 2ji 
4-3r = — Mxh ^ndpc''—lqc+sr = + Lxc* 
therefore px"! — 2jx+ ^r is^uch a quantity that 
If, for Xj you fubftitute in it fucceffively a^ bj r, 
the refults will be +iVX^, — Mxb^ +Lxc. 
Whence a, b^ r, are limits of the equation 
/)x* — 2 jx + 3ir =s: d (by § 45.) and, eonverfilyy thd 
roots of the equation /x* — iqx + 3r 3: o are 
limits between the firft and fecond, and be« 
tweea the fecond ^nd third roots of the cubic 
x^-^px^ 4- jx --^r =s o» Now the equation px*— * 
2^x4-3^=0 arifes from the propofed cubic by 
multiplying the terms of this latter by the arith- 
metical progreffion o, — I, — 2j — 3. And 
in the fame nianner it may be fhewn that the 
roots of the equation px^ — 2jx*+3fx — 4^=0 
are limits of die equation x^ — px^ -^ qx*' r- rx 
+ J s= o. 
Ofi multiply the terms of th^ equation 
X*— ^x*-{*5jx— rsEO 

ax^ -— ,^x* 4t. ^^x — • ^r (= o) 



+ 3^x'-^2^x* + i^jx(=3X*— 2J>x + q)^bx)* 
M 2 Any 
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Any arithmetical fcries where a is the Icaft term 
and b the common difference, and the produfts 
(if you fubftitute for Xj fucceffively, ^, bj r, 
the three roots of the propofed cubic) fhall be 
-^Nxbx, --Mxbx, +Lxbx. For the firft 
part of the produdt a x x^ — px^+qx — r= o ; and 
tf, b^ Cj being limits in the equation ^x* — ipx-^-q 
=o, their fubftitution muft give refults Ny M^ 
Ly alternately pofitive and negative. 

In general^ the roots of the equation x" — 
px^—i ^ jx*— * — rAT"— 3 -f, ^c. = o are limits of 
the roots of the equation »x«— ' — n — i Xpx""* 
4- »— 2 X ?x"-3 — » ~3 X rx^-^-l-^ ^c. = o ; 
or of any equation that is deduced from it by 
multiplying its terms by any arithmetical pro- 
greflion a^b^ a'^ib^ ^ + 3^? ^T4^^ &c. And 
converfely^ the roots of this new equation will 
be limits of the propofed equation 

Af — ^x«-' + j;^''-"* — , &?r. = o. 

*' If any roots of the equation of the limits 
are impoffibk^ then muji there be fome roots of 
the propofed equation impoffibleJ"* For as (in 
§46.) the quantity 3^* — 2// + ? was demon* 
ftrated to be equal to the produd of the ex- 
ceffcs of two values of x above the third fup^ 
pofcd equal to ^ ; if any impoffiblc exprcffion bj 
«found in thofe cxcefles, then there will of con- 
fequencc be found impoffiblc cxpreffions in thefe 
two values of .v. 

And 
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And " from this obfcrvation rules may be 
deduced for difcovering when there are impof- 
fibJe roots in equations." Of which we fhall 
treat afterwards. 

§ 51. Befides the method already explained, 
there are others by which limits may be deter- 
mined, which the root of an equation cannot 
exceed. 

Since the fquares of all real quantities are 
affirmative, it follows, that " the fum of the 
Jquares of the roots of any equation muft he 
greater than the fquare of the greateft root.^^ 
And the fquare root of that fum will therefore 
be a limit that muft exceed the greateft root. 
of the equation. 

If the equation propofed is x* — ^x"— '+jx"^* 
— rx«— 3 ^, fcf r. = o, then the fum of the Iquares 
of the roots (by § 15.) will be ^* — iq. So that 



Vp* — 2y will exceed the greateft root of that 
equation. 

Or if you find, by § 16. the fum of the 4th 
powers of the roots of the equation, and ex- 
tradl the biquadratic root of that fum, it will 
alfo exceed the greateft root of the equation. 

§ 52. If you find a mean proportional be- 
tween the fum of the fquarei of any two roots, 
a J bj and the fum of their biquadrates ^4*+^*), 
this mean proportional will be 



V^^+tf*^♦+tf*^* + ^^ And the fum of the 
N 2 cubai 
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cubes is tf'+^'' Now fince a^ — w^ + ^* is 
'ihe fquare of /i-^'^, it mtift be always pofitive \ 
and if you muUiply it by tf^^% the produft 
a^b* — %a^b^ + a^b^ will alfo be pofmvc.j and 
confequently a^b'^ + a^b^ WiW be always- greater 
than id^bK Add a^ + ^% arid we hive a^ + ^* 
-^* ^ -^»^4 ^i* greater th^n a^ + 2^^'^^^ -i^ b^ ; 

-and cxtra<9:ing the root ^a"" 4. /j^^*-f ^*^*4" ** 
greater than tf^*+ ^\ And the fame may be 
demonftrated of any number of roots what^ 
'fever. 

'Now if you add the futn of aU' the cubes 
taken affirmatively to their fum with their proper 
figns, they will give double the fum of the 
cubes' of the afEfmative toots. Arid if yop 
fiibtraft the fecorid fum from the firft, there 

^ will remain double the fum of the cubes of the 
ji^gative roots. Whence it follows, that ♦' half 
the fum of the mean proportional betwixt the 
fum of the fqu#es and the fum of the biqua-t 
drates, and of the fum of the cubes of th« 

* tOQtt with their proper figns, exceeds the fum 
of the cubes of the affirmative roots:" and 
^^half their difference exceeds the fum of the 

.cubes of the negative root?.'* And by ex- 
tfading the cube root of that fum and diffe- 
rence, you will obtain Umits that Aall exceed 
the foms of the affirmative and of the negative 
fOQts, Atid' Unce it is ie?rfy,' from -what has 
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been already explained, to dimini(h the roots 
of an equation fo that they all may become ne* 
gative but one, it appears how by this means 
you may approximate very near to that root. 
But this docs not fcrye when there are impofli- 
ble roots. 

Several other Rules like thefe might be givca 
for limiting the roots of equations. We Ihall 
give one not mentioned by other Authors. 

In a cubic x': — px'^+qx — r=o findy* — ipr^ 
and call it ^^; then fhall the greateft root of 

(he equation always be greater than -^, or 

•3 ' 

J-. And, 

b 

In any equation *» — /x»— ' -J- jx""* — ryfl—i 
4-, &f f . = o find f—^P''+^\ and cxtrading the 

root of the fourth power out of that quantity, 
it ihall always be lefs than the greateft root of 
the equation. 



# 
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CHAP. VL 

Of the Refblution of Equations, all 
whofe Roots are commenfurate. 



§53.TT was demonftrated, in Chap. 2. that 
JL the lafk term of any equation is the 
produft of its roots : from which it follows, 
that the roots of an equation, when commenfti- 
rablc quantities, will be found among the di-* 
vifors of the laft term. And hence we have for 
the refolution of equations thi$ 

RULE. O 

Bring all the terms to one Jide of the equatidn^ 
find all the divifors of the laft term^ and fub^ 
fiitute them fucceffivel^ for the unknown quan^ 
tity in the equation. So Jhall that divifor 
wbichj fuhftituted in this manner^ gives the 
• refult = o, i^e the root of the propofed equa^ 
fion. 

For example, fuppofc this equation is to bf 
refolved, 

x^ — ^ax* 4" 2a*'x — 2a*h ? _ ^ 

wh?rc the laft term is »a*^, whofe fimple lite- 
ral 
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ral divifors are a^ b^ 2^, 2^, each of which may 
be taken either pofitively or negatively : but as 
here we find there are variations of figns in the 
equation, we need only take them pofitively* 
Suppofe ^ = tf the firft of the divifors, and fub* 
ftituting a for x^ the equation becomes 

So that, the whole vanilhing, it follows that ii 
is one of the roots of the equation. 

After the fame manner, if you fiibftitutc h in 
place of X, the equation is 

which vanifhing fhews ^ to be another root of 
the equation. . • 

Again, if you fubftitute la for at, you will 
find all the terms deftroy one another (b as to 
jnake the fum =:: o. For it will then be 

'--Aa'b + ea^b S 

Whence we find that 2a is th6 third root of 
the equation. 'Which, after the firft two (+ a^ 
+ bj had been found, might have been col- 
lefted from thiii, that the laft term bring the pro- 
^uA of the three roots, + ^> +^ being kndwn, 

the 
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,thc diird myft neccflarUy be -equal. to the laft 
'fcrm (divijicd by tjic pf^wjuft /?^,.tbat is, =; 

^Lct.tte roots, of the cubic equation 
x^ — .2X*^T— 33^ + 50 ==0 be required. 
And firft the divifors of 90 are found to be 
,i,,2, 3y 5y 6, 9, ip, 15, 18,30, 45) 90. If you 
fobftitutc I fory, you will(;find xl — 7^x*' — 33X 
4- 90= 56 ; fo that I is not a root of the equa- 
tion. If you fubftitute 2 for x, the rcfult will 
be 24 : ^ but, putting x = 3, you have 
**-2^*-33y+90i= 27-18-99+90=117-117=0. 
So that 3 is one of. the roots of the propofed 
equation. The other, affirip^tive root is -f- 5 ; 
and after you find it, as it is.manifeft. from the 
equation, that the other -root is negative, you 
jirc.not to jtry.^ny oioje divifors ^ taken, pofi* 
lively, but to fubftitute them, ncgatiyely tsjcen, 
jfpr J? : and thus; you find, that — 6 is die third 
;|rqot. :For putt^fig ;^== — 6, you have 
at' -5rJf*-33;f+50j5=:- 216-72+ 198.+ 90=0- 

This ifiil root might have been found by di- 
viding 4;he laft term 90, having its fign chang- 
ed, by 15, the produdt of the two roots already 
/ound. 

; § 55. When one of ,^c ropts of an equatipn 
-iiflbfWBd, :in qrder tO;fin4^|iCi rpft yith Icfs trou- 
-JWc,; divide the; prflppfe4 ^ftwHon by the fimple 
/ui»Jipn,wl^(5h y9q ifrc^totdedu?c, from: the rqot 

already 
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-Steady found, and the quotient :fhall giv^ an 
cqoaaon of a^dpgree 4owcr than the propofed; 
^"Whofe roots iwilLigire .the remaining coots re* 
quired. 

As for exaffxple, the.root+.j, firft. found, 
gave X = 3 or x -^3 = o, -whence dividing th^St 

x^S) ^'—2^*— 33^+90 (^*+^— 30 
x^ — Sx* 

• ^* — 3^ 

— 30^+90 
— 30^^+90 



The quotient fhall ^ve, a quadratic equation 
x^-^x — 30 = 0, which muft be theprodqdtof 
the other two fimple equations, from v^hich the 
cubic is generated, and whofe 'roots therefore 
• muft be two of the roots of that cubic. 

Now the roots of that quadratic - equation 
.;ire cafily found by. Cbap. 1 3. Pari I. to be -j- 5 v 
and — 6. t For, 

X*^XZ=:^30*^ 

ad^'...^^4.x + l = 30 + i=iiH, 

• ;,+JL=+ /Iii = + ii, 

4nd . . . . ^ ==.±^^~ = + 5,. or — 5. 

§56. 
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§ ^6. After the fame manner, if the biqua- 
dratic x^ — ix^ — 25x^'^26x'\-i2o-=o is to be 
refolved ; by fubftituting the divifors of 1 20 
for y, you will find that + 3, one of thofe di- 
vifors, is one of the roots ; the fubftitution of 
3 for X giving 81 — 54—225-1-78-4-120 = 
2 79 — 279=0. And therefore dividing the pro- 
posed equation hy x — 3, you muft enquire for 
the roots of the cubic x^+x* — 22^ — 40 = o, 
and finding that 4- 5^ one of the divifors of 40, 
is one of the roots, you divide that cubic by 
X — 5, and the quotient gives the quadratic 
;e»-j-.6;^-j-8=o, whofe two roots are — 2, —4. 
So that the four roots of the biquadratic arc 
+ 3. +5» — 2, —4. 

§ 57. This Rule fuppofes that you can find 
iall-the divifors of the laft term ; which you may 
always do thus. 

** If ii is a Jsmple quantity ^ divide it by its leaft 
divifor that exceeds unitj and the quotient 
4gain by its leaft divifor^ proceeding thus till 
you have a quotient that is not divijible by any 
number greater than unit. This quotient, 
with thefe divifors, are the firft crumple di- 
vifors of the quantity. And the produfts 
of the multiplication of any 2, 3, 4, £5?^. of 
them arc the compound divifors.^* 

As, to find the divifors of 60 ; firft I divide 
by 2, and the quotient 30 again by 2, then the 

next 
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next quotient 15 by 3, and the quotient of this 
divifion 5 is not farther divifible by any integer 
above units -, fo that 

The fimpk divifors are ... - . 2, 2, 3, 5. 
The produfts of two, .... 4, 6/ 10, 15. 
The produfts of threes .... 12, 20, 30. 
The produft of all four, 6o, 

The divifors of 90 are found after the fame 
manner. 
Simple divifors, ........ 2, 3, 3, 5. 

The products of two, . ... 6, 9, 10, 15. 

The produfts of three, .... 18, 30, 45. 

The produd of all four, ........ 90. 

The divifors of ziabl.- ' 

The fimple xiivifors, 3» 7> ^» ^> *• 

The produfts of two, 2 1 , 3<z, 3^, 7^ , 7^, ab^ bb. 
The produfts of three, 21^, 21^, 3^^, .^bby 

yaby ybby abb. 
The products of four, ziab^ 2i3i, S^y yabb. 
The produft of the five, iiab. 

§ 58. But as the laft term may have very * 
many divifors, and the labour may be very 
great to fubftitute them all fdr the unknown 
quantity, we fhall now fhew how it may be 
abridged, by limiting to a fmall number the 
divifors you are to try. And firft it is plain, 
frogi § 42. that " any divifor that exceeds the 

greateft 
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^atdt> ncgtdvc cocfficicHt by unity is to be 
ncglftftcdv** Thus in refolving the equation 
«♦— 2X^ — 25X* + 26x 4- 1 20 = Oj as- 25 is the 
g^atioft negative coefficient, we conclude that 
the divifors of 120 that exceed 26 may be ne^ 
gle£ted. 

But the labour may be ftill abridge, if we 
make uie of the Rule in § 39 ; that is, if we 
find the number, which fubfticuted in thefe fol- 
lowing expreiTions> 

x^— 2 A?' — 25^* -f- 26x -f- 1 20, 
6x* — 6^—25, 

2X — I, 

^1 g^ve in them all a pofitive refult : for that 
number will be greater than the greateft root, 
and all the divifors of 120 that exceed it may 
be negle&ed. 

That this invcftigation may be eafier, we 
ought to begin always, with that expreflion, 
where the negative roots fcem to prevail moft ; 
as here in the quadratic expreffion 6x*— 6;r— ' 25 1 
wherfe finding that 6 fubftituted for x ^ves that 
expreffion pofitive, and gives all the other ex- 
prcffions at the fame time pofitive, I conclude 
that 6 is greater than any of the roots, ^nd that 
all the divifors of 120 that exceed 6 may be 
nerfefted. 

If 
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If the equation ;>^+ iix*4^'iox'-^ T^tsiro is* 
prbpofed, the Ilule of § 42 do^s riot hdpto*' 
abridge the operation ; thef laft tertti itfdf bet- 
ing the greatcft negative tcfrrtl, Bot, by §^39. 
we enquire what number fubftitutcd foe x Will 
^ve all thcfe expreflions poCtive': 

:tf' + I IX* 4" ^^^ — 7^> 

3^+11- 

Where the labour is very fhort, fince we need 
only attend to the firft exprefllon ; and we fee 
immediately that 4 fubftituted for 9i givers a po^ 
fitive refuit, whence all the divifors of 72 rfiar 
exceed 4 arc to be rejefted •, artd thus by a few 
trials we find that 4. ^ is the pofitive root of 
the equation. Then dividing, the equation by 
X — 2y and refolving the'qu^ratic equaftion that 
is the quotient of the divifion, yoo find the other 
two roots to be — 9, and — 4. 

§ 59. But there is another method that re- 
duces the divifors of the lafl: term, that can be 
ufeful, .ftill to more narrow' limits. 

Suppofe the cubic equation x^ — fx*- -{-qx — r 
= o is propofed. to be refolved. Transform it 
to an equation whofe foots (hall be lefs than 
the values of a; by unity, afluming j^ 2= ;if — !• 
And the laft term of the transformed equation 
will be I — ^ + ? — ' r i which is found by fub* 
ftituting unit, the difference of x and jy, for x, 

in 
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in the propofed equation ; as will eafily appear 
from % 24. where, when j^=rx — e^ the laft term 
of the transfonned equation was t^ — p^*+qe — r. 

Transform again the equation x^ — px^+qx 
— r = o, by ajQTuming j^ = ^ + 1> into an equa- 
tion whole roots (hall exceed the values of x 
by unit, and the laft term of the transformed 
equadon will be — i — ^ — J — r, the fame 
that arifes by fubftituting — i, the difierence 
betwixt X and jr, tor x, in the propofed equa- 
tion. 

Now the values of x are fome of the divi&rs 
of r, which is the term left when you fuppofc 
x=o ; and the values of the/s are fome of the 
divifors of + 1 — ^+ ?— ^> and of — i -^-}-r, 
reQ)edively. And thefe values are in arithme- 
tical prc^refiion increafing by the common dif- 
ference unit; becauie x — i, ^, x+ i. are in 
that progreffion. And it is obvious the fame 
reafoning may be extended to any equation df 
whatever degree. So that this gives a general 
method for the refoludon of equations whole 
roots are commenfurable. 

RULE. 

•* Suhftitute in place of the unknown quantity fuc* 
cejfwehf the terms of the progrejjion i, o, 
— I , &c. and find all the divifors of thefums 
that refult •, then take out all the arithmetical 
progreffions you can find among thefe divifors^ 

whofc 
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whofs common difference is unit 5 and the va- 
lues of X will be among the divifirs arifingfrom 
the fubfti tut ions ^/ ;v =s o that belong t<rthefe 
progrefftons.'* The values of 9c will be afEr-* 
mative when the arithmetiGal progrcflion in- 
creafes, but negative whfin it decreafcs. 

EXAMPLE. ( 

$ 60. Let it be required to firtd one of the 
roots of the equation ^^ — x*— ^ lo;? -f 6 =0. 
The operation is thus : 



Supfofit. \ Rtfult. \DMfirs\Aritb.prog,decf. 



= n — c-4 

=-. i ; . . . . .7+14 



X 
X 






4 
2 



Where the fuppofitions of 5^^= i, ;itf=6, ;r=:— 1 
give the quantity x' — x* — iOx+6 equal to — 4» 
6, 14 J among whofc divifors we find only one 
arithnnetical progrcflion, 4, 3, i ; the term of 
which oppofitq to the fuppofition of a? = o. be- 
ing 3, and the feries decreafing, we try if — 3 
fubftituted for ^ makes the. equation vaniftij 
which fuccecding one pf its /opts mufl be — 3. 
Then dividing the equation by ;e+ 3, we find 
the roots of the (quadratic)^ quotient 
x"- — 4x.-t^:?..== o are_2 ±;i/2. 

$ 61. If it is required to find the roots bf 
.the, .equation: ^i—;3;y* — 46^ -r^ 7I :p O, , the 
qpcraiipn wi)l be thus J . . : > 

' ' * " O Suppcf. 
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Of ^fe four arithmetical progrefHons hav- 
ing their common difference equal to unit, the 

firft 
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firft gives «f =9, the others give iif =- 2, jf =-3, 
X2=— '4$ all which fucceed except jf = — 3: ib 
that the three values of x are + 9» — 2, — 4. 

CHAP. VII. 

Of the Refolution of Equations by 
finding the equations of a lower 
degree that are then: divilbrs. 

» 

S 62.rjriO find the rocdss of an equation if 
X the fame thing as to find the ^mple 
equations^ hy the multiplication of which into 
one another it is produced, or, to. find the fim- 
pie equations that divide it without a remain- 
der. 

If luch fimple equaijbns cannot be founds 
yet if we cart find the j«(^irtf//V equations from 
which the propofed equation is produced, wc 
may difcover its roots afterwards by the refolu- 
tion of thefe quadratic equations. Or, if nei- 
^ fher thefe fimple equations nor thefe quadratic 
equations can be found, yei^ by finding a cub.c 
or biquadratic that is a divifor of the propofed 
equation, Wc may deprcls it lower, and make 
' the foliition .ipore^ iiafy. *' • 

O 2 Now 
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Now, in order to find the Rules by which 
thcfe divifors may be difcovered, we (hall fup- 
pofc that 

mx — n •] f fimple 

mx^ — nx -i- r 

fnx* — «^*4- rx 
divifors of the propped equation ; and if E 
rcprefent the quotient arifing by dividing the 
propofed equation by that divifor, then 

Ex tnx — n^ 



1 f fimple 

> are the < quadratic 
— 5 J L cubic 



E X /»^*— nx -4- r, 



or, E X mx^ — nx^-j^ rx — j, will reprefcnt the 
propofed equation itfelf. Where it is plain> 
that ** fmct m is the coefficient of the higheft 
term of the divifors, it muft be a divifor of 
^dic coefficient of the higheft tcfrra erf" the pro- 
pofed equation/* 

§ 63. Next we arc to obfcrve, that, fuppofing 
the equation has a fimple divifor mx — », if 
'we fobftitute in the equation E x mx — », in 
place of ^, any quantity^ as a^ then the quan- 
tity that will refult from this fubftitution will 
neccflTarily have ma — n for one of its divifors ; 
fince, in this lubftitution, mx — n becomes 
ma — n. 

If we fubftitute fodceffively for x any arith- 
metical progreffion, a^ a — ^, a — 2^, &c. the 
quantities that will refult from thefe fubftitu- 
tionS) will have among their divifors 
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ma — w^ — », ^ 

Wif — 2me — », which arc alfo in arirfimc- 
tical progreflion, having their common diffe- 
rence equal tome. 

If, for example, we fubftitute for x the terms 
of this progreflion, i, o, — i, the quantities 
that refult have among their divifors the arith-" 
metical progreflion m — », — n^ — m — »; 
or, changing the figns, n — w, », » +' m. 
Where the difference of the terms is w, and the 
term belonging to the fuppofition of x =i o 
is >f. ' 

§ 64. It is manifeft therefore, that when an 
equation has any fimple divifpr, if you ful)fti- 
tute for X the progreflion i, o, — i, there will 
be found amongft the divifors of the fums that 
refult from thefe fubftitutions, one arithmetical 
progrefl[ion at lead, whofe common difference^ 
will be unit or a divifor m of the coefficient of 
the bighcft term, and which will be the coeflfKi- 
cat oi X in the fimple divifor required: andi 
whofe term, arifiog from the fuppofition of. 
X — o, will be ;^ the other member of the fun* 
pic divifor mx^-^n. 

From which thii Rule is deduced for difco^^ 
vering fuch a fiQq>le divifor, when there is 

O3 RULR 
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RULE. 

f ^ Suhfiituti ' fw X m the fropfei iquaiwf Juc- 
ceffivehf the numbers i, 6, — i. Find all the 
divifors of the fums that refultfrcm this fuh^ 
Jiitution^ and take $ta all the arithmetical 
frogr^ions you can find aman^fi them^ who ft 
difference is mit^ or fome divifor of the co-* 
efficient of the higheji term of the equation, 
jfhen fuppofe n equal to thai term of any one, 
frogrefpon that arifes from the fuppofition of 
, y =; o, and m = the forefaid divifor of the 
coefficient of the highefi term of the equation^ 
which m is alfo the difference of the terms of 
this fre^effion \ fo fhall you have mx *-^ n 
' for the divifor required.^ 

• You may find arithmetical progrcfljon$ giv- 
ing divifors that; will not fuccced 5 but if -there 
H aiiy divifoTy it wi|] be found thus by means of 
thcfe aritboKtic^l progreiBoqs. 

' S %• If the equation prdpofed has the coef- 
ficient' of it$ higheft term = i, then it will be 
»> =; I, ^d the divifor will be ^ -^ », and the 
rultwill coiticide with that given in the end of 
the laft chapter, which we demollftratcd after a 
difiercnt minncrv'ioc the divifor being x^-^n^ 
the value of x will be -f «^ the term of the 
progreffion that is a divifor of the fum that 
grifes from fuppofing ^=o. Of this cafe we 
: ' '. ^ gave 
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gave examples in the laO: chapter i and tboi%h 
it is eafy to reduce an equation whofe highoft 
term has a coqfiicipnt different from unit, to one 
yrhere that coefficient Ihall be unit, by § 30 1 
yet, without that reduftion, the equation may 
be refolved by this rqle, as in the following 

EXAMPLE. 

§ 66. Suppofe Sx^ — 26x* + i ix 4- 10 = o, . 
and that it is required to find the. values of 
X 5 the operation is thus : 



Sufpc/. 


RefuUs. 


DMfirs, 


Progr. 


xzz 
x=:-i 


C+ 3 

8;if5— 26;r*-hll* + lo=:' +10 

L-3S 


^3- 
1,2,5,1a 

i>5»7»35- 


3 3 
^ S 
I 7 



The difference of the terms of the laft arith- 
metical progreffion is 2, a divifor of 8, the co- 
efficient of the highcft term x^ of the equa- 
tion, therefore fuppofing w = 2, » = 5, we try 
the divifor 2x — 5 •, which fucceeding, it fol- 
lows that IX — 5 = o, or ^ = 24. 

The quotient is the quadratic 4X*— 3^: — * a 



= o. 



whofe roots are 



3 + \/4i 



and 



3— V41 



8 » -"-^ 8 « 
fo that the three ipots of the propoied equatiiDn 
34V4t, Wli^ The other arith- 
O 4 m:tica( 



are 2^-, 
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mctical progrcffion gives x + 2 for a divifor; 
but U does not fucceed. 

§ 67. If the propofed equation has no fimple 
divifor, then we are to enquire if it has not 
fome quadratic divifor (if itfeU is an equation 
of more than three dimenfions). 

An equation having the divifor wwc* — »x + r 
may be exprefled, as in the firft article of this 

chapter, by £ x mx'' — «x + r\ and if we fub- 
ftitute for x any known quantity j, the fum that 
will refult will have m(^ — na + r for ont of its 
divifbrs4 and, if we fubftitute fucceffivcly for 
y the progreffion a^ ^ — ^, a — 2^, a — 3^, &c. 
the films that arife froni this fybftitution will 
have 



ray. a — ^1 — ny^a — <? + r. 



m X ^~2g — » X <« — 2^ -f- r, 

w X ^ — 3^ — « X tf — 3<? + ^» 
8fC. 

amongft their divifors, refpeftively. 

Thefe terms are not now, as in the laft cafe, 
in arithmetical progreffion ; but if you fub- 
tradfc them from the fquar^s of the terms tf, 
^ — ^> a — 2^, a — 3^, &c. multiplied by /» a 
divifor of the highcft t^rm of the propofed equa- 
tiQn^j that is from 



m^ 
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ma*. 






mxa- 
mxa- 


^*, &c. 


the remunclers* 


m — r, 






ny.a — 


tf — r. 




»X^ — 


^ — r. 





nx a — 3^ — r, &c. fhall be in arithme* 
t\ci\ progreflion, having their common difie* 
rence equal to ny e. 

If, for example, we fuppofe the affumed pro- 
grcflion ^, a- — /, ^j— 2^, a — y^ &c* to be 
3, i> o, — I, the divifors will be 

j^m — 2;^ 4^ r, 
m — » + rj 

)^ ^ » -{- r, which fubtrafted from 4^, 
^i o, «>, leave 2» ' — r, 

• -— « — r, an arithmetical progref- 
fion, whofe difference is + » ; and whofe term 
arifing from the fubftitution of o for ;i? is — • r* 

From which it follows, that by this opera- 
"tion, if the propofed equation has a quadratic 
liivifor, you will find an arithmetical progref- 

fion 
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fion that will determine to you n and r, the co- 
efficient m being fuppofed known \ lince it is 
unit, or a divilbr of the coefficient of the higheft 
term of the equation. Only you are to obferve, 
that if thp :&fft tcrrt^ tmc'' of the quadratic di- 
vifor is negative, then in order to obtain an 
arithmetical progreffion, you are not to fub- 
traft, but add the divifors — 4»i •— 211 + r, 
— w — » + r, +r, — iw + *+^» to the terms 
4«> ^ ©^ ^* 

§ 68. The general Rule therefore, cjcduced 
from what we have faid^ is, 

•^ SubftituH m tl^ prcfofid equation far x fbt 
terms 2, i> o, ■— i, &c. fucceUMyf Bnd 
all the divifors of the fums that refult^ add- 
ing and fubira£ling them from the fquares of 
tbefe numbers J 2, 1, o, — i, &c. multiplied by 
a nwnerical 4ivifor of the bigkefl term of the 
propofed equation^ and take wt all the aritb* 
metical progreffions that can be found amongft 
thefe fums and differenc'ts^ Let r be that 
term in any frogreffwn that arifes from the 
■ f^bftiluiion of x = o, and kt'^n~be the diffe- 
renee arifing fnih fubtralHng that term from 
• ihe preceding term in the progrifiom la/ilyy let 
m be the for^faid divifor of the higheft term', 
tktn fhail «Mf*J; m<-^r he the divifor that 
: ^n^t t9 be tried,'* And one or other of 
, * the 
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the divUbrs found in this manner will fuc- 
ceed, if the propofed equation has a quar 
dratic divifor. 



§ 69. Suppofe^ for example, the biquadra- 
dratic x* — gx^ + 7** — 5^ — 6 = o is pro- 
pofed, which has no fimple divifor 5 then to diC- 
cover if it |ias any quadratic divifor, the ope- 
ration is thus : 



'^mm^'''^mf^^^'m^^i^^mmmmm9mmmmmtmm^mm9m 
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The firft arithmetical progre0ion ^ves the 
divifor x* — 3X — a ; the fecond prves x* — 2Af + 3 : 
both which fucceed, fo that the roots of the two 
equations x* — 3^— 2 =0, and x* — 2X+ 3 = o^ 

^/2;. 3-r ^^7 j^^j J 4. ^_2, are the four roott 
2 — 

of the propofcd equation, the two laft of which 

are impoflible. The divifors which the other 

arithmetical progreflions give, do not fiic- 

ceed. 

^ 70. After the fame manner a Rule may be 
difcov^red for finding the cubic divifors, or 
thofc of higher dimenfions, of any propofed 
equation. 

Suppofe the cubic divifor to be mx^ — tw* 
+ rx — J, and by fuppofing x equal to the terms 
of the arithmetical progreflion, it will be as 
follows : 



Suffo/: 



XZZ 2 

;r= O 



Ri/ults. 



Cubes of 
terms of 



Z'jm — gn-^^r — 
Sm — ^*\'2r — i 



«— r — s 



2'jm 

Sm 

m 

o 

— m 



\ft Differ. 



gn^y-^s 

^^'■^2r-^s 

n — r-^-s 



zd'Diff. 






ft — r 

— » — r 



2^ 



Whete the ^irft difFerehces are n6t themfelves ik 
aVithttietical' progreflion, as in the laft cafe, but 
(hfe differences erf its t(^m8,or the fecond dif- 
ferences, are in arithmetical progreflioiS the 

common 
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^X)tnffto& dffivenee b«ing Iff, \s4imce9iisknowm 
Thfe cftiantky r is found in the colamn of the 
fecoftd dffitrente, ainl 5 is always to be allumed 
feme (fivifor of the laft'tcrm.of the propofed 
equation^ as tn Is of the coefficient of the firft 
term. Whence all the coefficients of a divifor 
war* — yix^+rx — x^ with which trial is to be 
tnade, majr be determined. 

If it is a diviibr of four dimenfions th^t is re- 
quired, by proceeding in like manner, you will 
obtain ^ ieries of di&rences whofe iecond dif- 
ferences are in arithmetical progrefiion. If it 
is a divifor of five dimenfions that is required, 
you will obtain, in the iame manner, a pro- 
grefiion whofe third difierences will be in arith*- 
metical prc^elfion ; and by obferving thele 
progreffions, you may difcover rules for de- 
termining the coefficients of the divifor re* 
quired. 

The foundation of thefe Rules being, that, if 
an arithmetical progrcffion ^, a + e^ « 4- 2^, 
4 + 3^9 &<^* is s^med, the firft differences of 
their fqttarcs will be in arithmetical progrcf- 
fion-, thofc differences being 2/^ -f A 24^+3^% 
-2a?4-5?*, 8^- ^^^^^^ "common dlflferencc is 2^. 
And the ieciond differences of their cubes, and 
the third differences of their fourth powers are 
likewife in arithmetical progreffion, as is eafily 
4e^Qnftrat6d. 

5 7^- 
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§ 71. Hitherto we have 6fAf ftwrtrh hovT to 
find the divifors of equations that tavoivc but 
cne letter. But the fenie rules fervc for dif- 
covering the divifors when there are two letters, 
tf all the terms have the fame dimenlions ; for, 
** by fuppqpng one of the htters. equal to^uniU 
find the divifof' by the f receding Rules^ and then ly 
compleating the dimenfions of the divifor^ jubfiitut^ 
ing the letter again for unit^ you will have the 
divifor required.'^ 

Suppofe, for txample^ yon are tD find the 
idivUbr of ix^*^26ax*+tia*x -f lOa^ ist^, bf 
putting!! = I, that quantity becomes i^-^^kf' 

H ii;^+io=oj whofe divifor was found, 

^66. to be 21? — 5; now tnultijdy the term 
— 5 by + ^> to bring it to die fame dimea- 
(ions as the other, and the diviibr require it 

^ — 5^ 

§ 72. Befidcs the method hitherto expUined 
for finding the divifors of lower dimenfions that 
may divide the propofcd equation, there are 
otherfe that deferve to be wnfidtred. Thfe to!- 
lowing is applicable to equations of all forts, 
though we give it only for thofe of foiir dimenr 
fions. 

Let Ac biqtaadratlc ^ — px^ + qx^—rx^^ 's =t> 
be ihe eqoati^n -^i^pofed s and l€t m iSapptik 
it is the produft of thcfe two quadratic: equa- 
tions, 
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X^* — *X + / ==: O 

the terms of which will be equal, relpedtively, 
to the terms of the propofcd equation. 

In this equation, / and n being divifors of 
the laft term j, we may confidcr one of them 
(viz. I) as known ; and in order to find m or ky 
we need only compare the terms of this equa- 
tion with the terms of the propoled equation 
rdpedtively, which gives^ 

2\ mk + I + n=:q. 

3*. ml +nk=r. 

4^ nlzz s. 

Now in order to find an equation that (hall * 
invdve only *, and known terms, take the 
two values of m that arifc from the firft and 
third equations, and you will find, 

m — p — * = ~^ (bccaufc » = -r, by c- 

h 

r— y i^^i 

quation the fourth) =: — p- = — jr— ; whence 

fl^—kl'- — rl-^ ks^ and k = jtziJ > ^"^ 
the quadratic x* — ib + / = o becomes 

To 
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To apply this to praftice, you muft fubfti- 
tutc fuGceffivcly for / all the divifors pf j, the 
laft term of the propofed equation, till you 

find one ot them fuch, that x^ — /^^ X ^ + ^ 

can divide the propofed equation without z 
remainder. 

EXAMPLE. 
§ 73. If the equation x* — 6^'+ 20X* — 34;^ 
4- 35 ^ o is propofed. The divifors of 35 are 
I, 5, 7i 35; if you put /= F, the quadratic 
that arrfes will not fuccced. But if ybii fuppofe 
/ ii: 5, then the equation ^^ — kx + /, that is, 

A* — ,. ^ X ^ 4- ^ = o becomes 

, 6x25—34^5 , ^ , 

25—35 ' ^ ^ ^' 

which divides the proposed equation without a 
remainder, and gives the quotient x* — 4^+7 

** In this operation it is unneccflary to try any 
diVifor /, that exceeds the fquare root of j, the 
laft term of the propofed equation." And, if 
the propofed equation is literal, '* you need 
only try tHofe divifors of the laft term that arc 
of two dimenfions.** 

If, in any fuppofition of /^ the value of kf 

Viz. TT"** becomes a fraftion,. then that fup* 

pofition is to be rejected, and another value of / j 
to be tried. 

P §74- 
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$ 74* By comparing the fecond and fourth equa- 
tions of the la(l article, you may obtain another 

Talue of ^. For » = y — / — »2^ r= y, fo that 

(m being equal tojp — k) ■j:=:q — / — pk+ k^^ 

and k* — pk-^-q — / — Y = o. Which gives 

* = iP±J iP'' — ? + / + y- So that the 
quadratic divifor required becomes 

^ ' — 4-i> T y ir — ? + ' + 7 X ^ + / = o. 

This divifor muft be tried when ^ = y> ^^^ 

at the fame time / = — , the former cxpreffion 

' P 

not fcrving in that cafe. 

By this formula, divifors may be found whofe 
fecond terms may be irrational. 

How the divifors of higher equations may be 
found, when they have any, may be underftood 
from what has been faid of thofe of four di- 
tnenfions. 
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Supplement to Chap. VIL 

Of the Redudion of Equations by 
Surd divifors. 

AN equation of four^ fix, ot itiore dimen- 
fions, although it may admit of no ration 
nal divifor, may have one that is irrational. A» 
the biquadratic x^ -^ px^ + qx^ + rx + s :=: Of, 
which we fuppofe to be irreducible by any 
rational divifor, may yet^ by adding d iquare 
itV + 2klx + ^* multiplied into fome quantity »j 
be compleated into a fquire x^+ ipx + ^\*i 
In which cafe we Ihall have x^ + ip-^- ^= j/h 
X *^ + /> and X is found by the refolutioo of 
an aflfefted quadratic equation. 

To reduce a biquadratic equation in this fligu- 
.ner, we have the following 

RULE. 

♦ If the biquadratic is x^ +px^ -f qx*-^ rx + s=:Oi 
where p, q, r, j, reprelent the given coeffici-* 
cnts under their proper figns, pufq — •i?*=-«i 
r — 4ap = j3j ^ — 4^* = <^. And for n take 
fome integtr common divifor of j3 and a^, that 
is not a fquare number^ and wbicb^ if 4ith£r p 
or r is an odd number^ muft be odd^ andy di-^ 

* Arithmt. Uni'verf, pag. 264, 

P 2 'vidid 
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vided by 4, leave the remainder unity. Write 

likewife for k fome 4i'i^ifor of ^ if p is an 

even number^ or the half of an odd divifor 

if p is oddy or o if ^ :=z o. Subtra5l -^ 

from ipkj and let the remainder be I. » For 

^put -^ — , afidtry if dividing ^--^s by 

fii the root of the quotient is rational and equal 
to /; // // is, add ntx"" + 2nklx + »/* to 
both fides of the equation^ and extracting the 

root you fhall have x'' + \px + ^ ^ »^ 
X kx + /• 

EXAMPLE I. 

Let the equation propofed be ^++ i2x — 17 
=:o, and becaufe/^=05 ?=o, rr= 12, ^ = -17, 
we Ihall have a=:o, 13 = 12, ^ = — 17. Arid (3 
and 2^, that is 12 and — 34, having only 2 fdr. 
a common divifor, it muft be » = 2. Again, 

— = 6, whofe divifors i, 2, 3, 6, are to be fuc- 

ceffively put for yt, and — 3, — — , — i, — — 
for / refpcftively. 

But — ^ , that is )t% is equal to ^, and 

u ~ = I' And when the even diviibrs a 

and 6 are fubftituted for k^ ^becomes 4 and 36, 

and 
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and ^ — s being an odd number, is not divi- 
fible by » (= 2). Wherefore 2 and 6 are to be 
fet afide. But when i and 3 are written for k^ ^ 
is I or 9> and ^ — j is 18 or 98 refpeftively; 
which nunibcrs can be divided by 2, and the 
roots of the quotients extraded, being + 3 and 
+ 7 ; but only one of them, viz. — 3, coincides 
with /. I put therefore ^= i, /= — 3, ^= i, 
and adding to both iides of the equation 
«/feV + inklx + nl\ that is, 2x^ — i2J^ + 18, 
there refults x* + 2;^* + i = 2x* — 1 2;^ + 1 8, and 
extrafting the root of each, ^*-f i = +.v^2x;v — 3, 
And again, cxtrafting the root of this laft, the 
foyr values of x, according to the varieties in 
the figns, are 

being the roots of ;^* + 1 2x — 1 7 = o, the equa- 
tion at firft propofcd. 

EXAMPLE 11. 

Let the equation be x^ — 6x^ — 58^ — 1 14;? ' 
— 11=0, and writing — 6, — 58, — 114, — 11 
forp9 J, r, i, refpcdively, we have — 6y = ocj 
— 315=: p, and — ^1133:^ = ^. The numbers 

(3 and 2^, that is — 315 and — ^^, have but 

pne common divifor 3, that is » = 3. And the 
P 3 divifors 
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drvifors of — 105 = - arc 3, 5, 7, 15, 21^35, 

^nd 105., Wherefore I firft make trial with 

3 = ^, and dividing — or — 105,. by it get 

the quotient — gg, and this fubtraded from 
ipi= — 3X 3> leaves 26, whofe half, 13, ought 

be equal to L But ^ > or Z—lJUL thatis, 

-— 20 is equal to ^; and ^—s =r 41 r , which 
is ittdeed divifible by n^^^^i but the rdor of 
ther quotient 137 carmot be extraftcd. There- 
fore I rejeft the divifor 3, and try with 5 = ir;. 

by Whkh dividing — = — 105, the* quotient h 

— 21, ^nd this taken from ipk = — 3 X 5> leaves 
6=.^. At the fame timr, ^(r:; ^^^) == 

— ^ti^=:4. And ^*-j^ or 16 + 11, is 

diviiibk by », and the root of the qqottent g\ 
that is^ a coincides with L Whence I cofk:H}do 
that putting /= 3, ^=5, J^=:4, » = 3^ adding 
to both fides of the equation the quantity 
nk^x^ + inklx + »/% that fe, 75^^^* + gox +27, 
^c^ extr;i^ng the roots, it, will be 

^ — ?^ + 4== + \/3 >C 5^+3- 

EXAMPLE III, 
In fike i^anner in the equation x^ — g^x^ 4* 
15^^— ^^^+P = 6^ri«ing^0^,+f5^^^7^45^, 

fee 
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fcf pj, J, r, J, there refiilt a =* — 5^:, — 504- = p, 
2^ = ^. The conunoii divifors of p and 2^, 

that b, of ^ and^^ are 3, 5, 9, 15, 27, 45, 

135; but 9 is a fquarc, and 3, 15, 27, 135 di- 
vided by 4 do hot leave unity for a remainder, 
a^ is required when p is an odd number. Set- 
ting thefe afidc there remain only 5 and 45 to 
be tried for ». Firft let n = 5, and the halves 

a 81 I ' 

of the odd divifors of — = 5-, that is, —, 

n o 2 

^9 ^7 — » — ) are to be tried for ^. If^=i, 
2' 2' 2' 2 , ^ 

81 Q 

the quotient — — of —divided by*, taken from 

4:p*or — ~, leaves 18 = 2/: and ^=:- ^ - ^ j 

= — 2, ^ — izzr^s^ which is divifible by 5, 
but the root of thQ quotient — i, which ftioidd 

be / = 9, is imaginary. Put next A == ~t and 

llie quotient of— divided by *, or of — g- by 

1, is — 22. This fubtraded from 4^Jt = — ^, 
2' 4 ^4 

leaves nothing, that is, /^o. Again, 

^(-fL±Hi!j==3, and^*--^=o, aitd 
I (n ^ >> . "^ ^ j = o. From which coincidence 

I infer th^t » 3= 5, k =rl,, ^ s? o, and adding 

«yt*x*+ 2»^y + nl\ that is, V^* ^o both fides of 
the cquation,^ I l&nd x*— 4|x + J = V^5 X l:^- 
P 4 LZ/^tf/ 
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Literal equations may be treated much in 
tHc fame way. And, if you put » = i, the 
fajne Rule will ^ve you the rational divifor of 
a biquadratic equation, if it admjts of one. Thus 
for the equation x^ — ^^ + 5?^*+ 1 ?^ — ^ = o, 
putting » = I I find ^ = -^^ I zsl -^ ^^ and 

the equation is reduced to the two quadratics 
y? — 3^ + 3 = o and x* + 2;? — 2 = 0. 

a 

When the divifors of — are fo many that it 

tvould be troublefome to make trial with them 
all for k^ their number may be reduced by find- 
ing all the divifors of ofS — -i^r^. For to one of 
thefe, or to Its half when odd, the number ^ 
muft be equal. 

The ground of this Rule is as follows. 
If a biquadratic equation x*-f ^'-f j;^*+ rx 
+ J =: o, in which /, j, r, J, are the given co* 
efficients with their figns, and the equation is 
fuppofed clear of fraftions and furds j if this' 
equation can \>t cpmpjeafed into a fquare, in 
the manner already defcribed, we Ihall have 
x^ + px^ + jx* + rx + J + nk'-x'' + inklx -j- nl"- =2 
nk^x"- +. 2nklx + k/* = x* + 4/>^ + ^|\ that is, 
^^ + px^^i +^**>< ^*+ ^+ 2»*/ X x^s + nP-^ 
- x^ + px^ +^+W X x'+p^X X + ^»/ 
And comparing the terms, we get thefe three 
equations, 

I. i + nk'=2^+if, 

2. 
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in which there being four unknown quantitict, 
they can be found only by tris^l 

The values of ^, taken from the firft and fe- 
Hcond equations and made equal to each other, 

S^v^ ^ = ^^7[j!^\I^ ^ (writing, as in the Rule, 

f — 4/==fl^, andr--4«;^==p) = --==^ 

Whence, if the quantities n^ ky /, ^, are to be 
found, it follows, (I^)That n being 'a divifbr 

.of j3, giving the quote k X ipk — 2/, k will be a 

b 
divifor of — , giving the quote ipk — 2/ ; and 

that fubtradting this quote from \pk^ I will be 
^qual to half the remainder. (2*,) In the firft 

equation we had ^= ^^"t"^ i, and, f^m the third, 
^ — ^nZ. (30.) Becaufe ^— ^ + int and 



nl'=^^—s, n = 



l-^iaP^ink^ i*Xa+|«i*-2^ 



(if ^ = J — ^*) = ''^ ^ that is, n. 

divides 2^ by k^^7+inP—l\ And if the 
feveral values of the quantities », k, /, ^, anfwer 
to thofe conditions, or coincide, it is a proof 
that they have been rightly afliimed ; and that 
adding to the gjven equation the quantity 



PX kx + 1 J it will be compleated into the 
fquare x-+ip+^\ ^ It 
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It was faid th^t ^ will ^ ways be fome divifor 
of as — ir*. For as ~=r a^ — anl^i and taking 
fimA iMrth 4r^= if^ --p^ ,kl + n^kn\ feeing 
the remainder ^^-^ a+»** X »/* — ^/^^ + 
pSg^ = «^-- 2^X ^»- if^^p^kk kas 
^irfwcry term v «b^ diiag is wianifeft. 

Itr is needleft to be particular as to the feverai 
limitauons in the Rule, feeing they follow ea- 
fijy fPBm the algcbrakat exprefllons of the quan- 
titiest' You are not, for inftance, if you feek 
a iard divifor, to take n a fquare number, for 

li n i& a fquare numb er, s/nx kx + 1 would be 
rational. Or if » is a multiple of a fquare, as 
y X »*) then, at leaft, mx kx-^l would be ra- 
tional, and n would be deprci^d to v. 

Let us examine one cafe, wben p is even 
OMdr odd'r and fay the Rule n muft be an odd 
rjumber, a multiple of 4 more unity. 

I . Seeing |J = ; — fop, or /3 + iap — r, of the 
lumbers p and ^^ one muflf be even and tte 
other odd, that their fum r may be odd. If j3 
jt e&A^ its 'divifef i§r muft be odd likewifef 
Suppofc p to be even, then fop, and confe- 
qtienPiy ip and « are both odd. Eut if a is odd, 
i^= ^j?-— fa?^^ wilf be haff an odd nmnber, and 
ff its divifor is odd. 

In this caffe, ^is haif an odd number. For 
Itt It be an integer, ^^wrli be an even num- 
}mt. JkitH ^^ an int«gtr> fo mull /, becavi& 
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J + »^ = ^ ; and 2nkl muft be even. And 
r + 2nkl (an odd numfeer) =i /^ an even num- 
ber^ wtiiB is abfurd* 

%^ L^c N' rqwdimi atty mmabet » geners*, 
/ aiv o(W number ; «h€n I fay, ** every odd 
number is a multiple oSfouTi more or Idsi^unT)!^'^ 
that is, /= 4iV± i. ** The fquare of an odd 
number \& 4iV-f I,'* and *^ if from ibdr a fi^uare* 
there be taken any multiple of 4, thi^ remainder, 
if greater than unity ,^ wili be 4-^7" 4- 1*^ 

liende |t foUowt that n = 4i\r -^ r» For ied* 
xig «/*3ti^^— ^ ^ beeatife / anki j^aw Ar hahrw 
of add Ruiiibers,^ we haw^ aceordifig.to thepfON 

ieiit notfttlOn^ ^— ^ ^^ ■ ■ " S ^^^ wkh©«t ihe 
4 4 

common denomin'afOfw 5<-P= -^*—4J> that is^ 
n X 4iV-f I = 4]\r -f I, and cottfcquenfly, 
» = 4iV+ I. For it is not ^N — i but 4iV+ 1 
that can give the |)roAifil 4i\?-4.i. 

In Uke panad: the otheif limitations may be db« 
termined, We fhall add only this^ remark more* 

.That if it = o, neceflarily (3 = o ; for in this 
cafe ^=i« and p^^f^ ^ence (? (=r—iaj>; 

But the conta:& of this it not univerlaHy 
true, although it is for moft part. For p hc^ 
iflg ac »x /t K i^ — ^ 2V, ^though * be a r«al 
(juantity, if i;^* = 2/ or /«: -J^*, p will vanifti. 

In this cafe we may uff the following 

RULE 
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RULE L 

«* Of the compound divifors of 2^ take one 
that is a multiple of a fquare number, but itfclf 
not a iqu^e, as ^% and try if the quotient 

-^ = « + \nk* — -J?* ; if dus happens put 

x^^fpx + 1* + i»i* = •» X *M-^-" 

Thus in the equation x^^2x^ — 37^* — 38^ 
-4.1 = 0, where « = — 38, P=o, 2^= — 720: 
whole divifors are many, but by infpcftion 
only I can rejeft the leaft to the purpofc, and 
trying ^«^ith 45 = 5 X 3 X 3» *« quotient 

2;f=-.i6 = — j8+^— ^. Which gives 



x^ 



+ ^ + |=y5X3^ + |- 



RULE II, 

. ^* When 13 = o, and likewife * = o, » being 

Ibme divifor of 2^, if 2 is a fquare num- 

bpr, the root of ^hi? fquare fliajl be/.** 

As in the equation a?*+ 2;^^+ 6^*+ 5^ — 5 =0, 
if being « = 5, p = o, 2$ = ^, taking ;i= 5, 

22~J = 2. that b, / = !, ^=:|. And 



WJiat 



** + * + | = v'5X^ 
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What has been faid may lead to rfie iivvcn- 
tion or dcmonftration of fimilar Rules for the 
higher equations of -even dimertfions, if any 
one pleafes to take the trouble. 

CHAR VIII. 

Of the Refolution of Equations by 
Cardans Rule, and others of that 
kind* 

S TS' \\1^ ^^ proceed to fliew how an 
VV expreffion of the root of an equa- 
tion can be obtained that fliall involve only 
known quantities. In Chapter ii. Fart I. we 
fhewed how to refolve fimpk equations ; and 
in Chapter 13. we fhewed how to refolve any 
jWr^//V equation, by adding to the fide of the 
equation that involves the unknown quantity, 
what was neceflary to make it a compleat fquare, 
and then extracting the fquare root on both fides. 
In $ 27 of this Part^ we gave another method 
of refolving quadratic equations, by taking away 
the fecond term : where it appeared that if 

5 76. The fecond term can be taken away out 
of any cubic equation, by § 25 ; fo that they all 
may be reduced to this form, ;v^*+ j;v 4-^ =^ o. 

Let 
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^^ ^ + 3^** + S^* Hh^ + ^ + ripctf^ + jij^ 
(by fuppofing 3^3 = — q) = tf* + 3^ + r 3= o. 

qucntly,^' ^+r5=0', or, ^j^+r^^+i-. 

Suppofc iJ»z=;2;, «id you have «;* + nr c= i^ j 
iriiich is a jquadmic whofe f efblution gives 
2: = -ir±ytr^ + |l=^% 



■y ^ .1 . . 

and/ia=*^_a^+ /xy»_j.|l. and 

•^ 1217 

3 

r ''•^ — z " ;■' 

;v = if ^i= J— ^ = ^ ~ 4r + y ir* ^- ^ 
3« * — V ♦ ^r ^y 

— ' 3 ' ■ ' : iH which cx- 

prcflSons. there are only known quantities* 

$ 77* Tiie vidoes of x may be founda licde 
'di&rentlf, dtw: 

Since «' 5= — ir + ^ -Jr* + 11, it foUows, 
that /i» 4. r = + -Jr + ^^r» -f A and 
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s , 

« y,, .^., 

which gives but one value of ^, becaufe <whco> 
in the vduc of n the furd ^ ^ J^ ^irpo- 

fitivc, it is negative in the value of h^ ami then 
is only the difference of this fign in their va- 
lues. So that we may ccnidude 

§ 79. * The values of x may be difcovered 
n^ithout exterminating the fecond term. 

Any cubic equatbn may be reduced to dris 
form. 






which, by fuppofingyr=2Tf:j>, will "be reduced 
^ 2'* — 3^2r— 2r = o, in >rfiich the fecond 
term is^dnttng. But by the iaft^.a'tide, £nce 
^'* — 3?^ — irz=.Q^ it follow? thai 

z — \/r 4-Vp— ^ -{- i/'r—Vr* — 2^ (if you 
• Vid. Phil Trjurf. 309, 

fcppctfc 
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fuppofe that tKe cubic root of the binomial 

rJ^s/r"" — j" is m-^^/n) = m-J^s^n-^m — ^n 
= 2m. And fincc x — z-\-p, it follows that 
X = / -|- 2W. 

§ 79. But as the fquare root of any quantity 
is twofold^ ** the cube root is threefold!^ and 
can be cxpreflcd three different ways. 

Suppofe the cube root of unit is required, 
and let j' = I, or j'' -^ i = o, then finc6 uifit 
itfelf is a cube root of i, one of the values of 
J is li fo that the equation j — i = o (hall divide ^ 
the fitff 'equation ^^-^ 1 = 6, and the quotient 

jr*-j-^4- 1 = refolved, gives jr — 1. ± . 

fo that the three cxpreflions of v^i are i, IllX-ill^ 

and ' — ^^^-^. And, in general^ the cube 

root of any quantity A^ may be A^ or 

"'"'"^~^ X^,or "^'~'^~3 >c^;fothattho-- 
z 2 

cube root of the binomial r -[- Vr* — j' may be 

w-j-^», as we fuppofed above, or "^'"*" ~^ 

2 

X »> + ^»> or "^"^ "'^ Xm -\^^n. And. 
hence we have three expreffions for x, v/z. 

j\ a;=^ — w — vCT^^ 
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and thefe give the. three roots of the propofed 
t^ubic equation. 

EXAMPLE i. 
§ 80. Let it be required tp find the roots of 
the >cquatidn k^ — 1 2x* + 4 1;; — 42 = o. 

Comparing the Coefficients of this cquatiori 
With thofe of the general equation 

^' — 3/^* — 3? 1 — ^^7 

+ 3;>*y — />n = o/ you find, 

4- 3^? J 
iK 2p= il, fo that /=4» 

^•- 3/^* — 3?(=48 — 3?>>=4i - • . ?=p 
3\ 3/>2r— ;>»-2r(=-36— 2r; = -43..r=35 

and confequently, r* -^ jj ' = 9 — ^ = , 

andr + N/F^=:3+y— ^. Now thd 
i:ube root of this binomial is found to btf 



•-1 ^.y^l (=^ + y^;i;». Whence, 

i*.^=p4-aw=it4-^2=ti. 

2*.X=/ — f»— V — 3«f=:4 + I — i/4=5-.2=:3J 

3*.X=r^— W+V— 3»=a:5 + 2=:7. 

So that the three roots of the propofed equation 
»rc 2, 3, 7. 
You may find other two expfeflions of the cube 

rootof 3 + y-^, befides-i+y~:i, 
27 3 

* Staioni3i. Parti. 
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viz. ~ + V -y and — i — j — — j but 

thcfc fufiftitutcd for » + -/» give the fame va- 
lues for X, as are already found. 

EXAMPLE II. 

In the equation x'+ 15^*+ 84^ — loo = o, 

you find ^ = — 5, g = ~3 ^ r=i35, and 

r + Vr*^ — j' = 1 35 -j- ^/ 18252, whofe cube root 

is34Vi2i fo that ;>?(:;?/> -f2w^ =-5 + 6=1. 

The other two values of x, viz. — 8 + ^^ — 36, 
.—8 — ^^'— 36* are impoffible. 

After the fame manner, you will find that the 
roots of the equation x^-\-x* — i66x+66o=o, 
arc — 15, 7±,^/S' The Rule by which we may 
difcover if any of the roots of an equation arc 
impoffible^ (hall be demonftrated afterwards. 

§ 82. The ro6ts of "biqutdratic equations nday 
be found by reducing them to cubes, thus. 

Let the fecond term be taken away by* the 
Rule given in Chap. 3. And let the equation 
that refults be 

x^^ + jx* 4^ r;^ 4" -^ = ^» 
And let us luppofe this biquadratic to be the 
produft of fhefe two quadratic equations, 

x^-{- ex -|-/=o - 

X* — ex-^g-==:'0 

Where 
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Where / is the ooefficicpt of x in both equal 
tions but aflfefted with contrary figns 5 b^caufe 
when the fecond term is wanting in an' equs^- 
tion, the fum of the affirmative root? myft be 
equal' to the fiim of the negative. 

Compare now the propofed equation with the 
5dx>ve produfl:, and the refpcflivc terms put 
equal to each other will jgive f-\-g — ^* = J> 
e^ — tfz=,ryfgz=,s. Whence it follows, that 

/ + ^ = ? + ^% and ^ ~/= 7 ' ^^>^9Rfer 
qucntly Z+^ + l^— /(=2^; =^+^4.!:^ 

and g = jj y the fame way, you will 

find, by fubtraiJHon, i^c, f -z^ 1 — —, and" 

/X^(=j; = 7Xf +2j^* + f^ — f*-, and 

mukijjying by 4^% and ranging tjie terms, you 
have this equation. 



^ + 2^ + 2* — 4^ X ^* •— ri* :=?: o. 

Suppofe ^ = ;^, and it becomes f + 2gy* 4- 
3* — 4Jjf — r* = o, a cubic equation whofe roots 
are to be difcoVered by the preceding articles. 
Then the values ^f y being found, their fquare 
roots witLgive e (ftnce y-zz.i^)*^ and having r, 
0^2 you 
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you wUl find / and g from the tquations 

/= , g = ^ . Laftly,cx. 

trading the roots of the equations x*+ epc +/= o, 
x^ — ex -j- ^ = o, you will find the four roots of 
the biquadratic x^*qx^+ rx + j = o •, for cither 

^=— T^±^^i?— 7» or. x =+ie±'J^'^, 

5^3. Or if you want to find the roots of 
the biquadratic without taking away the fecond 
term 5 fuppofe it to be of this form, 

and the values of x will be 

y .— >, where 

^ undx=p+a±Jp*+q^a^+^j 

a* is equal to the root of the cubic, 

The demonftration is deduced from the laft 
article, as the 78th is from the preceding. 



CHAP. 
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CHAP. IX- 

Of the Methods by which you may 
approximate to the roots of ««- 
meral Equations by their limits* 

§<4. TT7HEN any equation is propofed 
VV to be refolved, firft find the li- 
mits of the roots (by Chap. 5.) as for example, 
if the roots of the equation x* — i6x 4- 55 = o 
are required, you find the! limits are o, 8, and 
17, by § 48 ; that is, the leaft root is between 

and 8, and the greatcft between 8 and 17, 

In order to find the firft of the roots, I con- 
fider that if I fubftitutc o for ^ in ;r*— i6;v+ 55, 
the refult is pofitive, viz. -\- 55^ and confe- 
quently any number betwixt o and 8 that gives 
a pofitive refult, muft be lefs than the leaft root, 
and any number that gives a negative refult, 
muft be greater. Since o and 8 are the limits, t 
try 4, that is, the mean betwbct them, and fup- 
pofing^ = 4, ^*-.i6;tf+ 55 = 16— 64+55 = 7, 
from which I conclude that the root is greater 
than 4. So that now we have the root limited 
between 4 and 8. Therefore I next try 6, and 
fubftituring it for x we find x* — 1 6x -J- 55 = 36 
— 96+ 55 = — 5 ; which refult being negative, 

1 conclude that 6 is greater than the root re* 
qgired, which therefore is limited now between 4 

0^3 ^^ 
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and 6. And fubftituting 5, the (pean between 
them in placfe of x^ I find ^* — i6y -{- 55 
= 25 — 80 -[- 55 — o ; and coniequently 5 is 
the leaft root of the equation. After the fame 
maiihcf you will difcovcr 1 1 to be the greateft 
root of that equation. 

§ 85* Thus by diminifliiog the greater, or 
inicrcafing the le0er limits you may difcover the 
true root .when it is a commenfurable quantity. 
But by proceeding after this manner, when you 
have two limits, -the one greater than the root, 
the other leflfer, that differ from one another but 
by unit, then you may conclude the rctot ia 
mommenfurabk. 

"We may however, by continuing the ope- 
ration ill fraftions, approximate to it. Ats if thd 
feqUation propofecj ii ^* — 6^:4- 7 ==o> if ^^ ftjp- 
jiofe ;c = 2, xht refult is 4 — X2 + 7 = — i, 
^hich being negative, and the fuppofition of 
^'—0 giving a pofitive refult, it follows that 
the foot is BdtWijtt and 2. Next we fuppofe 
jc-m-, whence)if—6x+ 7:^:1 — 6^1- 7:=!+ 2, 
^hich being jpofitive, we infer thfe root is te- 
twixt I and 2, and confequently irtcommcfniu^ 
bbl& ' In order to approxiftiatt to it, we fuppofe 

^ =t if, and find ;f*--6Ar+ 7 = 2^ — 9 + 75=—; 

4 

and this refult being pOfiti^^^, We iAfer the rdot 
iiiUft be betwixt % and Jf. AWd therefore w* 

try 
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try i^, and find x» — 6x + 7 = ^ — ^ + 7 

= 3-iV — iOrV + 7 = — -j^ wWch is ncga- 
tivc ; fo that we conclude the root to be betwixt 
i^- and it. And therefore we try next i-J-f 
'which giving alfo a negative refult, we conclude 
the root is betwixt if (or i^) and i-J-. ' We try 
therefore i^^ and the refult being pofitive^ we 
conclude that the root muft be betwixt i^^g- and 
1-14, ^od therefore is nearly i44- 

§ 86. Or you may approximate more cafily 
by transforming the w^uation propofed into an- 
other whole roots fliall be equal to 10, lOo, or 
1000 times the roots of the former (by $ 29.) 
and taking the limits greater in the fame pro- 
portion. This transformation is cafy; for you 
are only to multiply the fecond term by 10, 100, 
or 1000, the tfeird term by their fquares, the 
fourth by their cubes, 6?r. The equation of the 
laft example is thus' transformed into ^ — 6oox 
4- 70000 = o, whofc roots are iod times the 
roots of the propofed equation, and whofe li- 
mits are 100 and 200. Procce^ng as before, 
we try 150, and find ^ — ^co^ -f. 70000 = 
22500 — 90000 -f- 70000 = 2500, fo that 150 
is lefs than the root. You next try 175, which 
giving a negative rvcfult. muft be greater than 
the root : and thus proceeding 70U find the 
root to be betwixt 158 and 159: from which 
0^4 you 
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ycu infer that the leaft root of the propofcd equar 
tion X* — 6;^ + 7 = o is betwixt 1.58 and 
1.59, being the hundredth part of th(C root of 
^* «^ 600X ^- 700C0 = o. 

§ 87. If the cubic equation x^ — ^5^?* + 6^)c 
. — 50 =: o is propofcd to be refolved, the equa- 
tion of the limits will be (by § 48) 3:>r* — 30^ 
+ 63 = 05 or ^* — lox + 2 1 = o, whofe root5 
are 3, 7 i and by fubftituting o for x the value 
of x^ — 15^* + 63^^ — 50 is negative, and by 
fubftituting 3 for x, that quantity becomes po- 
fitive, X = I gives it negative, and x = 2 gives 
it pofitive, fo that the rpot is between i and 2\ 
dnd therefore incomrpenfurable. You may pro- 
ceed as in the foregoing examples to approximate 
to the root. But there are other m^sthpd? by 
which you may do that more cafily and readily 5 
which we proceed to explain. 

§ 88. Wheo you have difcovcred the value of 
the root to lefs than an unit (as in this example, 
you know it is a little above i) fuppofe the diffe- 
rence betwixt its real value arnJ the number that 
you havic. found nearly equal to it, to be repre- 
sented by/; as in this example. Let x=: i +/, 
, ^ubftitute this valye for x in this equation, thus, 

x'= 1+ 3/+ 3/-+/' 

— »5*»= — »5 — 50/— '5/* 
4. €3;^ = (63 4- 63/ 

— 50 =—50 

|f?-^I5X*4- 63*— 50=- 1 +36/— 1 2/» +/'==<>* 

N'ow 
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J^ow becaufe / is fiippoied left than unit, its 
powers /% /S may be ne^cAed [a tjiis appro<>^ 
ximacion s lb that afiiiming only the two firft 

terms, we have — i+S^/rr o, or/= — = .027; 

fo that X will be nearly 1.02 7. 

You may have 4 nearer value of x by con* 
fidering, that feeing — i + 3^— 1 V^ +/* = o, 
it follows tha: 

/= 36-,l/+/- Orf fubftituring ^ for /; 

§ 89. But the value of / may be correded 
and determined more accurately by fuppoling 
^ to be the difference betwixt its real value, and 
that which we laft found nearly equal to it. 
So that/ =.02803 +g. Then by fubftitut- 
ing this value for / in the equation 
/' ~ 12/*+ 36/— 1=0, it will ftand as follows, 

/J= O.O00O220226 + O.O02357f + O.o849^»+;^3-j 
12/*=:- .00942816 —0.67272^ —12^ I ^ 

36/=: 1.00908 +36^ ( — ^ 

=-0.0003261374 + 35.329637^— ii.9i95^4-^J±ro. 

Of which the firft two terms, negl^ng the 
reft, give 55.329637 xjf = 0.0003261574, and 

S = ' ""llf^gbsj^ = o 00000923127. So that 
/s= 0.02803923 1 27; and Jif-=:i+/s= i. 02803923 127; 
which is very near the true root of the equs^oA 
ihsLt was propofedf ^' ' . 

u 



+36/ 
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' If ftill a greater degree of exadbiefs is re- 
quited, fuppofe h equal to* the difference be- 
fWkt the true value of g^ and that we have al* 
ready found, and proceeding as above you may 
cdrreft the value of g. 

§ 90. For another eicample ; let the equation 
to be rcfolvcd be ;if' — 2x — 5 = 0, and by 
fome of the preceding methods you difcovcr one 
cf the toots to be between 2 and 3. There- 
fore you fuppole ^ = 2 -f- /» ^nd fubftituting 
thii value for it, you find 

— 2X = — 4 — 2/ 1^^ 

— 5 =—5 , J 

from which we find that io/= i nearly, or 
/ = 0.1. Thch to ctrre6k this value, we fup- 
pofe /rr 0.1 + gy and find 

' /»= 0.001+ 0.03^ + o.3^*+^n 
6/*= 0.06 + 1.2^4.6.^* f ^ 
io/= I. +10. g f 

— I =— I. J 

i= o.o6t +t K23^ + 6.3^^+^% 

> . —0.061 

10 that T = = — 0.0054. 

* llr23 ^^ 

Thai by fuppofii^l^s: — ^00544-*, yon 
may corred ies value, «nd you will find thott the 
K>ot required is nearly 2.09455147. 
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§ 91. It is not only one root i^ an eqoA^n 
that can be obtained by this method, but, by 
making ufe of the other limits, you may diico- 
ver the other roots in the fame manner. The 
equation of § 87, x^ — 15>^*+63^-^50 = o, 
has for its limits o, 3^ 7» 50. We have alre^y 
found the leaft root to be nearly 1.028029; ^^ 
it is^ required to find the middle root, you pro- 
ceed in the fame manner to determine its neafeft 
fimits to be 6 and 75 for 6 fubfUtuted for x 
gives a pofitive, and 7 a negative rcfult. There- 
fore you may fuppofe ;f = 6 -j-/* ^nd by f^b- 
ftitutin^ this value for x in that equation, you 

find /' + 3/*— 9/* 4. 4 =r o, lb that /= -i 



nearly. Or fince / = ^ _^ /^^/> > ^^ ^^ (^X ^^^ 
ftkuting ± for/;/= ^z:^ =1^, whence 
;f — 6 + 1^ nearly. Which value may ftiU 

be correfted as in the preceding articles. After 
the fame manner you may approximate to the 
Value of the higheft root of the equation. 

§92. " In all thefe operations, you will ap- 
proximate, fooner to the value of the root, if 
you take the three laft terms of the equation, 
and extradt the root of the quadratic equation 
confiding of thefe three terms.'* 

Thus, in § 88, inftead of the two laft terms 
of the equation /^ — 12/^ -^ 3^/"^ i = o, if 

you 
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you cake die three lall and extraft the root of the 
quiadratic 12/* — 3^+ 1 = 0, you will find 
/» .028031, which is much nearer the true 
value than what you difcover by fuppofii^ 
36/-- 1=^0. 

It is obvbus that this method extends to all 
equations. 

$ 93* ** By afiuming equations afie&ed with 
general coefficients, you may, by this method, 
deduce General Rules or theorems for appro- 
ximating to the roots of propofed equatipns of 
whatever degree." 

Let p — pp + qf — r = o reprefcnt the equa* 
tion by which the fradtipn / is to be deter- 
mined, which is to be added to the limit, or 
fubtraftcd from it, in order to have the near 

value of X. Then qf — r = o will give/= — . 
But fince /= — — ^^r— , by fubftitiiting — for 

f—pf-^q ^ q 

/, we have this Theorem for finding / nearly, 
viz. 

After the fame manner, if it is a biquadratic, 
by which/is to be determined, as/* — ^/*+2^ 
— r/4- J = o, then / being very litde, we fliall 

have / = — ; which value is correftcd by con- 

fidering 
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fidcring that / == ^_^j^^^^p (by fubftitut- 

ing^ for/) = ^, '^,. ; ,3 >^^^"^^^^hav^ 

^~7 + 7^ ~ 7j 
this Theorem for all biquadratic equations, . 

$ 94. Other Theorems may be deduced b;^ 
affuming the three terms of the equation, and 
^xtrafting the root of the quadratic which they 
form. . 

Thus, to find the valuie of / in the equarion 
/^ — i>/* + ^/ — r = o where/is fuppofcd to 
be very little, wc negleft the firft term/', and ex* 
trad the root of the quadratic pf^ — ?/ + ^ = o, 

or of /* — 4 X /+ •7 = 0; and we find 

But this value of / may be correfted by fup- 
pofing it equal (o m^ and fubflituting m^ for /^ 
in the equation/' — jS/^* + 2/^-7-^=0, which will 
givewi'— jf)^*+jf— r=o,and//*— j/+r— «»V 
?=o 5 the refolution of which quadratic equation 

^ives/= ^r-„ , ? . J^ ■ ■ > very near the 

true value of /. 

After the fame manner you may find like 
Theorems for the roots of biquadratic cqua-^ 
ti<;^nS| or of equations of any dimenfion whatever* 

§ 95- 
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%^S^ In geha^l» kt x^-f-^x^-'-j-yjc*-*-!^ 
rJir«— 3 +» .^^' + ^ = o rcprefcnt an equation of 
Wfx^ dimaifions ^ where A is fupjpoied to reprc- 
lent the abfolute known term of the equation. 
Let k repreient the limit next lefs than any of 
the roots* and fuppofiqg y = it+/, fubftitute 
the powers rf k +/ inftead of the powers of 
y, and there will arife >&+/• + p x *+/*"' + 

f X*47'-* + rxI+7*"^^^^*+^=o, or 
\fij invdlu^Ofi, difpofing the $erpis according tp 
the dimenfions of / • • 
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where neglefting all the powers of/ after the 
firft two tserms, you find 
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whence ^jailictflar Theorems fpr cxttadUng ihe 
roots rf equations may be deduced. 

J g6. *^ By this method you may difcover 
Theorems for approximating to the roots of 
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fUrepmers j" as to find the n root of any num- 
ber ^; fuppofe k to b^^the ncareft lefs root in 
integers, and that * +/ is the true root, then 

fliall h+ nkr-^f+ n x "^k^-^f^ ^c. = J^ 
and, afluming only the two firft terms, 
/= _^ : or, more nearly, taking the thret 

firft terms, 

J-^lf A—k" 

/=* — ; — -, and (taking -p^, -fj 

^—i' ^""i* 

(putting m :s:: A — ^•^ =f •, which 

2 

is a rativnal Theorem for approximating to /• 

You may find an irraficmal Theorem for it^ 
by afluming the three firft terms of the power 

of k^f, viz- k''+nk'-^f^nx~'k'-^f^=J. 
For «*^'/+ nx'^h-^f^ ^ A — h^fH% 



and refolving this quadratic equation, you find 

/= — ^±y- 



2m 






2»»» — 2OT-|-"»i' 
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In the application of thcfe Theorems, when 
a near value of / is obtained, then adding it 
to k^ fubftitute the aggregate in place of k in 
the formula, and you will, by a new operation, 
obtain a more corredt value of the root re- 
quired ; and, by thus proceeding, you may ar- 
rive at any degree of exaftnefs. 

Thus to obtain the cube root of 2, fuppofc 

k z=z ij and / f = \ .= — = 0.25. 

nk" + m^ ^ 

\ 2 

In the fecond pls^ce, fuppofe ^= 1.25, and / 
will be found, by a new operation, equal to 

0.009921, and confcqucntly, -/z =: i. 259921 
nearly. By the irrational Theorem, the fame 

value is difcovered for 4/2. 




CHAR 
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CHAR X. 

Of the Method of Series by which 
you. may approximate to the root* 
of literal equations. 

%97' T^ ^^^ ^ ^^yf ^^ letters, x and a^ 
X ift the propofed equation, Tuppofc a 
equal to unit, and find the root of the numeral 
equation that arifes from the fubftitution, by 
the rules of the laft chapter. Multiply thefc 
roots by ^, and the produds will give the roots 
of the pmpofed equation. 

Thus the roots of the equation x* — 16^4' 
55 = o are found, in §84, to be 5 and n. 
And therefore the roots of the equation 

x\ — i6aic + 55^^^=- o» will be s^ ^"^ *^^« 
The roots of the equation x^ + a^x — 2^^ = a 
are found by enquiring what are the, roots of 
the numeral, equation x^ •\'X — 2 = 0, and lince 
one of thefe is i, it follows that one of the roots 
of the propofed equation is ^ > the other two 
arc imaginary. 

§ 98. If the equation to bp refolved involves 
more than two letters, as x'^ + a^x — la^ + ayx 
— ^=: o, then the value of x may be exhibited 
in a feries * having its terms compofed of the 
powers of a and-^ with their re^dlive coef* 

ficients j 
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ficicnts ; which will " converge the fooner the lefs 
y is in refpeSl of a^ if the term are continually 
multiplied by the powers of y^ and divided by 
thofe of 4.** Or, " will converge the fooner thfi 
greater y is in refpeSl of a^ if the terms be con- 
tinually multiplied by the powers cf a^ and divided 
by thofe of yJ^ Since when y is very little ia 

refpcd of <?, the terms y^ — , ^, ^, ^, &c. 

decreafe very quickly, li y vanilh in refped: 
of a^ the fecond term will vanifli in rcfpefl of 

the firft, fince — : y : i y i q. And after the 

fame manner ~ vanifhes in refped of the term 

immediately preceding it. 

. But whenjy is vaftly great in refpeft of ^, 

then a is vaftly great in relpeft of — , and ^ in 
rcfpeft of ~ ; fo that the terms a^ ~, ~, — , 

— , &c. in this cafe decreafe very fwiftly. In 

cither cafe, the feries converge fwiftly that con- 
M of fuch terms ; and a few of the firft terms 
will give a liear value of the root required. 

§ 99. If a feries for x is required from the 
proppfed equation that fliall converge the footer, 
the lefs y is in refped of <? j to find the firfk 
term of this feries, we fliall fuppofe y to va- 
niflij and cxtrading the root of the equation 

R 2 x^' 
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x^ + a*x — 2a^ = o, confifting of the remaining 
parts of the equation that do not vanilh with jj 
we find, by § 97, . that x^a-^ which is the tnil 
value of X when y vanilhes, but is only near its 
value when y does not vanifh, but only is very 
little. To get a value ftill nearer the true value 
of Xy fuppofc the diflference of a from the true 
value to be ^, or that x = a + p. And fub-» 
ftituting a + p in the* given equation for x, 
you will find, 

x^ = a^ -\- ^a^p + 3^^* + p^ 
-|- a^x = ^^ 4" a'p 

= o 



/ 


la^ 


ZZL 


— %a^ \ 


+ 


ayx 


=: 


a*y-\-a$y 


"■" 


f 


mZs 


—f J 



a^y + apy — y^ S 

But fince, by fuppofition, y and p are very 
little in relpedt of a^ it follows that the tejms 
4^*^, a'^y^ where y and p are fcparately of the 
leajl dimenfions, are vaftly great in refpeft of 
the reft ; fo that, in determining a near value 
of p^ the reft may be negledcd : and from; 

4^*? + ^^J = o» w^ fi^d P — — iy- So that 
ttzza-^-p z=za — ^yy nearly. 

Then to find a nearer value of p^ and con^ 
fequently of Xy fuppofe /> = — ^ + J» and fub- 
ftituting this value for it in the laft equation, 
|0U will find. 
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3^' = -rsaf— \ayq + 3*^* 



>• = o 






1" 



And fincc, by the fuppofition, j is very little 
in refpe<3: pf py which is nearly = — ^y^ there- 
fore J will be very little in refpe6t oi y\ and 
confequently all the terms qf the laft equation 
will be very little in refped of thefe two, viz. 

— TT^** +4^*?» where y and q are of leaft 
■dimenfions feparately : particularly the term 

— \ayq is little in refpeft of 4^*^, becaufe y is 
very little in refpeft of a \ and it is little in 
refped of — -r^y^l becaufe jij little in relpeft 
of J. 

Negled therefore the other terms, and fup- 
pofxng — T^^/ 4- 4^*2 =: o, you will have 

« = ^^7' ^^ that^ = ^-^ + ixf 
And by proceeding in the fame manner you will 

4 * 64^, 512^* ' 16384^5 * 
&c. 

§ 100. When it is required to find a feries 

ipt X that (hall converge fooner, the greater y is 

R 3 in 
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in rcfpcft of any quantity a, you need only lup- 
pofe a to be very little in refpeft of y^ and 
proceed by the fame reafoning as in the laft 
example on the fuppofition of y being very 
little. 

ThuSj to find a value for ^ in the equation 
cc^ — a*x + ayx — y^ = o that fhall convo-ge the 
fooner the greater y is in refped of a^ fuppofc 
a to vaaiifh, and the remaining terms will give 
x^ — y^ rr o, or ;^ =^. So that when y is vaftly 
great, it appears that x =y nearly. 

But to have the value of x niore accurately, 
p(utaf=j^+^, then 



af+ ayp f 

f J 






+ of + ayp : 

where the terms 3y'^p+ tiy^ become vaftly greater 
than the reft, y being vaftly greater than a, or 
p', and confequently p =. — fa nearly. 

Again, by fuppofing p = — 4^ + Jj you will 
transform the laft equation into 

— /j.^ . — ayq — 

where the two terms 3^^* — a'^y muft be vaftly 
greater than toy of the reft, i? being vaftly le& 

than 
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than jr, and j yaftly lefs than a, by the fiippo- 

If* 
fition ; fo that $qy* — ^^ = o, and j = — 

nearly. By proceeding in diis imnner, you ^xiay 
confedt the value of y^ and find that 

X =y — fa + — + -g— ^ -, .&c. 

-^ 3 J' 81/ 243;^^^ 

which fcries converges the fooner the greater y is 
{uppofed to be taken in rcfpcd of «. 

f 101. In the folution of the fiitft Exmnpie 
thofe terms were always compared in brder to 
determine p^ q^ r, &c, in which y and thofe 
ijuantities f^ q^ r, &c, were fepamighf of ieweft 
dimenfions. Bmt in the feccmd Exampk^ thofe 
t^rms were compared in which a and the quan- 
tities pj J, r, &c. were erf" leaft dimenfions fe- 
pir^tely. .. And thefe always are the proper teniis 
to be compared tc^ther, bccaufe they become 
vaftly greater than the tt% in the rdpeftivc 
hypothefes. 

In'g4f$erah to <kft«rmine the firft^ or any^ 
term in the (m^j fuch ferns of the •eqttafion are 
to ie affkmed Uige f her only j as will he faund to fo^ 
come vajlly greater than the other terms ; that is^ 
which give a value of x, which fiibftituted for 
it in all the terms of the equation (hall raife 
the dimenfions of the other terms all above, 
or all b^lov^, the dimenfions of the aflumed 
terms, according as y is fuppofcd to be vaftly 
little, or vaftly great in refpeft of a. 

R 4 Thus 
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Thus to determine the firft term of a con- 
verging fcrics cxprcffing the value of x in thalaft 
equation x' — ^ *y + ^^ — j' = o> the terms 
ixyx and — f are not to be compared together, 

for they would give ^ = — , which fubftitutcd 

for y, the eauation becomes 

Ji — ^*+/— / = o, 

where the firft term is of more dimenfions than 
the affumcd terms ayx^ — y ; and the fecond of 
fewer : fo that the two firft terms cannot be nc- 
glefted in Bcfpeft of the two laft, neither when 
y is very great nor very little, compared with a. 
Npr are the terms. x% ayx^ fit to be compared 
together in order to obtain the firft term of a 
fcries for y, for the like reafon. 

But x^ may be compared with — a*x, as alfo 
•— a^x with — f for that end. Thefe two give 
the firft term of a fcries that converges the 
fooner the lefs y is; as ^'=J^* gives the firft 
term of a fcries that converges the fooner the 
greater y is. The laft fcries was given in the 
preceding article. The comparing ^ with ' — ^ *x 
gives thefe two fcries, 

» = _. + i, + £ + -^ + ^,&c. 
The comparing — tf*x with — ^' gives 

«» «' «* «' * And 
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And thcfe ferics give three values of x when 
y is very little \ the lait of which is itfelf alio 
very little in that cafe, as it appears indeed from 
the equation, that when y vanifhes, the three va« 
lues of 9C become + ^t — ^t ^"d o, becaule 
when y vaniflies, the equation becomes x^-^a*x 
n: o, whofe roots are a^ — a^ o. 

§ 102. It appears fufficiently from what wc 
have faid, that when an equation is propofed in- 
volving X and yj and the value of x is required 
in a converging feries. the difficulty of finding 
the firft term of the feries is reduced to this 5 
** to find what terms aflumed in order to deter- 
mine a value of ;c expreffed in fome dimenfiona 
of y and a will give fuch a value of it, as fub- 
ftituted for it in the other terms will make them 
all of more dimenfions of jy, or all of Icfs di- 
mcnfions of y^ than thofe aflumed terms.'* 

To determine this, draw BA and AC at right 
angles to each other, compleat the parallelo- 
gram ABCD and divide it into equal fquares, 
as in the figure. In thefe fquares place the 
powers of x from A towards C, and the powers 
of y from A towards B, and in any other fquarc 
place that power of x that is diredly below it ia 
the line AC, and that power of y that is in a 
parallel with it in the line AB ; fo that the in- 
dex of X in any fquare may exprefs its diftancc 
from the line AB, and the index of j^ in any 

fquarc 
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fijuafc may exprefs its diftance from the line 
AC. Of this fijuare we are to obfcrvc. 




I. That the terms arc not only in geome- 
trical progreflion in the vertical column AB, or 
the horizontal AC, and their parallels ; but al- 
io in the terms taken in any oblique ftraight 
fine whatever 5 for in any fuch terms it is ma- 
nifcft that the indicts of y and x will be in arith- 
metical progreffion. The indices of y^ becaufe 
thofe terms will remove equally from the line 
AC, or' approach equally to it, and the indices 

of 
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of y in any fuch terms are as their diftanccft 
from that line AC. The ityMcts of x ml\ alib 
be in arithmetical progieffion, becairfe thcfc terms 
equally remove from, or approach to the line 
AR Thus for Example, in the terms y\ y% 
y^x^t jfx% the indices of y dccreafing by the 
common diiSSsrence 2, while the indices of x in* 
creafe in the progreflion of the natural num** 

bers, the common ratio of the terms is -r-. It 

follows, 

2. From the laft obfervation, that " if any 
two terms be fuppofed equal, then all the terms 
in the fame ftraight Hne with thefe terms, will be 
equal ;" becaufe by. fuppofing thefe two terms 
equal, the common ratio is fuppofed to be a ra- 
tb of equality ; and from this it foHows, that 
** if you fubftitute every where for x tfhc valoe 
th^t arifes for it by fuppofing any two terms 
equal, exprcflfed in rfie powers of ^, the ditnen*-. 
flons of y in all the terms that are fouhd in the 
feme ftraight line will be equal ;** but *' the di^ 
menfions of j^ in the terms abovt that line will 
be greattr than in fhofc in that lifte ;** and 
•* the dimcrifions of ^ in the terms ^elow the faid 
fme will be left than its <fimeiifions in that line/* 
Thus, by fuppofing y =^ yx\ we find x^ ^J^9 
or *=sj^*; and febftituting this value fbr X 
in all the fquares, the dimenfions of y in the 
terms y\ fx^y^x^ yx\ which arc all found in 

. the 
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^ the fame ilr^ght line, will be 7, but the di- 
, menfions in all the terms above that line will 
be more than 7, and in all the terms below that 
line will be lefs than 7. 

§ 103. From thefe two obfervations we may 
cafily find a method for difcovering what terms 
ought to be affumed from an equation in order 
to give a value for x which fhall make the other 
terms all of higher, or all of lower dimcnfions 
of y than the affumed terms : viz. " after all 
the terms of the equation are ranged in their 
proper fquares (by the laft article) fuch terms 
arc to be affumed as lie in a ftraight line, fo that 
the other terms either lie all above the ftraight 
line, or fall all below it." 

For example, fuppofe the equation propoied is 
yr — . ay^x+ y^x^ + a^yx^ — ax^ = o^ thea mark- 
ing with an afterifk the fquares in the laft ar« 
tide which contain the fame dimenfions of x and 
j^ as the terms in the equation, imagine a ruler 
ZE to revolve about the firft fquare marked 
at y, and as it moves from A towards C, it 
will firft meet the term ay^x, and while the 
ruler joins thefe two terms, all the other terms 
Ke above it : from wh^ch you infer, that by fup- 
pofing thefe terms equal, you fhall obtain a va- 
lue of X, which fubftitutcd for it, will give all 
the other terms ot higher dimenfions of y, than 
thofc terms : and hence we conclude that the 
value of X deduced from fuppofing thefe terms 

equal. 
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I 

equal, viz. — , is the firft term of a ferics thac 

will converge the fooner the lefs ;^ is in rcfycSt 
of a. 

If the ruler be made to revolve about the fame 
fquarc the contrary way from D towards C, it 
will firft meet the term y^x\ and by fuppofing 
y +y^x^ = o, we find y = Xj which gives the 
firft term of a ferics for x^ that converges the 
fooner the greater that y is. And this is the ce- 
lebrated Rule invented by Sir Jfaac Newton for 
this purpofe. 

^104. This Rule may be extended to equa- 
tions having terms that involve powers of x and 
y with fraSional or furd indices ; *' by taking 
diftances from A in the lines AC and AB pro-- 
portional to thefe fradions and furds," and 
^thence determining the fituation of the terms 
of the propofed equation in the parallelogram 
ABCD. 

It is to be obfervcd alfo, that when the line 
joining any two terms has all the other terms 
on one fide of it, by them you may find the firft 
term of a converging feries for x^ and thus 
•* various fuch feries can be deduced from the 
lame equation." As, in the laft Example, the 
line joining j^^x and j;^* has all the terms abdvc 
it 5 and therefore fuppofing — ay^x + a^yx^zzo^ 

we find x\ = A and x^^^ which is the firft 

terai 
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term of another converge ferics for x. Again, 
the ftraight line joining yx^ and if* has all the 
6ther terms above it, ar^ therefore, fuppofing 

4*jf;^* — ^y^so, we find ^=x% and xzizd^f^^ 
tfcc firft term of another feries for y, converging 
alio the fooner ^hc Icfs y is. There are two 
ftries converging the fooner the greater y is,, to 
be deduced from fuppofing / = ~ y^x^^ or 
y^x^ =c ax^. And, to find all thefe {cries, ** de- 
fcribe a polygon Zdbed^ having a term of the 
equation in each of its angles, and including all 
the other terms within it, then a feries may be 
found for x^ by fuppofing ^y two terms equal 
that are placed in any two adjacent angles of the 
polygon/' 

§ 105. If the ruler ZE be made to move 
parallel to itfelf, all the terms which it will 
touch at once will be of the fame dimenfions of 
y : for they will bear the fame proportion to one 
another as the terms in the line ZE themfelves. 
The terms which the ruler will touch fiiA will 
have fewer dimenfiops of ^, than thofe it touches 
afterwards in the progrefe of its motion, if it 
moves towards D j but more dimenfions than 
they, if it moves towards A. The terms in the 
ftraight line ZE, fci:ve to determine the firft' 
term of the converging feries required. Thefe 
with the terms it touches afterwards fcrve to 
determine the fucceeding terms of the converg- 
ing 
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ing feries ; all the reft vanifliing compared with 
thefe, when j^ is very little and the, ruler moves 
from A towards D, or whm y is vaftly great 
and the ruler moves from D towards A. 

§ 1 06. The fame Author gives another me- 
thod for difcovering the firft term of a feries 
that fhall converge the Iboner the \t& y 1%^ 
•' Suppofe the term where / i& feparatcly of 
fewcft dimenfions to be Df \ compare it fucqelV 
fively with the other terms, as with Efx*y aqd 

obferve where — — is found^r^i?/{^5 and put- 

ting = », ^ wiH be the ffrft term of a* 

feries that fhall converge the foonerthelefsj^is:'* 
for in that cafe By^ and Efx' will be infinitely 
greater than any other terms of the propofcd^ 
equation. Sappofe Pfx^ is any other terra of 

the equation, and, by the iuppofition, ——(=») 

is greater than -^, and confequently, multi- 
plying by ky you find »* greater than / — ^, ani 
»* + ^ greater than / ; now if for x you fiabftkn*^ 
^«, then Ff:<^ = jfvf*y»* +% which therefore will 
vanilh compared with Dyl (fince tik + ^is greater 
than I) when y is infinitely litde. Thus there- 
fore all the, terms will v^wiifh compared with 
Zyand jEjt^' which are fuppofed equal ; and 
confequently they will ^ve the firft term of a 
ftries that will cbnverge the fooncr the lefs j^ is. 
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§ 107. If you obfervc " when -^^^ is found 

hafi of all, and fuppofc it equal to », then will 
Jtf be the firft term of a feries that will con- 
verge the fooner the greater y is." For in that 
cafe jy and Efx' will be infinitely greater than 

Ffp^^ becaufc (=n) being lefs than —p. 

it follows that nk is lefs than / — e^ and nk+e left 
tiian /, and confequently Fy'x^ (= F/fy*+'^ 
vaftly lefs than Dy'y when y is very great. 

After the lame manner, if you compare any 
term ly^^ where both x and y are found, 
vith all the other terms, and obferve where 

-—-^ is found great eft or kaft^ and fuppofc 

/— »f 

•— -T = »i then may Af be the firft term of a 

converging feries. For fuppofing that Ffi^ is 

any other term of the equation, if -^r (= n) 

as greater than r^> then Ihall nk — nb be 

greater than / — e^ and »* + ^ greater than /+ nb. 
But »*+ ^ are the dimenfions oi y in i^^* when * 
X = -<^», and l+nb are the dimenfions of y in 
JEy^x' s therefore Ffx^^ is of more dimenfions of ;r 
than Eyx*, and therefore vanilhes compared to 
it when y is fuppofed infinitely little. In the 

fame manner, if -^^ is k& than j^, then 

"^^ "^ wiU 
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will Efx' be infinitely greater than T^^'^, when 
y is infinite. 

§ 108. When the firft term (Jy*) of the fe- 
ries is found by the preceding method^ then by 
fuppofing X r= ^» + ^, and fubftituting this bi- 
nomial and its powers for x and its powers, 
there will arife an equation for determining p 
the lecond term of the feries. This new equa- 
tion may be treated in the fame manner as the 
equation of Xj and by the Rule of § 103, the 
terms that are to be compared in order to ob- 
tain a near value of ^, may be difcovered v by 
means pf which t^rtnsp may be found : which 
fuppofe equal to By" + '', then by fuppofing" 
p ="5j«+''+ qj the equation may be tranf- 
fbritied into one for determining q the third 
term ' of the fcries,' and by proceeding in the 
fame manner you may determine as many terms 
of the feries as you pleafe ; finding x = ^« + 
fiyw+r-^ Cy« + »''+ I)y« + 3'', &c. where the di- 
menfions of y afcend or defcend according as r 
is pofitivc or negative j and always " in arith- 
metical progrelTion, that this value of x being 
fubftituted for it in the propofed equation, the 
tetms involving y and its powers may fall in 
with one another, fb that more than one may 
always involve the fame dimenfion of y, which 
may mutually deftroy each other and make the 
whole equation vanifti, as it ought to do." 

S It 
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It is obvious thai> i$ tht dimenfions of.y itt 
^+ i(y» + r4. Oy« + ar^ jy + 3% &C. arc in an. 
arithmetical progrcffion whofc difference is r, 
the fquare, cube, or any power s of yfy* -f 
iy + r^ Cy«+*r + rjy^ + sr ^ £^r- will confift ol 
t^rnis wherein the dimenfions ofy will conftitutc- 
im arithmetical progreflion having the fame com- 
mon difference r j for thefe dimenfions will be 
i», sn-^fi sn-l^iTj J» + 3r, 8e:c. Therefore,,, 
if in any term Efx*^ you fubftitute for x the 
feries Jy" + i[y*+^4. C/+^' + Z)/+3'', &c 
the terms of the feries expreffing EjTx' will; 
COnfift of thefe dimenfions of ^, viz. m -J- sn^ 
m + sn'{'r^m + sn+2rym + sn + yj &c. and 
by a like fobftitution in any other term as Ffx\ 
the dimienfions of y will be ^ + »^, ^ + ^ + ^ir 
f + ^ + 2r, ^ + /^^ + 3r, &c. The former fe- 
ries of indices muft coincide with tlie latter feries^ 
that the terms in which they are found may be 
compared togetlier, and be found equal witH 
eppofite figns fo as to deflroy one aiiother, and 
m^e the whole equation vanilk 

The firft feries confifts of terms arifing by 
adding fome multiple of r to « + ^^^ thrlattcr 
by adding fome multiple of r to f ^»^; and that 
thefe may coincide, fome multiple of r added 
to m-^sn muft be equal to fome other multiple 
of r added to ^ + Hit. From which it appears 
that the difference oSm-irsn and^+ ^^ ^ always 

amuL- 
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a multiple of r; and confequcntly that r is a 
diyifor of the diflfercncc of dknenfions of jy in 
the terms jBy*^ and Fy'x^y fuppofing x = Af. 
It follows therefore " that r is a common divifor 
of the difierences of the dimenfions of ^ in tlje 
terms of the equation, when you have fubfti* 
tuted y^» for x in all the terms/' And if r be 
affumed equal to the greatefi common divifor 
(excepting fome cafes afterward to be mentioned) 
you will iiavc the true form of a feries for x. 
And now the dimenfions j", j"+'', >•+*'', 
^+3'-, &c, being known, there remains only, 
by calculation, to determine the general co- 
efficients A^ 5, C, />, &c. in order to find 
the feries Af •\^By"^'' '\'Cf'\"^ J^DfVir j^ 

&c. = X. 

\ 109. This leads us. to Sir IJaac Newton* s 
featnd gtneral method of feries ; which confifts 
in afluming a feries with undetermined coeffici- 
ents e3q)refling,i?f, a$ yj^« + ^^'^ + »' + Q'" '*"*'' + 
&c where A^ jB, C, &c. ai-e fuppofed as yet 
unknown, but n and r are difcovered by what a¥C 
have already demonftrated ; and fubftituting this 
every wkere for x^ you muft fuppofe, in the 
new equation that ariles, the fum of all thet 
terms that involve the fame dimes^on of y to 
vanifh) by which means you will obtain particu- 
lar equations, ilie firft of which will give A^ 
ttiXi fecond Bf die tbird C, &c and thefe values 
S 2 being 
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being fubftltuted in the afliimcd feries for y/, 
Bj C, &c. the feries for x will be obtained as 
far as you pleafe. 

Let us apply, for example, this method to 
the equation (of § 98) pc^-^-a^'x — la'^ + ayx — y^ 
= o. Suppofe it is required to find a feries 
converging the fooner the lefs y is : its firfl: 
term (by § 99 or 102) is found to be j, fo 
that » = o. Subftitute a for x in the equation, 
and the terms become ^' + ^' -»- za^ + a^y — y^^ 
and the differences of the indices are o, i, 2, 3 ; 
whofe greateft common meafure is i, fo that 
r = I. Affume therefore x -=: A + By •\' Cy* 
+ DjS &c. and fubftitute this feries for x in 
the equation. Then 

x^— A'-\>iA'By'\-z^By-{^ By ^-6?c. 

4-ij*x=^*^+ a^By + a'^Cy + a^I^' 4.^^- 
-^^ayxzn a/ly -f ^5/ -|- aBy^ -ffcfr. 

— 10}= — 2a^ 

— y^ =....'. —1 xy. 

' Now fincc x^ + ^*^ + ^y^ — 2^^ — y^ = o, it 
follows that the fum of thefc feries involving jr 
muft vanifti. But that cannot be if the coef- 
ficient of every particular term does not vanilh. 
For every term where y is infinitely little, is in- 
finjtely greater than the following terms, fo that 

if 
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if every term does not vanifh of itfejf, the ad- 
dition or fubtradion of the following terms 
which arc infinitely lefs than it, or of the pre- 
ceding terms which are infinitely greater, can- 
not deftroy it ; and therefore the whole cannot 
vanifh. It appears therefore thaty^^ + tf*^ — 
2a^ = o, is an equation for determining ^, and 
^ves yi:=a. 

> In order to determine 5, you muft fuppofe 
the fum of the coefficients affefting y to vanifh, 
viz. ^J^'B + a'-B'^aylxy^Oj or, fince ^=tf, 

Aa^By + ay = 6, and 5= . 

To determine C, in the fame manner fup- 
pofe 3^By -I- 3^*Cj» + a'Cy^ + aBy^ — o, or, 
fiibftituting for J and B their values already 

found, -^^- + 4a^Cy^ — — = o, arid confe- 
quently C = ^■*-. And, by proceeding in the 
fame manner, D = — ^, fo that x=.a — iy 

I I '21 

+ 'rrzy'' H — ^y\ &c. as we found before in 

§ 99^ 

§110. By this method you may transfer le- 
ries from one undetermined quantity to another, 
and obtain Theorems for the re^erft&n of feries. 

Suppofe that x = jy + ^j* -f ry' -f- ^* -1- i^c. 
and it is required to exprefs j^ by ^ feries con- 
fiding of the powers of x. It is obvious that 
S'3 when 
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when X IS very little, j is alfo very little, tnd 
that in order to determine the firft term of the 
fertes, you need only afliime x^ay. And there- 
fore ^ = — J fo that » = !• By fubftituting — 

for yt you find the dimenfions of x in the terms 
will be I, 2, 3, 4, &r. fo that r= i alfo* 
You may therefore affume y :^ Ax ^ Bx* + 
Cx^ 4. Dx^ + C^c. And by the fubftitution of 
this value of j^ you ^ill find 

ay = ajix + ^5^?*+ aCx^ + fc?r. 
^* = , U^x^ + lUBx^ + (^c. 

But the firft term being already found to be 
— , you have /f = — ; and fince aB + bJ* ss o, 

it follows that 5 = 7. After the fame 

manner you will find C=;: — ^-^» Whence 

;^ = zx* + 2 — x^ + tf c. 

§ III. Suppofc again you have ax + ^^* + 
ac^ + dx^ + (^c.=gy + iy*+iy^ + h/^j(^c. to 
find ^ in terms of y. You will eafily fee, by 
§ 103, that the firft term of the feries for x 

is -, that » = I, r = I. Therefore affume 

x = ^ + ify* -f Q% £<?r. and by fubftituting* 

this 
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^ v;UMe ((» ^ and tiriiag^ng 9II the t^ms m 
one fide, you will have 

ax =: «^ + aBy* + aCy' + ^^ • 

-^ ^» =a ..... -^ /&j»» 

— ly' x: — ' ry* 

From whence w« fee, firft, chat uA-rz^^ «id 
wf = ^. a*. That «5 + ^^ — *s=o,aod 

and therefore C = ^ — ^ > And thus the 

a 

three firft terms of the fcries -4^+5^*+ Q^S tf^ 

^e known *. 

§ 1 12. Before we conclude it remains to clear 
a difficulty in this method that has embarraifed 
fpmc late ingenious writers, concerning ^' the 
value of ^ to be aflumed when /w? or n^ore of 
tlw values pf the firft tarm of a ferict for ex- 
prfflin^ ^ are found equal;*' a correction of 
i\\t preceding Hule being necefiary ia that cafe. 
And the author of that cerredtion having only 
coUefted it from experience, and given it un 

• Src Mr. De Mfiivre in PkU. Tranf. ^40. 

5 4 with- 
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without proof, it is the more neceflary to de- 
tnonftrate it here. 

It is to be obfcrved then, that in order that the 
ferics Af + By" + »- ^ Cy» + a'- -|- Dy^y -f 6?r. 
may cxprefs x^ it is not only neceflary that when 
it is fubftituted for x in the propofcd equation 
Dyi ^- £y»^ -|- Ffx^ =r o, thc indices w -^ «j, 
w+»j-|-r, w+«J-{-^^' ^^' fliould fail in with 
the indices e-^-nk^ ^-f^^H"^* ^-{-w/t-f-ir, &c. 
in order that the terms may be compared toge- 
ther to determine the coefficients yf, J5, C, &c, 
but it is alfo neceflary, that in the particular 
equations for determining any of thofe coeffi- 
cients, as B for example, thofe terms that in- 
volve jB fliould not deftroy each other.. Thus 
the equation ^A'-B — o^A'-B — aA^o can never 
determine -B, bccaufe ^A'-B — ^A-^B z= o, and 
thus B exterminates itfelf out of the equation ; 
befides the contradidlion arifing from — A =.o, 
•when ^perhaps has been determined already to 
be equal to fome real quantity. 

In order to know how to evite this abfur- 
dity, let us fuppofe that the firfl: order of terms 
in the propofed equation are, as before, Z)/, 
Ey^pCj &c. and if Ay" is found to be the firft 
term of a feries for x^ then the dimenfions of 
y in the firft order of terms, arifing by fubfti- 
tuting in them A}^" for x. will be f» + nsy and 
the dimpnfions of y arifing by fubftituting 

Ay' 
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^+i[y''+''4-Cy*+*^j &c. for xmllhtm-^-ns^ 
in+m+r9m+ns+ 2r, &c. Suppofe that Ffx^ 
is the next order of terms, and, by the fanie 
fubftitution, the dimenfions of j^ arifing from 

it will be 

(becaufef>^;c>:=Fjy^x4>«+ By"+'+ Cy^+^^+^c.f 
= FJ^f + '^ + kFBAi'-y^rii^-k'r^ &c.) €+ nk^ 
^ + ;;;& + ^» e + nk+ 2r, &c. Now it is plaia 
that e -^ nk muft coincide with fome of the 
dimenfions m + nsy m-^ns + ry m + ns+ir^ &c. 
that the terms involving them niay b^ compared 
together. And therefore, as we obferved in 
§ 108, r muft be the difference of ^ + iri and 
m + nsy or fome divifor of that difference. In 
gmeraU r muft be afllimed fuch a divifor of that 
difference as may allow not only e + nk to co- 
incide with fome one of the feries m + ns^ 
m + ns + Ty m + ns+ 2ry &c. but as may make 
all the indices of the other orders befides e + nk 
likewife to coincide with qae of that feries: 
that is, if Cyfx^ is another term in the equa- 
tion, r muft be fo alTumed that the feries / + »&, 
f-i-nb-^fj /+ nb + ar, &c, arifing by fub- 
ftituting in it ^y" -}- 5y« + »-+ C/ +*% &c, for x^ 
iiay coincide feme where with the firft feries 
m + nsj m-\'ns + ry m + ns + ir^ &c. And 
therefore we faid, in § 108, *' that r muft be af- 
fumed fo as to be equal to fome common divifor 
of the diflfcrences of the indices w + nSj e^nk^ 
/4- nb^ which arifc in the propofcd cquatioa 

- by 
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tnjr iub(tieuting in it for ^ the firft ttrnn alresK^y 
ki^own ut^/' For by aflUmiog r eqwl to a com* 
man divUbr qf thefe difiercnces, the three fcrics 

IW+ ns^m^ IW+ r, »+ »j+ 2r,«r + »j+ jr, &i:. 

ivill coincide with one another, (ince fome tnul^ 
tipks of r added to » + irj will g|ve ^ + ^>^ ^d 
all that follow it in the fe/:ond ieries, and Ibnic 
multiples of r added to f» 4- n/ will alfo give 
/+ f§b and all that follow it in the third feries. 
It is alio obvioust that, if no particular reafoii 
lunder it, r ought to be turned equal to the 
gnaUfi cc»nnion meafure of thefe differences. 
For example, if the indices m + nsj e + ni^ 
f-^nby happen to be in arithmetical progreffion, 
then r ought to be aflumed equal to the com<- 
mon difference of the terms, and the firft of 
the fecond feries will coincide with the fecond of 
^ firft, and the firft of the third (eries will co* 
incide with the fecond of the fecond feries, and 
with the diird of the firft, and lb oo« 

^ 11^. Thefe things being well underftood, 
mt are next to obferye that after you ha^e fub- 
ftituted Jf-^Bf+''+ 0«+*% &c. for x in the 
firft order of terms in the equation, the terms 
diat involve mJ^ns dimenfions of;? will deftroy 
another i for x-^Af muft be a divifbr of 

tbt 



Digitized 



by Google 



Chap. lo. A L G E BR A. 46f 

die Aggregate of thefe terms, fince they give 
y^ as one value of pc: let x-^jfy' x P rcprcfent 
that aggregate, and» fubftituting for x its value 
4f'\- By*+'''^ Cy*+^, 85c. that a^rcgafie be^ 
comes Jf+By+^ + Cy^+^^&cc-^Af ^ P 
= By"^!'+ Cf'+^'y &c. X P' Nowthelowcft 
dimenfion in x — ^y" x P was fuj^fed to be 
m + nsj whence the dimenfion of P, in the fame 
terms, will he m+ns-^n^ and the lowcft dimen- 
fion in £>«+'•+ Of«+^-'^+6?r. x P will he»+;r 
+m+m — »=i»4-«+r. S^ppofc again that 
Huo values of x^ determined from the firft order 
of terms, arc equal, and then x — jfy^"^ will be 
a divifor of that aggregate of the firft order of 
terms. Suppofe that aggregate now x — Ay] * x P^ 
which by fubftitution of ^•+ J?y«+^+ Cy«+-s &c. 
for X will become By"-^'^-^ Cr+*'--{-&'r.]* x P9 
in which the lowed term will now be of i» -f m 

dimenfions, fincc in x — /ifY X P the loweft 
term is fuppofed of m-^- ns dimenfions 5 and 
confequendy, in thefe terms, the dimenfion of 
P itfclf is jw -f- »i — 2». 

In general^ if the number of values of x fup- 
poled equal to ^« be p, then muft x-^jfy"^ bo 
a divifor of the aggregate of the terms of the firft 
order. And that aggregate being exprefiM by 
X — Ay\^ xP%y^ the lowcft terms, the dimen- 

ikma 
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fions of j^ in P will be w + w -- fn^ that in 
X — jiyn^ they may be «? + «j, as we always fup- 

pofc. Subftitute in x — Ay^ X P for 5^ — ^y* 
ks value 5^"+'' + Cy«+*'' + tfr. and in the 
refujt 5y +'' -)- Cy«+='- 4- i^c\^ x P the loweft 
dinaenfions of y will be pn^l-pr-^m-^ns — pH 
zz.m-^nS'f'pr. 

§ 114. From what has been faid we conclude, 
that when you have fubftituted for x in the firft 
order of terms of the equation propofed the 
ferics 4r« + 57« +»- + Cy« + ^'^ + fcf r. the firft 
term of which Ay* is known, and the values of 
X whofe number is p are found equali then the 
terms arifing that involve m^ns^ m-^ns-^-r^ 
Pf^ns-^-XTj &c. till you come to m-^ns-^-pTy 
will deftroy each other and vanifli -, fo that the 
firft^ term with which the terms of the fecond or- 
der e+nk can be compared muft be that which 
. involves iw + ^-^ + /^ » and therefore fuppofing 

f 7 r I e + nk — m — ns ,, , 

e'f-nkz=, m-f-ns-^-pr^ or r = '^ the 

higheft value you can give r muft be the difFcirence 
o(i+nk and m + m divided by p the number of 
equal values of the firft term of the feries." 
If this value* of r is a common meafure of all 
the differences of the indices, then is it a juft 
value of r ; but if it is not, fuch a value of r 
muft: be afTumed, as may meafure this and all 
the differences : that is, ** fuch a value as may 
. . be 
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be the greateft common meaTurc of the leaft dif* 

fcrence divided by p (viz. -^ ZL.J 2iS!A 

of the common meafure of all the differences.** 
For thus the indices in-\'nSy m'\-ns-\'r^ m-^-ns 
4^2r, &c will coincide with e-j-nky e-^-nk^r^ 
£j^nk-^2ry &c. and with /^-;;i&, /4.»A-[-r, 
/-f nb -|- ir^ &c. and you fhall always have terms 
to be compared together fufficient to determine 
B^ C, D, &c. the general coefficients of the 
feries affumed for x. 

§ 115. To all this it may be added, that if 
X — yfy" bq a divifor of the aggregate of the 
terms of the fecond order Fy'x\ &c. then, by 
fubftituting for x the feries y^«+ 5y* + ''+ C/'+*^ 
+ &c. there vanilh not only as many terms of the 
feries involving w + ^^j m+fis+r^ m + ns+zr^ 
&c. as there are equal values of the firtt term 
Jyi but the terms involving ^~j-»A dimenfiom 
ofy vanifli alfo ; and therefore it is then only ne- 
cefTary that e+nk + r coincide with m-^ns+pr^ 
fo that, in that cafe, you need only taki 

^ — I 
divifor of the aggregate of the fecond order 
of terms, then the terms (after fubftituting fiwr 
ic the feries /4y+By^+''+Cy*+*''Scc.) which in- 
volve e+nkj e+nk+r^ e+nk-^tr^ &c. will va- 

Hilh to -the term e^nk-^-p-^i x rj fo thtt^ 

fup- 
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IbppoHng f+»*+^— I X r = f»+ff5+_pr, you 
jbave rr=:^+»* — »— «.f, that is, to the //w/f dif* 
fcrcncc of the indices i»+»j, e+nk^f-^-nb^ &c. 
provided that difference be a meafure of the 
other (fifferences ; although there may be as 
many valued of the firft term of the feries equal 
as there are units in p. Or, if that does not 
liappen, r mull be ts^en, as formerly, equal 
to the greateft comnwn meafure of the diflfe- 
renccs. 

§ 1 16. Suppofe that the orders of terms of 
iSife equation can be exprcfled the Jirft by 
i^yfy«lf X Pythc ficonJ by x—/iy*]^ x ^ the 
4^J by X— yfH'x I^ &c. and fuppofe that 
JEjPx* is one of the firft, Fyx^ one of the fecond, 
Cyf^'' one of the third, and fo cfm : then it is 
{dain that, fubftituting for x the feries Jy -f 
Syn+r + Cf+^y &c. thc loweft term that will 
remain in the iirft will be m +ns+pr dimenfions 
of yt the loweft term that will remain in the fe« 
cond will be of e+nk+jr^ and the loweft term 
remaining in the third of /-f Hb-^- Ir dimenfions 
of jr. For by the lame reafoning as we uled, in 
% 113, to demonftmte that, in the firft order of 
terras JIZ^^^ p^ the loweft dimenfions of 
ymtm^m -^fr^ we fliali find that, in the fiib* 
fequent orders, the loweft dimenfions of jf in the 
thcienM^-^^K^ci(y*"H'-fQ«+»'&cl^x^ 

muft 
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liiiift be f + «*— r^ + f«4-jr = /+ »it-|.jr, 
and Ca of the other terras x — Jy'f x -It. the 
loweft dimcnfions muft be /•+•.«& 4. /r. Thk 
indices therefore of the terras that do not v«t 
A2h being 

• • m + ns-\-pft 

• • • • ff + »it+^ 

• *♦••• /+^ + /fk 

if r be taken fequal to *^t**^r'*"**^, ften wilt 

•i+»4-j»- md e-^itkJ^itt toinadc-: *nd if ;< 
the fame time r be a divifor oifj^nb — m — ns% 
and be found in it a nuniber «f fkaes greater 

than p^l, ^ if r be lefc iSmi^f-^^'^'^% 

tl»en r will be rightly affumed. Ingneraly «* take 

aH the quo^ms ^t"^— .JT^fir^ -/j;:,?^--??.-;::**. 

and either the leafi of thefe, or a uptnber whoie 
4lenominator, exceeding p — q by an integer, 
• raeafures it and all the differences /-fwit — 
m — nSi gives n" fijppofing p, j, and /inte- 
gers. But if/, y, and I are fradtions, you are to 

« take r fo that it be equal to ^'4-''*--«~«f _. 

p—i+M * ^ that JC and A/ may b« 
iotegers.** Suppofe, for example, » + w = -2.. 
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p^^, eArnk =p j = | ; /+»^ = 1, and 
/ = — : then putting ('''=) 

p—q+K "" l+Jf /— /+iI/"""2+3? 
ilf=-^ + V^5 whence it is eaGly feen that 5 
amd 1 1 are the lead integers that can be aflumed 
for K and M And that r = ; » =: -7- -, and 

th?rcforc«»+»j+j)r=Y|, e-i-nk+qrzz^^ and 

/+»&+/r=||. That is, the ternis of the Hrft 

fcries whole dimenfions are fn + ns+pJ^xK 
m + ns^p + Mxr fall in with the firft terms 
of the fecond and third feries refpedively *. 

t 

♦ See on this {uhjcGt, Colfin, Epift. in Animadv. D. 
Moi<urfi, TayUr Meth* Incr. Stirling Lin. iij Ord*: 
iGrmjefandi Append. £Iem. Algebrae. , Stewart on the 
Quadrature of CunreiL ' 



4^ 
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CHA?. XL 

of the Rules for finding the num- 
ber of impoflible Roots in an 
equation. 

§ 117. rip^HE number of impojjibk roots in 
X an equation may, for moft part» 
be found by this 

RULE. 

, ** WirUe dmn a [tries of f rations wboft denomi^ 
nators are the numbers in this progreffion i» 
^» 3> 4» 5> &c- continued to the number which 
txprejfes the dimenfton of the equation. Di* 
vide every fraSlion in the f cries by that which 
precedes it^ and place the quotients in order 
over the middle terms of the equation- And 
if the fquare of any term multiplied into the 
fraSion that Jlands over it gives a produR 
greater than the reHanglt of the two adjacent 
terms^ write under the term thejign +, but if 
that produS is not greater than the reSfangle^ 
write — ; and the Jigns under the extreme 
terms being +, there will be as marry ima- 
ginary roots as there are changes of the 
Jigns from + to — , and from — /^ +. - 

T Thus, 
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Thus, the given equation being x^ 4. px* + 
$p*x — q = cf$ I divide the ftcond fradtion of 

•the feries 4> ^% —j by the firft, and the third 
123' 

by the fecond, and place the quotients -^ and i 

over the middle terms in tliis manner; 



T 



x^ + px^ + ^p'-x — y = o. 

+ - + + 

Thtn becaufe the fquare of the fecond term 
multiplied into the fraftion that ftands over it, 

that is, -^ X p'-x^ is Ifefs thkn ^p^x^ the reftan- 

gle under thfe firft and third terms, I place 
tjnder the fecond term the figrl — : but as 

-^ X 9/>*i»* (= SP^x"-) the fquare of the third 

tef hi multiplied into its fraftion is greater than 

nothings and confequently much greater than 

^■^pqx^ the negative produft of the adjoining 

tferms, I write under the third term the fign 

+. I write + likewlfc under x^ and «-^ tj the 

firft and laA ttrriisj and firiding irt the figns 

thus martced tWo changes, one from + to — ^ 

arid another from — to -f > I conclude the equa- 

• tion has two impofliblc roots. 

in like manner the equation x^ — 4^* + 4^; — 

6 = has two impoffible roots ; 
1 .1 

T T 

x^ — 4;v* + 4^ — 6 = 0; 

-f + — + andt 
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uttd tte cqwauon Af**—^ 6;^* — jx — 2 = o the 
fame number ; 

j ♦ i. 

T T T 

^♦* — 6;^* — 3x — 2 = o. 
+ + + — + 

X 1 2 r 
For the fefes of fraftions — , -^^ — , — yields, 

by dividing them as the Rule direds, the frafti- 

ons -I-, — , J- to be placed over the terms. Then 

the fquare of the fecond term, which is mtbingj 
multiplied by the fraftion over it being ftill 
nothings and yet greater than — 6^ the negative 
produft of the adjacent terms, I write under 
(*) the term that \% wanting, the fign -f-, and 
proceeding as in the former examples, I con- 
dude, from the two changes that happen in the 
fcries + + +"—+> that the equation has two 
of its roots impoflible. 

The fame way we difcover two impoflible 
ttKKS in the equation 

% \ t a 

T T X T 

^' — 4;c* 4" 4^' "^ ^^* "^ 5^ — 4 = ®- 

+ + - + + + 

When two or more terms are wanting in the 
equation, under the firft of fuch terms place the 
fign — , under the fecond +, under the third 
^— , and fo on alternately ; only when the two 
Itrms to the dght and left of the deficient ternu^ 

T 2 have 
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have contrary figns, you are always to write the 
fign + under the laft deficient term. 
As in the equations 

+ + — +— + 

and x^ + ax^ * * * — tf * = a 

the firft of which has four impoflible roots, and 
the other twv. Thus likewife the equation 

3 5 S 3 5 3 

T T T T -5* T 

X"^ 2X^ -\- $X^ 2X^^X^ * * — 3=0 

+ - + - +-+ + 

hasjtx impoflible roots- 

Hence too we may difcover if the ima^nary 
roots lie hid among the affirmative, or among 
the negative roots. For the figns of the terms 
which Hand over the figns below that change 
from + to — and — to +, fliew, by the num- 
ber of their variations, how many of the impof* 
fible roots are to be reckoned affirmative ; and 
that there are as many negative imagbary roots 
as there are repetitions of the fame fign. As 
in the equation 

x^ — 4x^ + 4^' — 2x* — 5x — 4 = o 
+ +- + + + 

the figns ( — -( ) of the terms — 4x* + 4x^ 

— 2x* which (land over the figns H f-point- 

" ing 
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ing out two affirmative roots *, we infer that 
two impoffiblc roots lie among the affirgiative : 
and the three changes of the figns in the equa- 
tion (-4 1 ) giving three affirmative 

roots and two negative, the five roots will be 
one real affirmative, two negative, and two ima- 
ginary affirmatives. If the equation had been 

X* — 4^* — 4X^ — 2x* — gx — 4 = 0, 

+ + — — + + 

the terms — 4^* — 4^' that ftand over the firft 
variation + — , flicw, by the repetition of the 
fign — , that one imaginary root is to be 
reckoned negative, and the terms — 2^* — gx 
that ftand over the laft variation —+, give, 
for the fame reafon, another negative impof- 
fible root ; fo that the figns of th^ equation 

(■^ ^ — — — ) giving one affirmative root, 

we conclude that of the four negative roots, 
two are imaginary. 

This always holds good unlefs, which fome* 
times may happen, there are more impoffible 
roots in the equation than arc difcover^ble by 
the Rule," 

This Rule hatb heen trrveftigatei by feveral emi- 

nenf M^tkematicians in various ways ; and others^ 

Jmilar to ity invented and publijhed +. But the 

♦ Sec i 19. 

f See Stirling*^ Lineae lij. Ord. Ntntw. p. 59, P^ii* 
Tranf. N*» 394, 404, 408, 

T 3 original 
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eriginal Rule beings on account of its Jmplicity 
and eafy application^ if not prtferahk to aU otters^ 
at leajl the jitteji for this plaee^ it is fuffident to 
iirecl the Reader where he may find the fuhjiff 
more fully treated \ and to add the demonftration 
cur Author has given of it towards the end of his 
Letter to Mr. Folkcs, Phil. Tranf. N*» 408, ai 
it depends only on what has been demonfirated in 
Chap- 5. concerning the limits of the rpvts of equar 
tions. 

$ 1 1 8. Let tfx* + ^x + f = o be any adfe£ted 
quadratic equation •, and, by § 88, Parti, its 

roots will be — X T ^ ± V/>* T 4^J- wheqccit 

is plain that, the fign of q in the given equawon 
being +, the roots will be impoffiblc as oft a9 
4^^ is greater than ^*, or ^p^ lefs than <i X f • 

^119. It was (hewn, in general (| 45 — 50) 
phat the roots of the equation 9^ — ^x*— * + 
^;^«-^2 — C;v''— 3 &c. = o, are the limits ^ the 
roots of the equation »x«— * -r- »— x X Ayf^-^* + 
n — 2 X 5x''-"3 &c. = o, or of any equation that 
is deduced from it By multiplying its terms by any 
arithmetical progrejfton I'^d^ l + 2dy l^^^d, &cc. 
and converfely the roots of this new equation will 
be the limits of the roots of the propofed ^nation 
ap" — Ax^—^ 4. ^x"-* &c. = o. 

And that // any roots of the equation of the 
Ihfttts are impojftbk^ there mufi be fome roots of 
fhe propofed equation impoj^le. 
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^ X20, L^t x^ • — M*' + Bx — C=;?ohc4 
cubic equation, sind the e^ua^m a/ /iwfJf 
^x'' — %Ax 4- 5 = Q. If the twQ roots of thi^ 
JUft ve imaginary, there m:e two iqaagii^ry rpooi 
of the given equation x'^ — Ax^ -^Bx — C;;= o, 
lny the lad Art. But, by the preceding ^t. 
this happens as oft as ^4* is iefs than B ; and, 
ia ths^; cafe, the given equation h^s two imagi*- 
nary roots^ 
Again, multiplying the terms of the equa* 
tion by the terms of the progreflion, o, --^ i, 
-^2, — 3, we get another equation of the limits 
Ax^ '. — 2Bx + 3|C = o'j whofe two roots, ancj 
confequently two roots of the given equation, 
are imaginary when ^B* is Iefs than AxC. 

Hence likewife the biquadratic x^ — Ax^ + 
Bx^ — Gv 4- i^ == o, will have two imaginary 
roots, if two roots of the equation 4X^ — 3 Ax* 
+ 2Sx — C = o be inaaginary 5 or if two roots 
of the equation Ax^ — zBx"^ + ^Cx — 4Z) = o 
be imaginary. But two roots of the equation 
4^' — ^Ax* + iBx — C = o muft be imagi- 
nary, when two roots of the quadratic 6x* — 
2 Ax + J9 = o, or of the quadratic ^Ax* — 4.BX 
4, 3C = Q, ^re iqaagjn^y, becaufe the roots of 
thefe qya4j'atic equations are the limits of thg 
roots of that cubic; and for the fame reafon 
two roots of the cubic equation Ax^ — zBx^ + 
^Cx — 4D = o muft be imaginary, when the 
roots of the quadratic ^Ax^ — ^Bx + 3C = o, 

T 4 or 
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or of the quadratic Bx* — lOc + 6D = o are 
impoffiblc. Therefore two roots of the biqua-f 
dratic x^—Ax^ + 5** — Cv + D = o muft be 
imaginary when the roots of any one of thcfe* 
three quadratic ec^uations 6x* — ^Ax + 5 = Oj^ 
3^fv* — aBx + 3C = o, 5^*— iCx + 6D = o 
become imaginary % that is, when \A'' is left 
than 5, 4.5* lefs than ACy or \0 lefs than jBD. 
§ 121. By proceeding in the fanfe manner, 
you may dedqce from apy equation ;?" — r ^x»—i 
+ J5x«-^* — C;v"—3 &c- = o, as many quadratic 
equations as there are terms excepting the fir(l 
and laft, whofc roots muft be all real quantities^ 
if the prgpofed equation has no imaginary roots. 
The quadratic deduced ffom the three firA terms 
^« — yf;.«—' + 5;^""~* will manifeftly have thi? 
form, » X » — I'x n—i x »— 3 &c. X ^* — s 
»— I X » — 2 X » — 3 X »— 4 &c. X ^ + 

»— 2 X » — 3 X »— 4 X »~5 &c. X 5 = o, 
continuing the faftors in each till you have as 
many as there are units in » — 2, Then divide 
ing the equation by all the faftors »-Tr 2, »-r-3, 
1; -T- 4, &c. which arc found in each coefficient, 
the equation will become n X n—i X ^^ -r- 
n — I X 2/fv + 2 X I X 5 = o, whofe roots will 
be imaginary, by 1 1 1 8, when n x ;i— i x 2x4^ 
exceeds n — \X X 4/f , pr when B exceeds 



mi 



yf * ; fo that the propofed equation muft 
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have fomc imaginary roots when B exceeds 

^^^A\ The quadratic equation deduced in the 

fame manner from the three firft terms of the 
equation Jx"-^ — 25^-* + 3Gv«-3 &c. = o, 

will have this form, n — i x » — 2 x »— 3 &c^ 
X Ax"- — n—2 X «— 3 X »— 4 &:c. x 2J?^ + 
» — 3 X » — 4X» — 5&c. X3C=o; which 
dividing b/the faftors common to all the terms, 

is reduced to n — 1 x »^2 x Ax* — » — 2 x 
4BX + 6C = o, whofe roots mufl be imaginary 

when — X -^- X -B* is Icfs than AC\ and there- 
fore in that cafe fome roots of the propofed 
equation muft be imaginary. 

§ 122. In general, let 2)x*-'^+" — Ex^-" -^^ 
j7^-^— , ^ ^py ^j^j.gg terms of the equation^ 
^» — Ax"*^^ + 5a;"-* &c. = o, that immediately 
follow one another ; multiply the terms of this 
equation firft by the progreflTion », » — i, » — 2, 
&c. then by the progreffion «-^i, n — 2, n — 3, 
&c. then by « — ?, ;^ — 5, n — 4, &c. till you 
have multiplied by as many progreffions as ther^ 
are units in » — r — i : then multiply the terms 
of the equation that arifes, as often by the pro- 
greffion o, I, 2, 3, ^c. as there are units in 
r — I, and you will at length arrive at a qua- 
dratic of this form ; 

n — r-f-i X n — rx w — r — i x » -r- 2 &c. 
^ r— i >< r — 2 ;k r^3 xr — 4&c*xl>^* 
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^^ »— r X »— IP— 1 X »-^ r--r2x n-rr-a^fc, 
X r X r — I X r--^ i? X r ~ 3 & c. ?< Jg^ 
4.»— r— IX »— r— 2 X »— r — ^ x >g-y-4 
^c. X r+ixrxr—i x^— 2&c. x f SfO; 
and dividing by the faftors » — r— 1» ;>— r-r-^^ 
fc?r. and r— I, r — 2, Csf^. which arc foynd in 
each coefficient, this ec^uation will be reduced to 
h—r + ixn~r X 2 X 1 xDx^-^n—r X ?Xf 
X 2£x4= 2x1 xr + I X tF-^cx^ whofe root^ muft 

l?c imaginary, by § iig.whcn -^'J^^^^ X;^X £* 

is kls than DF. From which it is manifcft, that 
if you divide each term of tlius fcries of fradionf 

7' 2 * 3 ' 4^ ^' r » r+i* 

by that which precedes it, and place the quo* 
licnts above the terms of the equation x» — 
^x«— 1 -j. jBx*~* — Cjv«— 3 &c. = o, beginning with 
the fccond : then if the fquare of any term mul- 
tiplied by the fradion over it be found lefs than 
the produft of the adjacent terms, fome of the 
roots of that equation mull be imaginary quan- 
tities. 

§ 123. An equation may have impoflibic root^ 
aUhou^ none are difcovercd by the Rule : bc-r 
faufe, *^ though rial roots in the given equation 
always give real roots in the equation of limits % 
yet it does not follow, converfefy^ that when the 
iropts of the elation of limits are real, thofe 

of 
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^ the equacbn from wluch it is produficd mi^ft 
fae fuch Ukcwife. Thus th^ cukic 

If? — . 



+ » J 



•jX»^*+» = o, 



has two of its roots imaginary, m + ^— », 
i» — V — «, the third being + j: ahd yet in 
the equation of limits 3^* — 4^ + 2 j X ^* + 
if»* + 2?«» + «> = o> if » — 3]* exceeds 3*, the 
roots of the equation of linuts will he real. Or 

if the other equation of limits 2»f + j x ** 
— 2 X tn"- + 2jw» + » XAr4-3^Xw* + » = o 
is found by multiplying ty the progreflion Oi^ 
— 1,-^2, — 3; it will have its roots real as oft 

^ m^+2qm+n\ exceeds 2m^qx 3? X /»*+»• 
And thp like may be Ihewn of higher equa- 
tions. 

$ 124. The rcafon why this Rule, and per- 
hsips every other that depends on the compari- 
fon of the fquarc of a term with the rcdtangle^ 
of the terms on either fide of it, muft fome'» 
times fail to difcover the impoffible roots, may 
appear likewife from this confideration ^ that the 
number of fuch comparifons being always left 
by unit than the number of the quantities q^ 
. w, », &c,. in the general equation ; they cannot 
include jind fi:^ the relations gf thcfe quantities^ 

PA 
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on which the ratio of greater or kfer inequality 
of the fquares and reftangles depends ; no more 
than equations fewer in number than the quan- 
tities fought can fumifh a determinate folution 
of a problem. 

CHAP. XII. 

Containing a general demonilration 
of Sir Jfaac Newton % Rule for 
finding the fums of the powers of 
the roots of an equation *• 



ET the equation be x — ay^x — oy, 
x—c X ^ — d X &c. = o, or, 

...^Ix^^Kx*^Lx + M i • 
It is known that ji= a + b + c + 1/+ &c. 
B :rz at + ae +aJ + Ifc + bd + cd + 6cc. 
C=aic+ atd+kd + &cc. D = akd + &c. 
the parts or terms of the coefEcients -4 ^> C", 
D, &c. being of i, 2, 3, 4, fcf^. dimenjions \ 
that is, containing as many r^^/j or fa£lars as 
there arc terms of the equation preceding them, 
rcfpeftively. 

* See Aritb. Univerf, pag. 157, Aq4 Chap, H, 
h IS"^!?* of this Part^ 

CASE 
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CASE I. 

Let r be an index equal to », or greater than 
», then, multiplying the equation by x'^— •, and 
Hibftitii^ing fucocfiivcly a^ b^ c% d, &c. for x, 
you obtain 

. . . — . £«''-»+« + Ma^-' S ^* 

^— ^^-' + 5^-»— a^-3 . ..7_ 
... ^ Ii''-«+i 4. Aft'— J— Of 

^ — -^r^-» + 5^'^-* — C^-3 . . . 7 _ 
... — Lr— +» + Af^— 3 "" ^ 

&c. 

Whence, by tranfpolition and addition, this 
Theorem refults, that, in this cafe, '^ the (um 
of th? powers of the roots, of the exponent r, 
is equal to the fum of their powers of the ex- 
ponent r — I multiplied by -/f, minus the fum 
of their powers of the exponent r — 2 multi- 
plied by 5, + the fum of thofe of the exponent 
r— 3 multiplied. by C, and fo on.*' 

It remains to find the fums of the powers of 
the roots, when the exponents are lefs than n 
the exponent of the equation. 

CASE 11. 

If r is lefs than », and H be the coeiBcient, 
in the equation, of the dimenfions r ; that is, if 
H be taken fo that the number of terms preced- 
ing it in the equation be equal to r, or the num- 
ber 
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bcr o(fa£fors in Us parts ibciefgby ahcdefgiy &c* 
equal to r> then the Theorem may be exprdled 
in the followiag manner. 

tf ^ If J^ tr -^ ^ -^ bet. '- 
r+ar-i^ —o'—'j +^^-i1 

l+^r-.l ^^r-.| +i^3J 

)+J^-'\ —d-*\ -^d^X 
1+ &c. J — &c. J 4- &c- J 

.—rX'fi^. 

The cafe wh«n ♦• oc » — i is tafily demon' 
ftratedj for, dividing the equation by x, we 
have 

Ai»-i ^ ;fv»-^ + ^«-3 * 4 . . — ' i + -- = o< 

Whtnce 

^.-1 — ^^«-»4. S**-3.. ..-"I + --i=0« 

' ■ M 

&C. &c. 

and (becaufcL=^+^ + ^ + ^+€sff.) 
we fliali have «"-* + ;J— ' + c"-» + Off. 

t-f&ci — &C.J +&C. J . 

............ +»— -I xi" 

When 



Digitized 



by Google 



When r = n — 2, the dfcmonfttation is de- 
rived from henec, that ji*4-^* + ^*+^* + £5f^* 
= ^* — iB (pag. 142,; as fallowa. 

By $ 32* trtintform the given eqwatioa, '^z* 

. . . - /^ ^ 4- Xx* ~ i> + M J - o ^o 
the d:juatioh 

C .^ B\ ^ , t ?-0J 

the roots a, P, y, *, &c. of which new equa^ 
tion fhall be rcfpcftivcly equal to the recipro- 
cals -^, ij -» Ti &c« of tl^ n)ots of the 
a c u 

original cquatiotr. 

Divide now the ori^nal equation by x^j and 
in the quotient fubftitute for x the roots a^ by 
r, dy &c. fucceflivcly, fo Ihall you havfc 
4«-» — Aa^'-i 4- Bar-^ — Ca^s 

• • . — la '^ K ' 

... — /& + X — y + T» 

&c. 

Add all thefe equations Cc^|tdidr, afid far 
n — 2 fubftitute its value r, and it will be 



£ ^ > = o. 
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t— &C.3 (. + &C.J 

But by the principle adduced from fag, 1424 
** + |3* + / + &c.t£^--jjjr; wherefore^ 

by multiplication and tranfpofition, it will fol- 
low that 

^xL+MxIg: 1=0. 

(.+ &C.3 



aX" — ^Xl. + A^X 



Which equation being fubtraftcd from the pre* 
ceding, there remains 

+ &C.— 8ec. J +&C.J 

(Z&C.3 



I-^rxK=o. "Which was 



to be proved. 

But to jQiew it umverfally^ we may ufe the 
following Lemma: 

«« That 
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" ,That if A is the coefficient of one dimen- 
fion, or the coefficient of the fecond term, in 
an equation, G any other coefficient, H the co- 
efficient next after it ; the difference of the di- 
menfions of G and A being r — 2 : If likewife 
A X G' reprefent the fum of all thofe terms of 
the produdl ^ x G in which the fquare of any 
root, as d^^ or 3*, or ^*, &c. , is found •, then 
yi\\\A'xG'^AG—rHr 

This is a particular cafe of Prop. *VI. concern- 
ing the impojftble roots in Fbil, Tranf. N** 408 ; 
which, by continuing the Table of Equations 
in pag. 140, and obferving how the coefficients 
are formed, may be thus demonftrated. 

Let the coefficient of a term of the equation, 
as D (= abed + abce + abcf; &c. -|- hcdi + bcdf 
&c.) be multiplied by A{=:a + b+c+d+&c.) 
and, in the produ£t Ax D^ fetting afide all the 
terms, A X D\ in which a\ b\ c\ &c. are 
found, any one of the remaining terms will 
arife as often as there are faftors in the terms of 
the following coefficient E. Thus the term 
abcde will arife /w times : becaufc it is made up 
of any one of the five roots (or terms of A) 
tf, bj r, dj e^ multiplied into the other four that 
make a term of D ; the like is true of every 
other term, as abcdf^ bcdef^ &c. each of which 
will 2Lx\kfive times in the produft AxD. And 
the fum of thefc terms abcde + abcdf + &fr. 
making up the coefficient £, it follows that 
\ . U Ax 
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A>iD-AxU=sE. or AxB'=AB — 5E. 
And the fame holds of any two coefEcicnts 
G, H^ whofe dimcnfions arc r — i and r rc- 
ipc(5tively. 

To apply this to the prefcnt purpofe, it is to- 
be obfcrved that, in each of the coefficients 
J^ By C, Dy &c. except the laft My which is 
the produd of all the roots a^ by r, rf, &c. we 
may diftinguifli two fevcral portions or mem- 
bers,, in one of which any particular root, as ay 
ifi contained, but in the whole remaining por- 
tion of the fame coefficient, that particular 
root (a) is wholly abfent.. Now if, for bre^ 
vity's fake, we denote that portion of any co- 
efficient wherein any root, as ^, is contained, 
by annexing the fymbol of the faid root with 
the fign + in.an uncus to the fymbol, as G, of 

that coefficient (thus G^*'^;) and if we denote- 
tie remaining portion of the fame coefficient,, 
from which the fame root a is totally abfent 
by annexing the^ fymbol of the faid root with the- 
figft. — in an uncuj to the fymbol G of the fame- 
coefficient (thus G^"^^) it will appear that (if 
G be any coefficient and H the following ca-- 
cfficient) 

G = G^+'^ + G^"'' and H^+'' = flG^-^ 

G = G(+^^-Gf-^a^.d^+*=3G(-^. 
&c , &c. 

Divide^ 
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Divide now the equation propofed by x^^^^ 
and it will become 



o\ 



. . . + Gx — HA — r + ~5 I 

in which fubftituting Cy hy r, &c. fuccceffively 
for x> we obtain 

a"- — Aar-^ + 5^J'— * — Gj'— 3 1 

' 'a a* ' a' fl» — 'J 

^ — Alr-^ + 5^-* — C^- 3 1 

...+G>-//+^-$ + A_^J = o. 

c' — Ae-^ + 5f^-» — Cf- 3 "1 

But, by the notation here ufed, and explained 
as above, 

-^= / ^^(-' -.«(-* 

a"r» «» 

U a Whence 



■y 
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Whence • 

&c. 
And the fum of thefe = aG^'^" + ^G^+* + 
fGf+' + fcff. = (by this notation) A Y,G' ■=. 
(by the lemma) 



+ &cj 



rU. 



Compare this laft cgnclufion with that ■which 
followed from dividing the propofcd equation 
by *"— »■, and fubftituting for x the roots tf> K 
c, &c. and you will have 

+ &C.— &c. 3 +&C.J 






'=0, 



rH 



vhich was to be demonftrated. 



From 



If 
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From thefe two Theorems Sir Ifaac Newton\ 
Rule manifeftly follows. 

But, to illuftrate the reafoning here ufed"by 
fome examples : fuppofe r = 3, then we are 
to take C for H, becaufe three terms only pre- 
cede C in the equation x"" — -4v«-' + fi^f^* — 
Cx«~3 J^ ^c. = o ; and we are to prove that 



xB+iC. 



That this may appear, obferve that 

—J* X^i-^+r+fcfr.— fcfr. = (becaufe^'jS'= 
^X ^M-^H-^+^^- +i'X^^ + ^^+^^+&?r. 
+ cxac+bc + dc + ^c. + dxad+id+cd+^c. 
+ ^c.) = a' + i?'+c'+ d\+^c. X A—AR 
(by the Lemma) = F+7MrT*+^ + Csfr. 
xA-'AB+zC. 



+ ^' 


+ ^' -* 


+ f' , 


= + f» Jx^— f 


+ ^' 


+ i' \ -i 


+ &C.. 


+ &C.J — &c 



In like manner, a*+^*+t*+<i* + Gff. = 



U3 +fcf<r. 
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+ &?f . + f* X «*+«i+*i+ 6?f . + d* xah+ac+tc 
+ 6ff. + fc?f. = tf' + ^»+f' + </' + ££?c. X ^ 
_ a» 4. *» _f- f» 4. ^ 4- Off . X 5 + ^'C = 



4-£j?f. xB-^-a-^i-^c + d+t^c. xC— 4D. 



£/»/ ^ /i&« S&coNi» Part. 
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TREATISE 



O F 

ALGEBRA. 

PART IIL 

Of the Application of Algebra and 

Geometry to each other. 

CHAP. I. 

Of the Relation between the equations 
of Curve Lines and the figure of thoft 
Curves, in general. 

$ 1. )I(^^)8(N the two firft parts we confidcred 
I ij! Algebra as independent of Geo- 
metry \ and dcmonftrated its ope- 
rations from its own principles. 
It remains that we now explain the ufe of Al- 
gebra in the refolutipn of geometrical problems \ 
U 4 or 




Digitized 



by Google 



\ 



298 ^Treatise of PartllL 

or reafoning about gcc5mctrical figures ; and 
the ufe of geometrical lines and figures in the 
refolution of equations. The mutual inter- 
courfc of thefc fciences has produced many ex- 
tenfive and beautiful Theories, the chief of 
which we Ihall endeavour to explain, beginning 
with the relation betwixt curve lines and their 
equations. 

§ 2. We arc now to confider quantities as 
reprcfcnted by lines -, a known quantity by a 
given line, and an unknown by an undetermined 
line. 

But as it is fufRcient that it be indetermined 
on one fide, we may fuppofe one extrdnity to 
be known. 

IP A P P B 

1^- 1 1 1 1 —4 

Thus the line AB, whofc extremities A and 
B are both determined, may reprefcnt a given 
quantity : while AP, whofe extremity P is un- 
determined, may reprefent an undetermined 
quantity. A lefler undetermined quantity may 
be reprefented by AP, taking P nearer to A \ 
and, if you fuppofe P to move towards A, then 
will AP, fucceflively, reprefent all quantities 
lefs than the firft AP j and after P has coin- 
cided with A, if it proceed in the fanxe direc- 
tion to the place ^, then will hp reprefent a ne- 
gative quantity, if AP was fuppofed pofitive. 

If 
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If AP rcprefent y, and hp = AP, then will 
Ap rcprefent : — x ; and for the fame reafon, if 
AB rcprefent (+ a^) then will Ab (= AB) re- 
prefent ( — a). 

§ 3. After the fame manner, if PM rcpre- 
fent + jy, and you take P/», the continuation 




A p/ B 

i 




of PM on the other fide, equal to PM, then 
will Fm rcprefent — y : for, by fuppofing M to 
move towards P, the line PM decrcafes ; when 
M comes to P, then PM vanilhcs ; and after M 
has pafled P, towards w, it becomes negative. 

§ 4. In Algebra, the root of an equation, 
when it is an impoflible quantity, has its cx- 
prcflion 5 but in Geometry, it has none. In 
Algebra you obtain a general folution, and 
there is an expreflion, in all cafes, of the thing 
required •, only, within certain bounds, that ex- 
preflion reprcfents an imaginary quantity, or 
rather, " is the fymbol of an operation whicb^ 
in that cafe^ cannot be performed ;** and ferves 

only 
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only to (hew the g^tfis of the quantity, and 
the limits within which it is pofliblc. 

In the geometrical rcfolution of a qucftion, 
the thing required is exhibited only in thofe 
cafes when the queftion admits of a real folu- 
tion \ and, beyond thoie limits, no folution 
appears. So in finding the interfeftions of a 
given circle and a ftraight line, if you determine 
them by an equation, you will find two gene- 
ral expreflions for the diflances of the points of 
interfciStion from the perpendicular drawn fi-om 
the center on the given line. But, geometri- 
cally, thofe interfcdtions will be exhibited only 
when the diftance of the ftraight line from the 
crater is lefs than the radius of the given 
circle. 

> 5- " When in an equation there arc two 
undetermined quantities, x and y^ then for each 
particular value of x, there may be as many 
values of jy as it has dimenfions in that equa« 
tion/' 



Mt 
M 






V 
nix. 



A 



-mA 
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So that, if AP (a part of the indefinite line 
AE) reprcfent x^ and the perpendiculars PM 
rcprefent the correfponding values of y^ then 
there will be as many points (M,) the extremi- 
tks of thefe perpendiculars or ordinates^ as there 
arc dimenfions of ^ in the equation. And the 
values of PM will be the roots of the equation 
ariGng by fubftituting for x its particular value 
AP in any cafe. 

From which it appears, how, when an equati- 
on is given, you may determine as many of 
the points M as you pleafe, and draw the line 
that fhall pafs through all thefe points ; ^^ which 
is called the locus of the equaticKi.** 

5 6. When any equation involving two un- 
known quantities (x and y) is propofed, then 
fubftituting for x any particular value AP, if the 
equation that arifes has all its roots pofitivc, 
the points M will lie on one fide of AE ; but 
if any of them are found negative,, then thefe 
are to be fet off on the other fide of AE to- 
wards m. 

If, for Xj which is fuppofdd undetermined, 
you fubftitute a negative quantity, as A^, then 
you will find the points M, w, as before : and the 
locus is npt compleat till all the points M, m^ 
are taken in, that it may.lhew all the values of 
y correfponding to all the poflible values of x. 

" If, in any c^, qoc of <hc values of y 

vanifhy 
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' vanifh, then the point M coincides with P, and 
the locus meets with AE in that point/* 

" If one of the values of y becomes infinite, 
then it fhews that the curve has an infinite arc : 
and, in that cafe, the line PM becomes an 
afymptote to the curve, or touches it at an in- 
finite diftance,** if AP is itfelf finite. 

" If, when X is fuppofed infinitely great, a 
value of y vanifli, then the curve approaches to 
AE produced as an afymptote.'* 

" If any values of y become impojftble^ then 
fb many points M vanifli/* 

§ 7. From what has been faid it appears, that 
when an equation is propofed involving two un- 
determined quantities (x and jj " there may be 
as many interfeftions of the curve that is the lo- 
cus of the equation, and of the line PM as there 
are dimenfions of y in the equation ; and as 
many interfcdions of the curve and the line AE 
as there are dimenfions of x in the equation." 
If you draw any other line LM meeting the 

M 



M 



B 



-niL 




L E 



fame curve in M, and the line A$ in the 

given 
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given angle ALM. Suppofe LM = «, and 
AL =z z; ^^ then the equation involving u and 
Zy fhall not rife to more dimenfions than j^ and 
^ had in the propofed equation, or, than the 
fum of their dimenfions in any of its terms/' 

For, fince the angles PLM, MPL, PML,, 
arc given, it follows that, the fines of thefe 
angles being fuppofed to one another' as /, m, n^ 
PM : ML (y : u) : : I : m-y and confequentlj 

J = — : and that PL : ML : : » : w; fo that 

PL = -, and ;^=:AP(=AL— PL)t=2:— -, 

Subftitute, for J and x^ in the propofed equation 

thefe values — and z , and it is obvious 

m m 

(fince u and z are of one dimenfion only in the 

values of y and x) that in the equation which 

will arife, z and « will not have more dimeit- 

fions than the higheft dimenfion of x and y in 

the propofed equation, or the higheft fum of 

their dimenfions taken together in the ttxtm 

where they are both found : and confcquently, 

*' LM drawn any where in the plane of the 

curve will not meet it in more points than 

there are units in the higheft dimenfion of x 

or y^ or in the higheft fum of their dimenfions, 

in the terms where both are found/' Now 

the dimenfion of the equation or curve being 

denominated from the higheft dimenfion of x 

oxyxa it,*)r from the fum of their dimenfions 

where 
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where they are moft ; we conclude, that " the 
number of points in which the curve can meet 
with any ftraight line, is equal to the number 
that expreflcs the dimenfion of the curve." 

It appears alio from this article, how, when 
an equation of a curve is given expreffing the 
relation of the ordinate PM and abfcifle AP, 
you may transform it, fo as to exprefs the rela- 
tion between any other ordinate ML and the 
^fciife AL, by fubftituting for y* its value 

— » and for x its value % . 

Or, if you would have the abfcifle. be^n at 
any other point B, fuppofing AB = Cj fubftitutt 

for X not z , but z 1- ^. 

tfi tn 

§ 8. Thofe curve lines that can be defcribed 
by the refolution of equations, the relation of 
whofe ordinates PM and abfciflcs AP can be 
cxprefled by an equation involving nothing but 
determined quantities befides thefe ordinates and 
abfcifies, are called " geometrical or algebrmc 
curves.** 

They are divided into orders according to 
the dimenfions of their equations, or number 
of points in which they can interfeft a ftraight 
line. 

The ftraight lines thcmfelves conftitute the 
firft order of lines ; and when the equation 
cxprcflhig the relation of x and y is of one 

dimenfion 
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dimcnfion only, the points M muft be all found 
in a ftraight line conftituting a given angle with 
AE. 

^uppofe, for example, that the equation ^vea 
is ^ — ix — ri = o» and that the locus is re- 
quired. 

Since y = ^"^^ , it follows, that, APM be- 
ing a right angle, if you draw AN making the 




tngle NAP fueh that its cofine be to its fine 
as J to ^ ; and drawing AD parallel to the or-* 

dinates PM, and equal to — , through D you 

draw DF parallel to AN, DF will be the locos 
required. Where you are to take AD on the 
fame fide of the line AE, with PN, if ix and 
cd have the fame fign, but on the contrary fide 
of AE if they have contrary figns. 

§ 9. Thofe curves whofe equations arc of 
Iwo dimenfions conftitute the fecond order c£ 
lines, and the firji kind of curves. Their in- 

terfedtioos 
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terledtions with a ftr^ht line can never exceed 
two, by § 7. 

The curves whofe equations arc of three di- 
menfions form the third order of Hnes, or fe- 
cond kind of curves : and their interfeftions with 
a ftraight line can never exceed Three. And, 
after the fame manner, the curves are deter- 
mined that belong to the higher orders, to in- 
finity. 

Some curves, if they were completely de- 
fcribed, could cut a ftraight line in an infinite 
number of points ; but thefe belong to none 
of the orders we have mentioned ; they are not 
geometrical or algebraic curves, for the gela- 
tion betwixt their ordinates and abfciflcs can- 
not be exprefled by a finite equation involving 
only ordinates and abfciflcs with determined 
quantities. 

510. As '* the roots of an equation become 
impoffible always in pairs, fo the interfeftions of 
the curve and its ordinate PM muft vanifh in 
pairs," if any of them vanifli. 

. Let PM cut the curve in the points M and 
niy and by moving parallel to itfelf come to 
touch it in the point N ; then the two points 
of interfeftion, M and m, go into one point 
of contadt N. If PM ftill move on parallel to 
kfelf, the points of interfcdion will, beyond 

N 
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N, bccdmc imaginary, as the two roots of 




an 'equation firft become equal and then ima- 
ginary. / 

§ u. The curves of the 3d, 5th, 7th or- 
ders, and all whofe dimenficns are odd numbers, 
muft have, at lead, two infinite arcs ; fincc 
equations whofe dimenfions are odd numbers 
have always one real root at leaji ; and confe- 
quently, for every value of a*, the equation by 
which y is determined muft, at leaft, have one 
real root : fo that as x (or AP) may be increafed 
in infinitum on both fides, it follows that M 
muft go off in infinitum on both fides, without 
limit. 

Whereas, in the curves whofe dimenfiors are 
even numbers, as the roots of their equations 
may become all impofliblc, it follows that the 
figure of iJie curve may be like a circle or oval 

X that 
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that is limited within certain bounds, beyond 
which it cannot extend. 

J 12. When two roots of the equation by 
which j^ is determined become equal, cither '' thfe 
ordinate PM torches the curve," two points 
of interfefition, Jn that cafe, going into a point 
of contaft-, dr, " the point M is 2ipun£ium du- 
plex in the curVe j" two of its arcs interfering 
each other there : or, " fome oval th^t belongs 
to that kind of curve becoming infinitely little 
in M, it vanilhes into what is called a punSlum 
conjugatum.*^ * 

If, in the equation, y be fuppofed = o, then 
" the roots of the Equation by which x is deter- 
niined, will give the diftances pf the points' 
y^here the curve meets AE from A." And, 
if two of thofe roots be found equal, then either 
" the curve touches the line AE;'* or, " AE 
paflcs through a punSlum duplex in the curve.'* 
When y is fuppofed = o, if one of the values 
of X vanifh, " the curve, in that cafe, pafles 
through A." If two vanifh, then either *' AE 
touched the curve in A -," or, '' A is ^.punStum 
duplex'' 

" As a pun£lum duplex is determined from the 
equality of two roots, fo is a pun5ium triplex de- 
termined from thq equality of three roots. 

§ 13. A few examples will make thefe obfer- 
vations very plain. Suppofe it is requirecJ to 
defer ibe tJie line that is the locus of this equa- 
tion. 
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tion, y*=iax + ab^ or y^-^ax — alf=> o. Sincd 

^=: + Vtfx + ^^, and fince a and b are given in 
variable quantities, if you aflume AP (■= x) of a 
known value, it will be eafy to find *Jax + ab \ 
and fetting off PM on one fide equal to V^x -{- ab^ 
and Pw on the other equal to PM, the points 
M and m will belong to the locus required. 
And for every pofitive value of AP you will 
thus obtain .a point of the lodus on each fide. 
The greater AP (=;^J is taken, the greater does 
the 'Jax^ab become, and confcquently PM and 
Vm become the greater. 

If AP be fuppofed infinitely greats PM and 
Vm will alfo become infinitely great \ and con^ 
icquently the locus has two iffinite arcs that 
go off to an infinite diftance from AE and from 
AD. If you fuppofe x to vanifh, ^ = i *^ab ; 
fo that y does not vanilh in that cafe but paflcs 
through D and d, taking AD and Ad = V^ 
a mean proportional betwixt a and b. 

If you now foppofe that the point P moves 
to the othef fide of A, then you muft, in the 
^equation, fuppofe x to become negative, and 
J = + ^ab — ax\ io that y will have two values 
as before, while x is lefs than i. But if AB = b, 
and you fuppofe the point P to come to B, then 
ab = ax^ and j' =: + *</ab — <ax = o. That is, 
PM^and ^m vanifti ; and the curve there meets 
the line AE. If you fuppofe P to move from 
X 2 A 
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A beyond B, then x becomes greater than b^ 
and ax greater than aby fo that ah — ax being 




negative, ^ab — ax becomes imaginary, and 
the two values of y become imaginary ; that 
is, beyond B there are no ordinates that meet 
the curve, and confequently, on that fide, the 
curve is limited in B. 

All this agrees very well with what is known 
by other methods, that the curve whofc equa- 
tion is ^* = ^x + ab^ is a parabola whofc vertex 
is B, axis BE, and parameter equal to a* For 
fincc BP = ^ ^: :v, and PM = y, if BF bo equal 
toa\ then the reftangle BN {^=,ab-^ax) will 
be equal to PMj (=JK*0 which is the known 
property of the parabola. And it is obvious, 
that the figure of the parabola is fuch as we 

have 
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have determined this locus to be from the con- 
fidcration of its equation. 

§ 14. Let it be required to defcribe the line 
that is the locus of this equation, xy'\'ay'\'cy 

— he + bx^ or J = — ; — I — . 

Here, it ir plain, the ordinate PM can meet 
the curve in one point only, there being but 
one value of jy correfponding to each value of x. 

When X = o, then y •= — ; — , fo that the curve 

does not pafs through A. If x be fuppofed to 
increafe, then y will increafe, but will never be- 
come equal to ^, fince y =z ^ x f , — , and 
^ -^ . a + c + X 

a -\- c + X is always greater than c + x. If x 
be fuppofed infinite, then the terms a and c va- 
nifh compared with x, and confequently y=^b 

X — =^^; from which it appears, that taking 

ADrr^, and drawing GD parallel to AE, it 
will be an afymptote^ and touch the curve at an 
infinite diftance. ; 

If X be now fuppofed negative, and AP 
be taken on the other fide of A, then fhall 

y:=zbx — 7— ^^^^ — \ and if x be taken, on that 

fide, = r, then fhall y=bx ^— - = o ; fo that 
the curve muft pafs through B, if AB =: c. 

If X be fuppofed greater than r, then will c — x 

become negative, and the ordinate will become 

X 3 negative 
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pegative and lie on the other fide of AE, till a^ 
becomes equal to ^ + r, and then ^ = ^ x *-^f 

F 




or infinite \ fo that if AK be taken =s <i +^, the 
ordinate KL will be an afymptote to the curve. 

If ^ be taken greater than ^ + r, or AP greater 
than AK, then both c — x and ^+ ^— *^ become 

negative ; and confequently j' (= ^ X ^ ) 

bccome$ pofitivcj ftnd (incc x — r is alwaya 

greater 
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grewr th^ pc — a-rc,it follows that y will b? 
always greater t^n ^ or KG? and confequcntly 
the reft of the curve lies in the angle FGH.- 
And, as x increafes, fince the ratio of ^— c to • 
X — ^ '— c approaches ftill nearer td a ratio of 
icquality, it follows that PM approaches to aa 
equality with P]!^, and the curve to Us afymptptf 
GBJ on thf^t fi4^ alfo. 

This curve is the cpmnion hyperbola \ fof 
fince ^X^ + y^;'X^ + f + ^5 by adding ah 
jto both fides bxa + €-\-xz=,yx a-J^c^x + qb \ 
and ^ — y ^ a-^ c -^ xz=iab\ that is, NMxGN 
= GC X BC, which is the property of the com- 
mon hyperbola. And it is cafy to fee how the 
figure of the locus we have been confidering 
agrees with the ggu;*^ ^f the hyp^i?alii. 

§ 15. Let it be required to defcribe the locus 
of the equation cy"- — >cy\ = x' + bx^. Where, 

fince y* =^ —^ — and y = + w ■— ^-- — , it tol- 

•^ c X "^ — ^ c X 

lows that P^ ^d ?m muft be taken equal, on 
both fides, to J ^ - ^ ■. But that when x is 

T ^ X 

taken equal to f^ if AB = r, and BK be perpen- 
dicular to j!^, ihjen BK mufl: ht an afymptote 
to the curve. If x be fuppofed greater than r, 
or AP greater tjhan AB, then c — x being nega- 

tive, the fraftipn -— ^- — wijl become negative, 

and its fquare root impoffible. So that no part 

X 4 of 
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of the locus can be found beyond B. If y be 
fuppofed negative, or P taken on the other fide 



of A, then^ 



=±J^ 



A^hx" 



+ ^ 



, the fign of ;f' 



and X being changed, but not the fign of bx^ \ 
bccaufe the fquare of a negative is the fame as 
the fquare of a pofitive, but its cube is negative : 
while X is lefs than ^, the values of y will be 
real and equal j but \{ x -=.1^ then the values 
of J vanilh, becaufe, in that cafe, 

^ = +7E^!+5 = yEE+I = o, and 

•^ — ^ C X ^ C X 

confequently, if AD be taken = ^, the curve 
will pafs through D, and there touch the or- 
dinate. , 

— X — 

will become imagir.ary^ fo that no part of the 
curve is found beyond D. 

If you fuppofe J = o, then will x^ + ^^* = o 




be 
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be an equation whofe roots are — J, o, o, from 
which it appears that the curve paffcs twice 
through the poiqt A, and has, in A, zpunSlum 
duplex. This locus is a line of the third order, 
BK is its afymptote, and it has a nodus betwixt 
A and D. 

If you fuppofe b to vanifli in the equation, 
fo that cy^ — xy* = x^^ then will A and D coin- 




cide, and the nodus vanifli, and the curve will 
have in the point A a cufpisf the two arcs AM 

and 
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mk) hm touching pne another in that pointt 
AikJ this is the fame curve which by the aa* 
cicnt* was call^ the djfoid of Diocl^s^ the line 
AB being the diameter of the gtn^rpting circlC| 
tnd BK the afymptotc. 

For, if BR be equal to AP, and the ordi- 
n«ce RN be raiftd nr^ceting the circle in N, und 
AN be drawn, it will cut the perpendicular PM 
in M a point of the ciflbid. So that if M be a 
point in the ciflbid, AP : PM : : AR : RN : : 
VAR : ^BR : : VBP : v^AP, and confequently, 
BP X PMj = AP cub. that is, c — x Xy* = x^ : 
which is the equation the locus of which was re- 
quired. 

If, inftead of fuppofing i pofitive, or equal 
to nothing, wc now fuppofe it negative, the 
equation will be cy^ — xy* :== x^^-^kx^^ the curve 
will pafs through D, as before, and taking 
AB=q:A BKwill be its a- 
fymptote : it will have a 
funHum conjugatum in A, 
b^caufe when y vanifties, ■ 
two values of x vanilh, 
and the third becomes e- 
qual to b or AD. The 
whole curve, befides this 
point A, lies between DQ^ 
and BK. Thcfe are demon- 
llrAfeed after the fame nian- 

ocrwip tbefirftc^. 

§ i6. 
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§ 16. If an equation is propofed) uyz::ax'' 
+ kx'^^ + faf*-*, (^c. and n is an even num- 
ber, then wUl the locus of the equation have 
two infinite arcs lying on the fame fide of AE. 
For, if X bccOiTje infinite, whether pofitive or 
negative, x" will be pofitive, and ax'' have the 
fame fign in either cafe'-, and as ax' becomes 
infinitely greater than the other terms ^jtf»-», 
r^*-», fcff. it follows that the infinite values of 
y will have the fame fign in thefe cafes ; and 
confeqyently, the two infinite area of the curve 
.will lie on the fame^ fide of AE. 

But if ;i be an odd number, then when x is 
negative, x" will be negative, and ax'' will have 
the contrary fign to what it has when x is pofi« 
tive \ and therefore the two infinite arcs, in this 
cafe, will lie on diflferent fides of AE, and tend 
towards parts diredtly oppofite. 

Thus the locus of the equation ay=,x* is 
the parabola. A is the vertex, AE b the tan- 




-j^ A 

gent at the vertex; and the two infinite arcs 
lie manifeftly on the (ame fide of AE. 

But 
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But the locus of the equation a^y = xS where 
the index of x is an odd number, has its two 




^ E 



arcs on different fides of AE, tending towardji 
oppoCte parts, as AMK, and Amk. This curve 
is called the cubical pdrahla, and is a line of 
the third order. 

The locus of the equation a^ = ^* is of a 
figure like the common parabola ; and ** all 
thofc loci, in whofe equations y is of one di- 
menfion, x of an even number of dimenfions : 
But thofe loci are like the cubical parabola, in 
whole equations y is of one dimenfion only, and 
X of an odd number of dimenfions." And this 
Rule is even true of the locus of the equation 
jr = y, which is a fl:raight line cutting AE in 
an angle of 45**; which manifeftly goes off as 
the cubical parabola does to infinity, towards op- 
pofite pirts, and on different fides of AE. 
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§ 1 7. If the locus of the equation 7x« = <J»+^ 
is required ; 




If n is an odd number, then when x is pofi- 



«-j-i 



tive, y = ~^ J but when x is negative, then 



.«+' 



jy = — — ^ J fo that this curve muft all lie in 

the vertically oppojite angles' KAE, FAE, (at 
the common hyperbola ;) FK, Ef, being afymp- 
totes. 

But if n is an even number, then y is always 
pofitive, whether x be pofitive or negative, be- 
caufc x''^ in this cafe, is always pofitive; an4 

there- 
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therefore the curve muft all lie in the two ad* 




jacent angles KAE and KAf, and liave AK and 
AE for its two afymptotes. 



J 1 8. Let the equation given be tf*— x* X 
x — b\^ = xy\ fo that;^ = + V?^ X ^• 



If X 5=s o, then y 
becomes infinite, and 
therefore the ordi- 
nate at A is an afym- 
ftou to the curve. 
lfAB = *, and P be 
taken betwixt A and 
B, then fhallPM and 
2m be equal, and He 
on different fides of 
the abfciffe AP. If 
xz=Lh^ then the two 
values of y vanilh, 
becaufc 




Digitized 



by Google 



CJiap.. t. ALGEBRA, ^tl 

b^caufe :i( — ht±o\ ^nd cdnfequetttly, the curve 
paffes thtoirgh B, and has there a funSltm dtt- 
flex. If A P be t^en greater than AB, tJieti 
Ihall there be two values of j^, as before, havmg 
contrary figns, that vahie which was pofitivt 
tefore being now become negative, and the tie»- 
gative value being become pofitive. But ff 
AD be taken t±r a^ and P comes to D, then the 

two values of j vanifli, becaufe V^* — ;f* = o. 
'And if AP is taken greater than AD, then 
a*'^—x^ becomes negative, and the value of jr 
impoffible : and therefore, the curve does not go 
beyond D. 

If X now be fuppofed negative, we Ihall find 

J = + \/^* — x^x l^ + x-T X- If ^ vanifli, both 
thefe values of y become infinite, and confe- 
quently, the curve has two mfinite arcs, on 
each fide of the ajymptote AK. If x increafe, 
it is plain y diminiflies, and if x becomes = a^ 
y vaniflics, and confequently the curve pafies 
through E, if AE be taken = AD, on the op- 
pc^ite fide. If X be fuppofed greater than iz, then 
y becomes imprJfiHe ; and ik) part of the curve 
can be found beyond E. This curve is the con- 
choid of the ancients. , 

If tf = ^, it will have a ^i^w in B, the nodus 
betwixt 6 and D vanifliiag. And if a is Jefs 
than b^ Che l^nt B will beoMne a jHiniHum von- 

From 
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From what has been faid an error may be 
corrcftcd of an Author in the Memoir es de VAcad. 
Royale dis Sciences^ who gives this curve no 
infinite arcs, but only a double nodus. Some 
other errors of the fame kind may be corr 
refted in that Treatife, from what we have 
laid. 

% 19* If the propofed equation can be refolv- 
cd into two equations of lower dimenfions, 
without affefting either y ot x with any radical 
fign, then the kcus Ihall confift pf the two loci 
of thofe inferior equations. Thus the locus of 
the equation y'' — 2xy + ^ + ^* — ^x = o is 
found to be two ftraight lines cutting the ab- 




fciflc AE in angles of 45% in the points A and 
B, whofe diftance AB = b^ becaufc that equa- 
tion is refolvcd into thcfe two y — x = o, and 
y — y + ^ = o. 

After the fame manner, fome cubic equations 
can be rcfolved into three fimple equations^ 
and then the locus is three ftraight lines; or 
may be refolved into a quadratic and Jimple 

equation^ 
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ieqitation, ' and then the lecus is a (^ic fsHion and 
a flraight Um. * 

In general^ " the curves of the fupcrior orr 
dirs iridudfe all the curves of the inferior or- 
ders ; and whatever is demonftrated generally 
erf any one order, is alfo true of the inferior 
oitiers/* So, for example, any general proper- 
ty, of the, conic feftions holds true of twoftraight 
lines as well as of a conic fedion. Particularly 
that. ".the reftangles of the fcgments of paral- 
lels bounded by them, will be always to one 
another in a givicn Jitio/* The general prosper-^ 
ties: 6£the lines- of thfc third order are true of 
threclbaiglit lines, or of any one ftraight line 
and a conic feftion. And,. as the, general pro*- 
perries of.the higher orders of lines defcend 
alfo to thofe of the inferior orders, fo there is 
fcarce any property of the inferior orders, but 
has an analogy to fomc property of the higher 
orders ^ of which it is but a particular cafe or 
inftance* " And hence, the properties of the in- 
ferior orders lead to the difcovery of thofe of 
the fupcrior orders ** ^ 

§ 20. We have Ihewed how to judge of the 
figure of a locus from the confidcration of its 
equation* And when a locus is to be defcribed 
cxaftly, for every value of x you muft, by the 
rcfolution of equations, according to the Rules 

* See the Appendix^ 

-, Y to 
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$n Part It. fiftd th« cofrcfponding values of jr^ 
and determine from thefe values the points ok 
tht locus. 

But there are geometrical c^nftruBmns by 
^ which the roots of equations can be determined 
^ ' more commodioufly for this purpofe. And^ as 
by thefe conftrOiSkions we dtfcribe the loci of the 
^quationsy fo reciprocally when loci are defcrib^ 
ed) they are ufeful in determining the roots of 
equatioAis \ both which ihali be explained in t&e 
following ChdpPtr. Then wie (ball give an ac^ 
count of the moft general and fimple methods 
of de(cr{bihg thefe loci by the methaxiical mo* 
lion of angles and lines, wbofe intofedians 
trace tke curve ; or of conftruding diem by 
finding gedtnetrically any number <;f their 
poifits. 




^: n t 



CHAP. 
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CHAP. It 

0£ tte Qqiiftivdtipn of Qgaaratic 
Eqiiationis; and of the Properties 
of the Lines of the llecond order. 

I 21. 'TT^HE genera] equation exprefling the 
X nature of die Mes of the fecond 
•rder, havidg all its : terms and coefficiently 
W)li be of this ianii ) 

y*+ axy ^ ex 



+ f 3 



Where i^ ^§ c^ d% e^ reprcfcnt any given quan-- 
tid^s with their proper ligns prefixed cq them* 

Jf a quadratic equation is given, ^ y* + pj 
4. J =; o, and, by comparing it with the precqd- 
ingt if you take the quantities Sy ii^ c^ i, e^ apd 
k fuch that ax + k=f^ and ^x* + ^ + r = j^t 
then will the values of j in the firjl equation |be 
equal to the values of it in the fecond ; and 
if the locus be defcribed belonging to the firft 
equation, the two values of the ordinate when 
mx-^-izzp and fx* + ^^ + ^ = y, will be the 
tyo roots of the equation y* +py + i^=o* 

And aA fp^r of the g^y^n quantities a^ h^ e^, 

4f, r, n»y he. \^n at pieafure, aod the fftb^ 

y 2 with 
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with the abfcifle x^ determined, fo that i»^ + ^ 
may be ftill equal to p^ and oc* + dx'\'i = q% 
hence there are innumerable ways of conftruft- 
ing the famfe equation. But thoie hci are to 
be preferred whif h are defcribed moft' eafily; 
and therefore, the circlej of all conic fedions, 
is to be preferred for the refolution of quadratic 
equations. 

§ 22. Let AB be perpendicular .to AE, and 
upon AB defcribe the femicii^de BMMA, .If 
AP be fuppofed equal to x, AB= tf^and PM ::;zyi 
then making MR, MR, perpendiculars to the 
diameter AB, fince AR x RB = RMj, and 
AR=;^, RB = ^— ^, RM=:;r, it follows that 
a — yXy^x*-^ and^* — 
tfj 4. X* = o. And, if aa 
equation jy* — i>y + 2 = 0, 
be propofed to be rcfolv- 
ed, its roots will be the 
ordinate to the circle, PM 
and PM, to its tangent 
AE, if ^=/, ahdx* = j; 
becaufe then the equation 
of the circle j^* — ay + ;v* 
=L p, will be^ changed into the propofed equa- 
tioh /— ;)y^4.g = 0. ^ 

"We hsve therefofe this conftruftion for find- 
ii^iJie r6ots of fhe quadratic eqdatiofv ^ — ^^ 
Ji-q\=i6\ take AB =/, and on AB defcribe a 
^'"' fcmi- 
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.ijepni^irclc j tho) - raife AE perpendicular tq AB, 
and on it take AP = V?» that is, a mean pro- 
portional between I and^j (h ^2 ^^' ^0 then 
dra^ PM parallel to AB, meeting the femi- 
circle in M* M, and the lines PM, PM fhall be 
the roots of the propofed equation. 

It appears from the conftrudion that if 

J = — , or s/q"= if J then AP= 4:AB, and the 

4 
ordinate PN tbuches the curve in N, the two 

roots PM, PM, in that cafe,, becoming equal 

to one anotheii and to PN. 

If AP be, taken greater thaa v^AB, that is, 

when v'j is greater ITian'^/', or y greater than 

^p\ the ordlrt4€es-do not nleet the circle, and 

the roots of the equation become imaginary i 

as we demonftrated, , in another manner, in 

% .5 23.;TbQ r<?ots. of the fame__ equation may 
be ptljerwife thus determined. 

Take AB' = ^q\ and raife Bt) perpendicular 
to AB/, from A as a center with a radius equal 
to ip, defcribe a circle meeting BD inC, then 
the two roots of the equation y"- —py + qz=.o^ 
(hall be AC + CB, and AC — CB. 

For thefe roots are ip + VtP' — ?» ^"^ 
^p—^iP'-qy and AC=4^, CB=\/a3-Tb^ 
r;:^/^/^* — y, and cpnfequently thefe roots are 
AC + CB. 

y 3 The 
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."3 



i— AC + C3} as. ^ denufafbttttd in ^ (kmp 
:i»tnocr. 

§ 34. The roots of the equation y* — 0,"^ 
; = o are determined by this conftrudtion. 

Take AB =!;/>, BC'= v^, dj-aMr AC '; and 
d?e two roo^ fhiiibt j^^kt;. If thi} te, 




ctind term h pcffitive, theft thfe roots fliall Ijc 
— AB±AC. 

And 
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And ftll qmdmic cquttiom bcii^ reducible 
to thcfe four forms, 

it follows, that tHey may be all conftr uded by 
this and tKc lafl tv^ ^rticl^s. 

§ 25. By theft geoipctrical oonftrudions, the 
locus of any equ^oi^ of two dimenfions may 
be defcribed ; fince; ty their m/eans, the values 
oi y that correlpond to any given value of x 
may be determined. But if we demonftrate 
that thefe kct Avt always conic feSlions^ then 
they may more eafily be defcribed by the mc- 
rd;^3:^at ar^ akaady ^nown for defcribing 
4jl|ifife? curves. 

|n order to prove t\A^ we ih^l lenqwre whfit 
4iq9^H)ns i)elong to the diflrer€;nt icmi: f^ions^- 
#nd,. %$ it will uppear liifit tbare is no equation 
/qf PH^ ^cnenfioijs bvjt jnjaft belqng to one qr 
other Qf tjiem, if ^ill follow tb^t they ^re Mi 
(Of ail equation? i«f ;twp dinwpftqn*. 

^ ^6. Let CML be a farabidn \ AE any 
Jinc drawn in the fame plane % and let it be re- 
quired to find the equation ^xpreffmg the rd- 
latijQP betwixt the ordinate 4*M forming any 
given angle with AE, and the abfciflc AP 
¥4 begin- 
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b^nmng ;tt A any ^vcn pdnt in the line AE« 

Mi 




Let CF be the diameter^ of the paraboli 
whofe ordinates are parallel to PM. Draw 
AH parallel to CF meeting PM in N; and 
' AD parallel to PM meeting CF in D. Becaufe 
the angles HAE, APN, ANP, are given, the 
lines AP, PN, AN, will fee in a given ratio tb 
each other : fuppofe them to be always as «, h^ 
^ i let AD = ^, DC = ^ J and feeuig AP (= ^; 

: PN :: tf ; ^, PN z=,^i Jik^ift AP : AN : 3 



axe, orAN = -^. And G]VI = PM — PN 

€1 - ^ . 



NQ 



-X — </. But CG = DG — 
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be = AN — DC = — ,v — (T. If now the pa- 
a 

ramftr f^ ti^ diameter CF.bc called ^ then, 

from the.naturc of the parabola, f xCG=GMf ; 

and'cbnfccjaently, p x ^x-^iz±y^-^ — a\ 
from which this equation follows. 



«" : fi' 






WhcncCi if /any equation is propofed, and fuch 
values of a^ h^. r, ^, e^ p can be aflumed as to 
make that equation and this coincide, then the 
kcus of that equation will be a parabola. The 
conftruftion of which may be deduced fron^ 
this article. 

§ 27. In this -general equation for the para- 
bola, the ci)<?fficient of ^* is the fquarc of half 
the cocfEcient trf ^ j and, ^* when any equa- 
^on is pi;<^ppftd that has^ thfs, property, i\vt2ocus 
of it h 2L parabQla.*^ For, whatever coefficients 
afFeft the three laft terms, they may be made to 
agree with the coefficients of the laft terms of 
the general equatipn, by afluming proper values 
pf py Cj and ^. 

It^ appears alfo, that *« if the locus be a pa- 
rabola, and the term xy be wanting', the term 
(c* muft alfo be wanting." And, " if any 
pquafioi) of ?WQ dimcnfions \>t propofed that 

waqt$ 
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wants both the terms, iry 2«d x^^ k may be 
always accommodated to^ a parabola. 

% 28- The generai tq^ation for the' ^ffljg^ is 
deduced from the property of thie trnfinatses trf* 
any xiiamctcr, in ^ the fame, nianncr^ the con- 
ftruftion of the figure being the fan>e as in 
§ 26. Only, in phcc bf the parahta^ 

Let KML 'be ^n c/liffe whofe diameter is 
m^ having iA ^rdinates parallel to PM, and 




ie% C be die oencer of live ^iffiu SuppoOt 
CL a= ?, and the pmumt^r rf nhat diameter 
=>, thcnOMj : CLj-r-CGj • 5 i> : «. But, « 

in§ 26, (jM=3:y— '—^ — ^a and CG±=--Ar — e\ 



therefore. 






-r-x — tf ; whence this equation-^ 



a' 



►A^ 
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^d if ahy equation is propofed that can be 
piade to agree with this general equation, by af- 
fuming proper values of a^ h^ Cj J, p ahd> j 
then the locus of that equation will be an elUffe. 

5 29. ** in the general equation for the eU 
Upfe^ the terms )f * and y"- have the fame fign : and 
the coefficient of x* is always greater than the 
^uare of half thfe coefficient of xy^ becaufe 

— + ^is^dter than — , And although the 

fcrm xy be wfcntiftg, yet the term x^ muft re- 

piain, its coefficient, }n that ckfe, being -^^ 

which muft be always real and ^ofitive. Og 
the other hand, if an equation is \propoied ii> 
which the coefficient of x* exceeds the fquarc of 
half the coefficient of xy \ w^ an eqjuation that 
wants xy, but has jg* and y\ o£ the fame fign, 
\i% locus ^uft be an itUpfe*^ 

% 30. In the hyperbola, as GMj : CGj — 
CLj 11 p I 2r^, tvhen t is a /^'dhimctfcr, the 
fe^uation that UrJfes^l'differfrohi the equation 
of flie V///j>/f oiily" in the flgns tif the values 
(of CGj and CLj, and confequi^hfly ViH havt 
|hk form, ' 



^x^ 

^^- 






If 
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P 



If / be a fecond diameter, theh ^ will be 
p^tivc. 




.fi.- -a 



,,r In this equation/ it is manifejj that the sopij 
ficicnt of the. term ;v* is Icfs than the fqua'rc of 
half the coefEcient of yy; and, that when, tlic 
tcrrn :xy is wanting» th^ term iv* muft be nc; 
gative. And, reciprocally, •* if an equation is 
propofed wher^ the coefficient, of x^ is lefs than 
the fquare of half the coefficient of xyy \^t 
where xy ^ is wanting and j* and x^ have con* 
trary figns,' the. locus of thit,. equation muft be 
an hyperbola.''* 
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§ 31. The equation of thcl^yperiMa when its 
ordinates PM are parallel to an afymptote doei 
npt come under the general equation of the 
laft article. Let CF and CL; be the afymptotes 
of the hyperbola^ and let PM bc parallel to CL, 




P E 



Then CG X GM will be equal to a ^vcn reftan- 
gk (which fuppofe ga). Then, CG = DG — 

DC = — X — ^ GM = j)^ X — d\ and con- 



b £ 

fcquently y — —x^dx — x— e :=igxa: whence 
this equation. 

Where only one of the ternfls^*, x*, can be 
found with xy 5 and where xy will be found with* 
out either of thefe terms, if AE and AH coin- 
cide, that is, if AE 11 parallel to the afymptote 
DF. 
., ' It 
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It appeirt f^om this, tiut ^* if an etpia^od 
k propofed 0iat cidier hat ;ipic tho only term cl 
two dimenfiofip 1 or, ka(^ ^ and cither x^ or y 
befid0s> but not both of them, the locus o£ ^ 
^uatioii fhatt ba an hyferMa^ one of wfaofo 
ajymptotes Ihail be parallel to jr or ;r according 
as it is jr* or at* that is wantuig in the equa- 
tion/* 

§ 32. From all theft compared together^ it 
follows, that " the locus <?/ anjf equation of tivo 
dimnftons is a conic fedtion." 

For if the term xy is wanting i|i the equation^ 
and but one of the terms j^*, k* is found in it, 
the locus Ihall be z, parabola 1 by § 27. ^ 

If xy is wanting, and x*, j^% have the faincS 
fign, dien the locus is an eUipfe: f izj. — .iBut^ 
when they have different figns, it is an byperbokL 
%^o. ^ r^ :^ . 

If xy is found in the fcquatinn^ and x% y*^ 
are both wan^gt ^r eithey: of them^ %hp k^e it 
zn hyperbola. §3i« 

If both X* J^nd jy* ^re foijnd in it, paving con- 
trary figns^ xhe loctfs is 0^]X ^n hyperbola.- 

If jf* and X* have the fan>e figns, then, accord- 
ing as the coefficient of xf^ iS greater ^ equals of 
kfs Chan thcfquwe of hiJf ^hcjfo^ffieie^ cjf xyi 
the iocus {hall be an^ eBpfu fof^ot^^ of i^*4 
fwbola^ § *7f ^9» S^* • ''-' > 

in ai^y cafe therefore the b£HX 9^ tb(? egu^s 
tion is fomc conic feSion. \ 

§ 33- 
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§ 33. Theie may all be demoriftmted niore 
dircftly irom the confideration of the general 
eqaatbn of the lines of the ftcond. <)rder m 
%2t. For it is obvioos diat^ by \ 25. Part II. 




^ fecoodterm of that general equation may be 
exterminated by afluming 2=^4- ^^7" , and 
it will , be transformed into . 



+ <^— — X^ ^ >5=;^ 






.which>,4?]^^ tran^fing the iaft ttxm^h 






Let 
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Let MK be the locus of the equation : and 
if AH be drawn fo that HE be to.AE as 4^ to 
unit, and AD, parallel to PM, be =.|^, and 
through D the li^c DF be drawn parallel to 
AH, meeting PM in G, then fhaU GM (= PM 
+ PN + NG => + 4^ + ^; ra z. , And if 
AH =/, then DG = AN =/y* 

Suppofc DG = ^, and ^=y. Inftcadof;# 

fubflitute y, and the equation tha&. refults 

will exprefs the rchtioh of GM and^DG^ of 
this Torm> • . " ~ ^ - ^ 

Which will be an hyperbola^ parabola^ or ellipfisf 

according as the term --^^^ is fHj/hrik, noibiv^i^ 

4/ 

or negative. That is, according as — ^ is gfeatefy 

<y«j/ to, or /^ than c. But ^ waii the Coeffi- 
cient of xy \ from which it appears; that " the 
locus is an ellipje^ parabola^ ov Jbyperbola^ zc^ 
cording as the coefficient of x* \\.gt4ater^ equal 
to, or lifs than the fquare of half the coeffi^ 
cient of xy** 

It apj)eaa»s alfo; that « if th6 tcftrf ;)r)L^ 'Want- 
ing, or 4 d= o, thcn-rije locus witt-be^n elUpfes 
parabola f or by peirhola^ aodofdiAg as-thc term of * 
is pdjitivey nothings or negative*^ 
• : Hence 
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Hence likewifc, if the term x^ be wanting, 
and the term xy not wanting, then the term 

^ ~ '^ g* being pdfitivfc (becaufc -^ is always 

pofitive, whatever a or / be) ** /i^ locus muft be 
an hyperbola.'* 

Note^ That part of the figure, on the other 
fide of AE, which is marked with fmall letters, 
anfwerls to the cafe when the coefficient of y^ in 
the general equation, viz. ax + b^ is negative. 

§ 34. The lines of xhtficond order have fome 
general properties which may be demonftrated 
from the Confideration of the general equation 
itprefentihg theni. 

The general equation of § 21. by extermi- 
nating the fccond tertii can be transformed into 
the equation, 

a^^^ ah— 2d , ** 

From which we Have 



-±j'~ 



•4f ^ , ab — 2d , h* 

x«* + -rF- + -r — ^• 



4r " ^ 2/ ^4 
Where the two values of z are always equal, and 
have contrary figns, fo that the line DF, on 
which the abfcifles are taken, muft/bifc6t the 
ordinates, and. confequently, is a diameter of 
the conic feftion. And, as this has been de- 
inonftrated generally, in any fituation of the 
lines PM2 it follows that if any parallels, as 
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Miv, y^m^ be drawn meeting a conk fe£Uon *, 
there is a line DF which can bifi£k all thefe pa* 
rallcb. And confcqucntly if any two p^r^Ih 
Mw, Mw, arc bifcdlcd in G and ^^ the line Qg 
that bifedts thefe two, will bifed all the other 
lines parallel to them, terminated by the curve. 
** Which is a general property of all the conic 
feftions." 

There is one cafe which muft be excepted, 
when PM is parallel to an afyniptc^e, becaufe 
in that cafe it meets with the conic feftion only 
in one point. 

§ 35. In the general equation of § 21, if yoy 
fuppofe J = o, there will remain ex* + iilv + ^ = o, 
by which the points are determined where the 
curve meets the abfcifle AE, 

Suppofe it meets it in B and D, ^nd that 
AB = A, and AD = B. Then fhall — A and 

— B be the two roots of the equation x^ H — x 
+ T = <^i and therefore « + -^ x ^ + 5 a= ^* 




BJAP- 



i 



c c 

* Supply the figure. 

therefore 
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therefore BP x OP = ^* + -^^ + -. Now, it is 

c c 

Inanifeft from the natui^e of equations, that if 
PM meet the curve in M and m^ the rcdtangle 
of the roots PM and Pm (hall be equal to 
ex* + dx'{'e the laft term of the equation 

* J* + tf^ + ex* 

+ ^ + dx ^ = o» 



axy + ex* 1 
ff+dx J = 



Wc have therefore PM >^ P>» =± ^x* + i?? + (? •, 

and i^P X I>P= if* + -;^ + -; fo that PM x 
c c 

VmiB^XDP :icx^ + dx + eix*^^k+-^::e 

t I. That isj " the redbangle of the ordinates 
PM* Pm is to the reftangle of the fegments of 
the abfcifleSj as, in a given ratio, e is to i." 
Which is another general property of the lines 
of the feednd erder. 

lit a iimilar manner the analogous properties 
of the lines of the higher orders arc denM)n- 
feated*. 

^ g6. There are many diflFcrent ways of dc* 
jctibing the lines of the feeond order ^ by mo- 
tion* The following is Sir Ifaat Newton^s^ 

\ Let the twa points C and S be given, and 
the ftraight line A£ in the fame plane. Let the 

* Stic the knwttmx. 
. f See Oimmrm Organica^ Prop. L 

Z 2 given 
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given angles FCO, KSH» revolve about the 
points C and S as poles, and let the interfefti- 
on of the (ides CF, SK, be carried along the 




ftraight line AE, and the interfeftion of th6 
lidcs CO, SH, will dcfcribe a line of thtfecond 
arder. 

Let the fides CF, SK interfcft each ♦ other iii 
Q, and the fides CO, SH, in P: let PM and 
QN be perpendicular on CS, Then draw PR, 
QU; PT,QL; fothatCU(^=CRP=FCG5 
andSLQ^^.STP=KSD. 

The angle RCP = CQU, fince RCP mak<js 
two right ones with RCQ^and QUC. So that 
the triangles CUQ and CKP will be fimilar. 
And after the fame manner you naay demon- 

ftrate 
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flrate that the triangles SLQ, STF are fimilar s 
whenee, 

CR : PR : : QU : CU, 
and ST ; PT : : Ql^ : SL. 

. Suppofe CS = a, CA = ^, the fine. of the 
angle FCO to its cofinc as d to a', fin. angle 
CAE to cofin. as c to a, and fin. KSH to cofin. 
as e to a. Put alfo PM =jy, CM = x, QN = 2. 



ThcnRM:PM::tf:i. PR:VM::^a' + d':d. 
AN:QN::tf:f. SothatRM = J, CR(=CM 

^RM)=.-.l^PR=.^i^. 

Likewife QU = ^jil^\ and CU (=CA 

— AN — NU)=^ — -^2 — -^2. And it be- 
ing CR ; PR :: QU : CU, it follows that 

dx — ay : y^a^-^-d^ : : z'^'d^^d'- : b H -j2. 

So that % = ^ hcxd^T^ 

dc—d*- Xy ^ d^ cXax 
In like manner you will find ST =4 — x -jy, 

PT;=2^SZ, QL^€^, and SL 
{=AN— AS— NL) = « — ^ + ^:=-^^^. But 

■ ec 

Z 3 it 
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it was ST : PT : : QL : SL, th»t is, 4— x — 

Whence QN=g=y_E^^^^^lZ:*^^^L-.. 

And from the equation of theie (wo val^ucs of 
z this equation rtfults i 



+ ae-'tcxd} ' + dee J — ^r x ^ + ^ J 

+ J^f X d + il "—hex a^—fdl 

I_ > X : > jp = o ; 

-^a^exd + c) ^aexdc'T^4*> 

where fincc x and ^ arc only of two dimcnfions, 
it appears that the curve defcribed inuft be 9 
line of the fecond order j or a conic fedtion, ac- 
cording to what has been already demonftrated. 

§ 37. As the angles FCQ, KSH revojve about 
the poles C and S, if the angle CQS becomes 
equal to the fupplement of thcfe given ang^ 
to four right ones, then the an^ CPS mu^ 
vanifli, that is, the lines CO and SH muft be- 
come parallel : and the interfeftion P muft gq 
off to an infinite diftance. And the lines CO 
and SH become, in that cafe, parallel to one 
pf the ajymptotes. 

In order to determine if this may be, defcribc 
on CS an arc of a circle that can have infcribcd 
in it an angle equal to the fupplement of the 
angles FCO, KSH, to four right angles. If 
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t^is arc iheet the line AE in two pcnnts N» n^ 
then when Q^ the intcric6tion of the fides CF, 
SK comes to etdier of thefe points, as it is car- 




ried along the line AE, the point P will go ofF 
to infirtity, and the lines SH, CO, become pa- 
rallel to each other and to an afymptote of the 
curve. 

If that arc only touch the line AE, the point 
P will go off to infinity but once. If the arc 
neither cut the line AE nor tottch it, the point 
P cannot go off to infinity. In the firft cafe 
the conic fc(5tion is an hyprbdk^ in the fecond 
a parabola^ in the third an ellipfe. 

The afymptokSj when the curve has any, are 
determined by the following conftruftion. 

Draw NT conftituting the aftgle CNT = ' 
SNA, meeting SC in T 1 then take SI = CT, 
and always towiirds oppofite parts, and through 
1 draw IP parallel to SH Or CO, and IP will 
be one afymptote of the curve. The other is 
determined m fikc manner, bjr hrittging Qjto n* 
Z 4 And 
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And die two afytnpcoccs meet in die center; 
conftituting diere an an^e = NS«. 

From this conftrudion it is obvious, that 
when die circular arc CNwS touches the line 
AE, the angle SNA being then = SCN, the 
line NT will bcconie parallel to C^\ and there- 
fore CT and SI become infinite, that is, the 
afymptote IP going oflF to infinity^ die curve be- 
comes a parabola. 

% 38. There is another general method of de-r 
fcribing the lines of the ftamd ardir^ tlu|t dcr 
ferves our confideration. 




Inftcad of angles we now ufe three rulers 
DQ, CN, SP, which we fuppofe to revolve 
about the poles D, C, S, and cut one another 
always in three points N, Q,and P j and carry-p 
ing any two of thefe interfcftions, as N and Q, 
along the given ftraight lines AE, BE, the third 
intcrfcdtion P will defcribe a conic iedion. 

Througl^ 
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Through the points D, P, Q, draw DF, 
PM, QR, parallel to AE, meeting CS in F, 
M, R; alfo through P draw PH parallel to 
, PE meeting CS in H. 

Then putting PM=:^, CM=;e, CS=a, CA 
=K SB=f, DF=*, AF=;,AE=J, BE=«f, 
AB (= a — ^ + c)-=zfy. fincc the triangles 

PMH, AEB arc fimilar, therefore PH = ^^ 

MH = 4. SH = ±±A=:fi. And fincc 

CA: AN:;CM:PM,...AN=^! andfince 

5B-.BQ.::SH:PH....BCL=^^;:2_3. 

' But, 

icL:QR-BE:AE,..CiR = 5j,p|L_3. 

Now AN— PF : RQ^AN :: AF : AR; 
that is, 

X * dx-^fy—rad x '* *^ ^ dx-\'fy^^a£ 

And multiplying the extremes and mean?, 
and ordering the terms, it is, 



^^|=.o. 



J^badxl+fxy-- adfk xx+dfkyx* 

In whiqh equation, the figns of fome terms 
pay vary by varying the fituation o( the poles 

and 
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and lines ; but k and j not fifing to more than 
two dimenfions, it appe^tfs that the point P al- 
ways defaibes a tmc feUm* Only in fbme 
particular cafes the conic kBAoti becomes a 
ftraight line. As for example, when D is found 
in the ftraight line CS ; for then DF vaniftring 
the terms dfkx^ -*• adfkx vanifh, and the remain- 
ing terms being divifible by y^ the equation bo» 
comes. 



hfxc-l-fxy^ €14-1^4x1+ fxx+hdxl+f=o. 

Which is a l&ctis of the ^Ji ordir^ and (hews, 
that, in this cafe, P muft dcfcribe a ftraight 
tine. 

After the fame manner it appears that if the 
point E the intcrfeftion of the lines AE, BE, 
falls m CS, then will P defcribe a ftraight line* 
For in that cafe i vaniflics, and the equation 
becomes, 



hyic — l—fxy—fX c— kx x=:o. 

§39. Thcfe two defcriptioBS femfti, each, 
a general method of ** defcribing a line of the 
fccond order through any five given points where- 
of three are not in the fame ftraight line.'* 

Suppofe the five given points are C, S, M, Ky 
N i join any three of them, as C, Sf K, and 
let angles revolve about C and S equal to the 
angles KCS, KSC. Apply the mterfc^lon of 
the kgs CK, SK firft tp the point N, and let the 

inter* 
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inter&ftion of the Iqp CO and SH be Q^i 

fecondly apply the interie£Uon of the fame 1^ 
CKj SK, to the remaining point M, and let the 




intcrfeaion of the legs. CO, SH be L. Dtaw 
a line joining Q^ aqd L^ and it will be the line 
AE along which if you carry the inierie£bion of 
the legs CO, SH, the intcrfcaioa of the other 
legs will defcribe a conic fe£tion paffing through 
the five ^vcn points C, Si M, K, N. , . 

It muft pafs through C and S from the con^ 
firudhoa: when the iatqrieftiop of (pQ, SH 
lcom€3 to A, {he cufv? will paia through Kf 

Apd 
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And when it comes to Q^and L» it pa0es dirough 
N^ M. 




% 40. From the fccond defcription we have 
this folution of the fame problem. 

Let C, S, M^ K, N be the five given points r 
draw lines joining them 5 produce two of the 
lines NC, MS, till they meet in D. Let three 
rulers revolve about the three poles C, S, D^ 
t;fe. CP, SQ, DR. Let the interfedion of 
the rulers CP, DR, be carried pver the given 
line MK, and the interfedlion of the rulers 
SQ, DR be carried through the line NK; 
jind the point P, the intcrfcftioh of the rulers 
* -^ that 
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that revolve abgut C and S, will dcfcribe a conic 
feftion that paiOfes through the five points C, 
S, M, K, N.' 

§ 41. It is a remarkable property of the co- 
nic fcdions, that ** if you affume any number 
of poles whatfoever^ and make rulers revolve 
about each of them, and all the interfedions 
but one, be carried along given right lines, chat 
one Ihall never defcribe a line above a conic 
fe£tion 5? if, inftead of rulers you fubftitutc 
given angles which you move on the fame 
poles, the, curve defcribed will fiill be no more 
than a conic fedion. 

By carrying one of the interfeftions necei&ry 
in the defcription oyer a tonic fe£iion, lines of 
higher orders may be defcribed. 




C V, 
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CHAR III- 

Of the Conftru6tion oi cubic and 
biquadratic Equations. 

§42. ••^TpHE roofs of any equation may 
X be determined by the mterfcdions 
of a ftraight line widi a curve of the feme di- 
meAfions as tfce equation :** or, •* by the intcr- 
ieftions of any two curves wIio(e indices muki^ 
plied by each other give a prodtt£t equal to the 
fodex of the propofed equadon.*^ 

Thus the roots of a hp^MiraHt equadoA 
may be determined by the interfe£tions of two 
conic ic£kioA&; for the equation by which the 
ordinates from the four points in which thcfe 
conic fcftions may cut one another can be de- 
termined will arife to four dimenfions : and the 
conic fedtions may be afTumed in fuch a man- 
ner, as to make this equation coincide with any 
propofed biquadr^ic: {b that tfie ordinates 
from thcfe four imetie&ions will be equal to 
the roots of tl» propofed biqaadratic. 

If one of die intcrfcftions of the conic fedtion 
falls upon the axisy then " one of the ordinates 
vanifhcs, and the equation by which thefc ordi- 
nates are determined will then be of three di- 
menfions only, or a cuhic^^ to which any pro- 
pofed cubic equation may be accommodated- 

So 
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So that the tkree remaming ordinatcs will be 
the three roots of that propofod cubic. 

^ 43* Thoie conic (e^Hons ought to be pre- 
ferred for this purpofe that are moft eafily de- 
fcribcd. They muft not however be both cir- 
€le$\ for their interfeftions are only, two, and 
can fetve only for the rcfolution of quadratic 
equations. 

Yet the circle ought to be one, as being moft 
eafily defaibed ^ apd the farahola is commonly 
ailiimed for the other. Their interfedions are 
determined in the following manner. 




Let 
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Let APE be the common Apollonian para-^ 
bola. Take on its axis the line AB = half of 
its parameter. Let C be any point in the plane 
of the parabola, and from it as a center defcribc, 
with any radius CP> a circle rtieeting the parii!- 
bola in P. Let FM, CD, be perpendicular* 
on the axis in M and D, and let CN, |)arallel 
to the axis, meet PM in N. 

Then will always CPj=CNj+NPy. (47 / 1.) 

Put CP = a^ the parameter of the parabola 
tr^hy AD = f, DC=i, AM = y, PM =y. 

Then CNg = T^\ NPj =yTd^ ; and 
ITflY + yT^" = a' ♦. That is, 

X* + 2CX + c* + y^ ±i2dy + d^ = a\ 
But, from the nature of the parabola, jr* = txf 

and X* = ^ ; fubftituting therefore thcfc va- 
lues for x^ and x, it will be, 

^±^ + y'±2dy + c' + d' — a' = 0. 
Or, multiplying by t\ 



y^+2bc + b''xy^+2db^xy+c'' + d^—a^xl/'z=td. 
Which may reprcfent any biquadratic equation 
that wanf s the fecond term ; fince fuch values 
may be found fpr a^ b^ r , and dy by comparing 
this with any propofed biquadratic, as to make 
them coincide. And then the ordinates from 
the points P, P, P, P, on the axis will be equal 
to the roots of that propofed biquadratic. And 
* X (x.c is the diflrercnccs of k and c indefinitely, which- 
ever of the two i« greatcft. 

this 
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this may be done, though the parameter of the 
parabola (viz. b) be given 2 that is, if you have 
a parabola already made or given, by it alone 
you may reiblve all biquadratic equations, and 
you will only need to vary the center of your 
circle and its radius. 

§ 44. If the circle defcribed from the center 
C pais through the vertex A, then CPj=CA^ 
fe: CDy + ADy, that is, tf* = </*+ c*5 and the 




laft term of the biquadratic |^*+ J* — «*) will 
vani(h 5 therefore, dividing the reft by y^ there 
arifes the cubic, 

. y^'*±2Fc + ¥xy±2dh*z=:0. 

Let the cubic equation pfopofed to be refolved 

^ y^* ±,py ±,r :=i o. Compare the terms of 

A a thcfc 



Digitized 



by Google 



356 ^TjtBATi$E ^ Partl0» 

ihcTetwoeqiuttianSt aod you will have Hh 2^^ ^ 
**=+^> andi2^* = + r, or, +r = — + -4t 

and J=s+*7r- F«>m which you hwe thb 

conftruffidi of the cubic ^'*i^ i r = o,, by 
means of any given parabola APE. 

•* From the point B take in the axis (forward if the 
equation has — f^ but backwards ifpis poji- 

five) the line BD = -^ -, then raife tbeperpen- 

dicular DC — -rn ^»^ A^^ C, defcribe a 

circle paffing through the vertex A^ meeting 
the parabola in P, fo fhall the ordinate PM 
be one ef the roots of the cubic y^^^py i r 
= 0/* 

Thcf ordinatcs that ftand on the fame fide of 
the axis with the center C are negative or af- 
firmative, according as the laft term r is nega- 
tive or affirmative 'y and thofe ordinates have 
always contrary figns that ftand on different 
fides of the axis^ The roots are found of the 
fame value, only they have contrary figns, when 
r is.ppfitive as when, it is. nc^tl'i^c:; rfir feoondi 
teem of the equation, being; wanting.; whicb 
agrees with what has been demonftlHtsA dfcr 
where. 

§, 45. In refolving numerical equations,, you 
may fugpofe the pararpetcr b to be unioj Aen 

AD 
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ADi=- + ipyMdTiCt=i if i Old the ordinate 

PM mufl: then be meafured on a fcale where 
the parameter^ or 2AB is uftit. Or, if it be 
more convenient, tht parameter may be fuppofed 
to exprefs 10, 100, fcfr. or ainy other number, 
and PM will be found by meafuring it on a 
fcale where the parameter is 10, 100, fffr. or 
that other number. 

§ 46. " When the circle meets the parabola 
in one pokni only befidcs the tertex, the equati* 
on has only one real root, and the other two 
imaginary. 

Thus, if the equation has + /, or if D falU 
on the fame fide of B at A does, the circle can 
meet the parabola in two points only, whereof 
A is briefs and therefore the equation muft 
have tw6* hftaghiurf roots( \ z^ we demonftraterf 
elfewhere. If the circle tmcb the para^la^ then 
two roots of the equation are equal. 

It is alfo obvious, diat the equation mnft ne« 
cieffarily liarfr «fr real root v^ becaufe,. feicc the' 
circle meets thtparahda iit cbe vertex A, ie mufl: 
meet it in one other poinr, at Icaft, befideg A. 

§^ 47. Inftfead of making the circle pafs thro* 
the veYfeot A, you may fop|!)ofe it to pafs through 
fome other givfen point in the parabola, and that 
irtttJrfcdtSon being given, the biquadratic found 
for determining the interfe£lions, in § 43, may 
be reduced to a cubic. 

A a 2 Let 



Digitized 



by Google 



35? A Treatise ^ Partlll. 

Let the ordinate belonging to that ^vea 




intcrfcdion be g^ then one of the values of j 
being I*, it follows that the biquadratic 

will be divifible by jr — g^ which will reduce it 
to a cubic that fhall have the fecond term. And 
thus we have a conftruftion for cubic equati- 
ons that have all their terms. 

For example, let us fuppofe that the faTa-^ 
meter is AG, and the ordinate at G is GF meet- 
ing the curve in F. Suppofe now that the 
circle is always to pafs through F ; then fhall 
CFj (= a^) = CH? + HFj = 7+11* + J+^* 
= c^ + d^±2cb±2dt + 2b\ anfl fubftituting 

in 
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359 



in the equation, of § 43 this value of a\ it 
becomes 



+ ^* S 






Where c in the laft term has a contrary fign 
to what it has in the third, and d a contrary fign 
to what it has in the fourth. 

This biquadratic has FG, or b^ for one of 
its roots ; and being divided by ^ — b^ there 
arifes this cubic, 

y^'\'by':±2cb\ ±2db 



±2cbl ±2db^'\ 
-^ib^i^ ± zcb"- \ — Oy 
+ %b^ J 



having all its terms compleat. If C had been 
taken on the other fide of the axis, the fecond 
term by* had been negative. 

I-.et now any cubic equation be propofed to 
berefolved, asj?'+^* + 2y — ^=0. And, by 
comparing it with the preceding, you will find 



/= b 



1 



whence i 



f3 = ^. 



r 



^P 



^herefore^ to conJiruSl the propofed cubic equation 

J^' + ^* + gy — r = o, let the parameter of your 

parabola be equal to pj take^ on the axis from 

A a 3 the 
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the vertex A^ the line AD znf — ^, mid raife 

the perpendicular DC = -^ + -^, and from C 

defcribe a circle thrmgb F, meeting the parabola 
in Pj fo Jhall the ordinate PM be a root of tbe^ 
ifuation. 

If the equation propofed b a lUeral a\\xm- 
onof thisformy+j5)r*+/jy--^)>V5?o, having 
all the term$ of three diineD(joas» then thb con- 
ftruftion will only require AD = i -.- 4f , alid 

§ 48. If you fuppofc the parabola to pais 
through any point F taken any where in the 
parabola (vid. Fig. preced.) and call the ordinate 

FG=s;^ then ^ — -y I 4. ^ — ^* = ii% and the 
general biquadratic may have thi« form. 






But fince FG = ^ is one of the valacs of y, 
the equation will be divifible by j^ — ^, and the 
quotient is found to be this e^kk, 

f 






Which 
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3*1 



gives FG (or/j = ^ AD (= c) =r O^^Hif, 



^aDC==:^ = «l2^, 



And by this con* 

ftrtaSaofi tbe roots of a compleit cxAHc ^vtation 
may be found by any parabola whatlbevcr. 

§ 49. It is eafy to fee from $ 43. liew €0 
toiiftl-aft the rofots of a biquadratic by 4ny pa- 
rabola, after the fecond term is taken aWay. 
But <' the roots of a biquadratic may be deter- 
mined by any parabola :'* only tfaey. cannot be 
the Drdinates on the axis, but ^* may be equal 
to the perpendiculars on a line parallel to the 
^Dds, nroediig the parabola ih F, CD in H, mid 
PM in L.'* 

Ijet F6 be an ordinate to the ans in G ; and 




the reft remsuoing as before, let FLsif, FL=j, 

A a 4 the 
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the parameter = ^, CP 55 «, FH ssf, CH = 4y 

And fincc PMj (= PL + HD^ = AM x ^, 
therefo re j»» + ity + *» = AG + f L x * :?= 

■T- 4- ^ X ^ ; and confequendy j^* + 2gr == ^y. 

But CNj + NP^ = CPj -, that is, J^* + 
^— ^* = tf*. And fubftituting for ;?* and x their 

values ^ A^^ and^^-i^. you will find 

which is ^ complete biquadratic equation. And 

by comparing with it the equation 

j^ + ^» + h(if -r- h^ry — h^s = o, you will find 

FG ( = .; = ^^ FH ( = = ML±^^ 
HC (= rf; = *!^/f, and CP (=a) = 

V^'j + r^ ;[- ^* ; which gives a general conftruc-r 
tion for any fuch biquadrapc equation by any 
parabola whatfoever. If the figns of/, ^, r, 
or Sj are different, it is eafy to make the ne- 
ccffary alterations in the conftruftion. Eoc.gr. 
If / is negative, then FG muil Ipe t^ken on the 
other fide of the axi^, 

If you fuppofe the circle to pafs through F, 
the equation will become ^ cuhiii having;^ all ijs 

* terhls ; 
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tennj : the laft term c'-. + d'-'-^ a* x h'- vanilh- 
ing, becaufe then c* + i' = a*. It will have 
this form, " 

&nd then ** the conftruftion will give the roots 
of a compleat cubic equation/* 

§ 50. We have fufficiently Ihewed, how the 
roots of cubic and biquadratic equations may be 
conftrudcd by the parabola and circle ; we (hall 
now fbew how other conic feftions may be de- 
termined by whpfe interfediom the fame roots 
may be difcovercd* 

Let the equation propofed be jy** + hfy^ + 
h^qy — ^^r = o ; and let us fuppofe, that, 

I^ ix=y*'^ th^n (hall we have by fubfti^ 
tution of ^*;v* for jyS and dividing by tp^ 

2**. y* -| — X* + ~y = o, which has 

P P P 

its locu$ an ellipfi. Then by fubftituting (in 

this laft) bx for j*, and multiplying all the 

terms by ^^ you fipd, 

3"*. x^+px+qy — ^r = o, an equation to 
a parabola. Then, adding to this equation 
y* — ^^ = o, you. will hav?, . , 

4P. ^* +/ J3^ C ^ + 2)^ ^:^^ = o, an cquar 

p'on %o a circle. 

The 
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TTic foots of dw cquadon jr^4-%*+*^ 
— ^ V s o may be determined by the interibc- 
tion of any two of thefe hci ^ as for exatxq^ 




by the interfcAions of the eUipfe that is the locus 

of the equation jf* -j- -r^* + -h — "^ = ^ 

and of the circle which is the locus dt 

:^ + J^Il'^f^ + 3'J^ — *f = 0, from which we 

deduce this conftru£lion« 

Ut 
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Lei AB ie fbe Mis if m f^i$fi$^ tpud to 

J Ir +**!,/?/ G he the center of the ellipfe^ 

and the axis to the parameter as p tob. A G» 
rdfe a perpendictdor to the axis^ and on it take 

GDzzi-^^ and on the other J!de in the perpendicular 

coniinuedtakeGKzsiiqX^^* iM DE and 

P 

KChparalkttPtbeaxis: taike KC a jh ^ jp^ 
and from Casa center^ with the radius 'JDCq-^br 
defcribe a circle mcetit^ the eUipfe in P, and the 
ordinate PM^ on the line DE^ fiallbe one of the 
roots of the propofed equation. 

Let PM {=y) produced meet AB in R, ttd 
KC in N; and adling DM = jr, then CPj =: 
NPf + NCg, that is, ir + -p* — Ti* + ir 
^br^^ — \:p — ^1* 4.^^4.^1*5 and therefore, 

l^;^*4^*4 jyT^r^— ^ = ©> thccqua- 
tion to the circle, which was to be conftru£ted. 

A ndfincc PRj : GBj — 0% iibip^ there- 
fore;^ 4-|j :^4-~ — ^* ::b :pi andcon- 
fequently, 

2\ y* 4 ^* + -/jy — ~ = o f ^hich tr 
the equation that was to be confttuded. 

Now that their interfedions will give the 
roots required, af^ars thust 

For 
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For ^* in the firfl: equation fubftitute the va- 
lue you deduce for it from the fecond^ 'oi%. 

If — Ly^ _ qy^ and there will arifc 

that is, -^ = y, and ^* = -^5 which fubftitut- 
ed for x^ and x in the firft equation, gives 

^4-J^* + ^— ^X y + ?;^~^r = 0; that 

is, /♦ 4^ %* '\-yv "- ^'^ = o. 

And if you fubftitute them in the fccond 
equation, there will arife 
h ha h*r 
rj^y: + r+'p ]^ = ^> thatis,.y** + 

^// + h''qy.i-ib^r=, o, the very fame as before; 
and thus it appears that the roots of the equation 
y^* — %* 4- b^p — ^ V = o are the ordinates 
that are common to the circle and ellipfcy or that 
are drawn from their interfedlion, 

1 End of tbcTHiKO Pai^t. 
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appendix: 

D E 

• Linearum Geometricarum 
Proprietatibus generalibus 

TRACTATUS. 



<y>{yiy{y{yg>gy8ygpy ?i3 ogpqy;^^ 
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DE 



Line ARUM Geometricarum 

Pk^oprictatibuis generalibus. 




»E lineis (ecundt ordims, five fe^onibus cci- 
nicis^y fcri{rferunt uberrime geometrae re- 
teres & recentiores ; de figuris quas ad fix-* 
periores linearum ordines referuntur pauca 
& exilia tantum ante Newtonum tradlderunt Vir 
illuftrifiimus, in Tra£tatu de Enumeratiom Lituarum 
tirtli Ordittisy d6£trinam hanc, cum diu jacuiflet, ex* 
cittvit, dignamque efle in qua elaborarent geometrts ' 
oftenditi Expofids enim harum linearum proprietati- j^ 
bus generalibus, qo^ vulgatis iedionum conicarum af- 
fedionibus funt adeo affines ut velut ad eandem nor- 
mun compofitac videantur, alios fiio exempio impulit 
ut analogiam. banc five funilitudinem quae tarn di- 
verfis intercedit figurarum generibus bene cognitam 
id fads firme animo conceptam atque comprehfmram 
habere fiuderent. In qua illuflranda & ulterius inda- 
ganda curam operamque merito pefuerunt ; cum nihil 
fit omnium. que in difciplinis pure mathemadcis tra- 
Santur quod pulchrius dicatur, aut ad animum veri in- 
veftigandi cupidum oble£tandum apdus, quam rerum 
lam diverfarum confepfus five harmonia, ipfiufqu/e do- 
£lrinae compofido & nexus admirabilis, quo pofterius 
priori convenit, quod fequitur fuperiori refpondet, 

quaeque 



Digitized 



by Google 



370 D^LinearumGeometricaruM 

4Uaequ€ fimpliciora funt ad magis ardua viani ton&znt^t 
aperiunt. 

Linearum tertij ordinis |lroprietates generales a ^nu* 
mo traditae parallelarum fegmenta & afymptotos pie- 
rxque fpedant. Alias harum affecEliones quafdam dn 
terfi generis breviter indicavimus in ttz&ztu de ivtjd-^ 
onibus nuper edito. Art. 324, & 401. Celeberrimus 
Cotejius pulcterrimam olim detexit linearum geometri- 
carum proprietatem, hucufque ineditam, quam ab(que 
demonftratione nobis communicavit vir Reverendus D. 
Robertus Smithy CoUegii S. S. Trinitatis apud CantabrigH 
enfes PrJ9efe£tu8, dodrina operibufque fuis pariter ac fide 
& (ludio in amicos clarus. De his meditantibus nobis 
aliaquoque fe obtulerunt theoremata generalia; qu^ cum 
ad arduam banc geometriae partem augendam & illu- 
ftrandam conducere viderentur, ipfa quafi in fafciculum 
congerenda & una ferie breviter exponenda & depaon- 
liranda putavimus. 

SECTIO I. 

De Lineis Geometricis in genere. 

§ r. T Inese fecundi ordinis feftionefolidi geometricf| 
X^ coni fcilicet, definiuntur, unde earum proprie- 
tates per vulgarem geometriam optime derivantur. Ve^ 
rum diverfa eft ratio figurarum quae ad fuperlores line- 
arum ordihes referuntur. Ad has definiendas, earumque 
jiroprietates eruendas, adhibendae funt aequationes gene^ 
rales co-ordinatarum relationem exprimentes. Reprae- ' 
fentet x abfciffam AP, y ordinatam PM figurae FMH, 
denotentque a^ *, f, 1/, 0^ &c. caefRcientes qaafcunque 

inva- 
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ittvktiabiled 5 &(dato angttlo APM fi rdatio co-ordina* 
larxim ^ii y dduiiatur aequatione quae^ prseter ipfas co- 
ord^taii. (bias tnvolvat coefficienles invariabiles, linea 
FMH geometrica appellatur ; quae quidem au£toribui 
quibufdam linea algebratca, aliis linea rationalis dicitur. 
Ordd autem lineae pen4iib«b indice altiflimo ipfius ^ vel 
j^ in teqninis aequationif ^ fra£lionibus & furdis liberatae^ 
yel yk fiimma indicia utriiafque in termino ubi baec fuouna 
prqdit maxima* ^T^rmini enim x\ ^, f ad fecundum 
ordinenApariter referunturj termini *% x^y^ 4ry%y ad 
tertiiun. Itaque eqiiati^^ as ax -{-hi fyfcy^^x — bz=. o» 
eft primi ordinis.&, defignat lineam five locum primi 
ordinis, quae quidem femper reda eft. Sumatur enim Fig. t^ 
in ordinata PM rc^a PN ita ut PN fit ad AP ut + « 
ad ttnitatem \ conilituator AD parallela ordinatae PM 
aequalis ipfi 4- ^i & duda DM parallela redse AN erit 
Ipfuf cui aequatio proppilta refpondebit* Nam PM ss 
PN + NM=s (^ X AP + AD) tf* + ^. Qiiod fi 
aequatio fit formae j^ =: ^^ — *• ^ vel j' = -* ^jr -|- ^, refta 
AD, vel PN, fumenda eft ad alteram partem abfciflae 
^ I contrarius enjm re<fhirum fitus contrariis coefici-* 
entittoa figois refpondet« Si valores affirmativi ipfius # 
defignisnt re<^ ad dextram du<^ a principio abfciflae A, 
Valores negativi denotabunt re£bis ab eodem principio ad 
fxxix&xzm du£bs y ic fimiliter fi valores affirmativi ipfius 
^x)rdinatas repraefentent fiipra abfciflam conftitutas, ne« 
^tivi defignabunt ordii^atas infra abfciflam ad oppofitas 
partes du£bis« 
.^uatio generally ad lineam (ecundi ordinis eft hujus 

format 

yy — axy + cx*:szQ 
^ by — dx 
+ i 

fib & 
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ic sequado generalis ad lint9B fertit oitlinis eft jf^ — * 

fis a £c fiofiKkus i^«attonibttS definiiuitiir Unem gco-^ 
fMtricac Aiperierum ordinum. 

$ 1. linct g^oRietrica 6(d9#t<;ere poleft reOifr bi tot 
fmndis qtiot Tunt unttates ki nmnero qui acquacioms rel 
lineae ordinem defignat, & minqoam in pluribus. Oc«» 
curfiis curvae 2e sMbiflae AP ddintufiCur ^^onendo /=r Oy 
<]uo ki cafu reftac tantum ultknus sqaacionis (ermiRua 
4|iiein y non ingreditur. Lmea tertii ordkiis tx* gr, oc* 
currk abTciflse AP ciMit fi^-^g^^-^hx — ^=o, cujos 
a^uattottis fi trea radices flnt realet abfctfla fecabft cor- 
vam in tribiis ptm£lis. SimiKter in squatione genenJi 
ctfjufeunqueerdinis index akifimns abfetflae x a^quafis eft 
nmnero qtn tinest ordinem defignat, fed nunqaam nn* 
pry adeoqoe ts eft numerus maximus occarfmim axrrm 
cum abfcifla vel alia qUavhredi. Cum autem squa- 
^ionis cubicse mitca ialtem radix fit femper realts, idem- 
tjue conAet de. asquatione quavis <[uintt aut imparls cu* 
jufVis ^dints {quomam radix qosevis ima^inaria aliam 
»ecei&rto femper habet comitem), fequttur Kneam terrii 
«rat imparts cujufcunqtie ordinis rcdam quamyis afymp* 
totD non paraSelam in eodem piano tlufbm in uno iU* 
tcm pundo neccflario fecare. Si vero rc^ fit afymp* 
toto paralltla, in iioc cafe vdgo-dicitur cunrae oc cur - 
Ycread^liftantiamtnfinitam. Lineaigiturtmpari^CQJu{^ 
cunque ordinis duo faltem habet crura in iniinitttm pro* 
fredieaaia. JEquatioids aatefn qu ad it a c fane vel paria cu* 
jufvis ordinis radices omnes nonnunquam fiunt imfe^nt* 
rise, adeoque fieri poteft ut Te3a in piano lineie parts 
ordinis du£la eidem nulttbi occurrat* 
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^ ^ i^lquatiQ feeitn^i a^ fuperioris cujufcuh^ue or* 
oinis quandoque componitur ex tot fimplicibus, a furdii 
Ic fra(9J6 Ubcirati^ in h mutuo du£Hs quot funt ipfius 
icquationis propofitae dimendoiies \ quo in cafu figura 
FMH Hon eft curviltnea fed conflatur ex toddem reftis^ 
quae per fimplices fiaa asquationes defintuntur ut in Jttt.u 
Similiter fi ^uatio cubica comppn^tur ex sequationibus 
duabus iii fe mutuo du£tis^ quaruoi altera fit quadratic^ 
altera fii:nplex, locus non erit linea tertji ordinis pro- 
prle fie difla^ fed (tOxo cbnica cum xt&i adjundi. 
Proprictates itmeiti que 4^ finei s geometricts fuperiorum 
ordinum generallter demoiiifirantur) affirmandae fuj^ 
quoque d( lineis inferiofum ordinum, mode numeri 
haram ordines defignantes fimul fumpti numerum Com- 
plex ()ul o^in^ 4)1^ fup^ioris lines denotat. 
Q^2t ,de lip,eis tertU ^dinb (ix. gn) genelralker demon* 
ftrastur affirmanda quoque f^nt d^ tribus rc£tis in eodem 
piano duSis^ vel de feSione contca cum unica quayit 
ted:a fiiiivil in eodeih piano defcriptis. Ex altera parte, 
4hx uUfi fiBfflSffi poteft profH'ietas linese ordinis inferiorlt 
&ti$ geaaralia cui noo refpondeat affedio aliqua Nnearum 
fVrdioMm fupedoruQEi^ Has autcm ex iilb derivare non 
t^ cujufvis diligpntbe. Pendet hsec dodriaa ihsigna ex 
t^arte a proprietatibus aequationum generalium, quas hie 
mtepaorarc tantum ^piivenit, 

$ 4* In aeqaatione quacunque coefficiens fecundi ter* 
tnkii ^equMis ,eft e^EoMKii quo fiimma radicum {dErmiiti* 
Varum fuperat fummam negativarum ; & fi defit hie ter- 
mkmf iftdicio eft iummas radicum afiraiattviiruin tf 
negativarum, vel (ummas ordinatarum ^d diverts partes 
abfciflae conftitutarum, aequales cfle. Sit aequatip ,ge- 
nerahs ad lineam ordinis », 

Bb 2 if« 



Digitized 



by Google 



374 D^'LiNEARUM Geometric ARUM 



fupponatur « =: j^ — , pro jr fubftituatur ipfius va- 
lor x^ -{ ; & in xquatione transformata decrtt fe^ 

cundus terminus a*~' j ut ex calculo, vel ex ioStniA 
aequationum paflim tradita facile patet : & hinc quo- 
que conilat, quod per hypothefin valor quifque ipfius 
u mrnor fit valore correfpondente ipfius y diflFerentia 

' ; unde (equitur fimiinam yalorum ipfius u (quo- 
rum numenis eft n) deficerc a^fiimma valorum ipfius 
y (qua fumma eft ^at -f- ^) differentia Xnz=.ax 

4-*, adeoque priorem fiimmam evanefcere & fecun- 
dum tcrminum deefle in aequatione qua u definitur, vel 
aflirmativos & negatives valores ipfius u aequales fiim- 

mas conficerc. Si itaque fumatur PQ^=: , ut fit 

QM=:tf, re£be ex utraque parte pundi Q^ad curvam 

terminatas eandem confident fiimmam* Locus autem 

Fig. J. piudi Q^eft refta BD quae abfciffam ultra principium A 

produ£lam fecat in B ita ut AB = — , & ordinatam AD 

ipfi PM parallelam in D ita ut fit AD = — x £ ; fi enim 
haec reda ordinatas PM occurrat in pundo <^ erit 
PCtad PB (feu A + ;r) ut AD ad AB vel a ad ir, adeo-' 

quePQ = - , ut oportebat. Atque hinc confiat 

re€tam Temper duci pofTe quae parallelas quafvis lines 
geometrip^ occurrentes in tot punflis quot ftint figurae 
dimcnfiones ita fecabit ut fiimma fegmentorum cujufvis 

paral- 



Digitized 



by Google 



Digitized 



by Google 



U^^te^.l 




Digitized 



by Google 



Pr^prietatibus ger^ralibus. 375 

parsJlelae ex una fecantis parte ad curvaafitertnlnatorum 
Temper a^qualis fit fummae regmentorum ejufden^ ex al- 
tera fecantis parte. Manifeftum autem eft redam quae 
duas quafvis parallelas hac ration^ fecat ipfam necef&rio 
efle quae fimiliter alias omnes parallelas fecabit. Atque 
hinc patet Veritas theorematis Newtomanif quo continetur 
proprietas linearum geotnetricarum general is, nottffimae 
fedionum conicarum proprietati analoga* In his enim 
re6b quae duas quafvis parallelas ad fe£lioneni termi* 
natas bifecat diameter eft, & bifecat alias omnes hifce 
parallelas ad fedionem terminatas. J^t fimiliter reda 
quae duas quafvis parallelas lineae geometricae oc(;ur.- 
rentes in tot pun£tis quot ipla eft dimenfionum ita fecat 
ut fumma partium ex uno fecantis latere confiftentium 
& ad curvam terminatanim aequ^lis fit fummae partium 
ejufdem parallelae ex altero fecantis latere confiftentiuni 
ad curvam terminatanim, eodem inodo fecabit alias quaf* 
vis redas his parallelas. 

§ 5. In aequatione qaavis terminus ultimus, five is 
quern radix y non ingreditur, aequalis eft fado ex radici- 
bus omnibus in fe mutuo du£tis ; unde ad aliam ducimur 
non minus generalem linearum geometricarum proprie- 
tatem, Occurrat reSa PM lineae tertii ordinis in M, Fig. i. 
mSifj^ eritque PM X PmX P/iA=/;r^ —gx^ + *^— 'f- 
Secct abfcifla AP curvam in tribus punSis I, K, L ; Sc 
Ah AK, ALf erunt valores abfciflae at, pofita ordinata 
^ =: o, quo in cafu aequatio generalis dat fx^ — gx* -fr 
^*'— yf =0 pro his valoribus determinandis, ut in Art. 2. 

* • £^* IfX k 

cxpofuimus. .^iiationis igitur;r'~ -7- + -r: — >== 

tres radices funt AI, AK, AL ; adcoque haec sequatio 

componitur ex tribus x — AI, x -^ AK, x — AL in 

B b 3 / fe 
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fe mutuo d^K^is ; clique x^ — -Sy- + -jr r =» 

jr^AlxJ^^"Kx^r^^^AE = AP— AlxAF-Alt 

XAP-^AL::^ IP X KP X LP = -i X PM K P« 

K PfA> Fa^um igktir ex ordinatis PM, P#r, P^ ad 
punAiim P H curvam terminatis eft ad fadum ex feg^ 
mentis IP, KP, LP, rcft^ AP, eodcm punSo ic cun 
va terminatis in ratione invariabiH coefficientis / ad 
unitatem. Simili ratione demonftfatur, d?ito angulo 
APM> fi r«fi» AP, PM, lineam geomctricam cujuf? 
vis ordinis fecent in tot punAis quot ipfa eft dimenfior 
num, fore femper faAum ^x (bgnientti prioris ^d pun^f 
fium P & curvam terminatis ad hi^Htn ex fegmentii 
pofterioris eodem pundo & ciirva terminatis in ratione 
inyariabilif 

§ 6. In articulp pnecedente fitpporuimtis, cuin NevH 
tonoj reflam AP lineam tertii ordinis fecare in tribus 
pundis I, K, L ^ verum ut theorema egregium red* 
datur generalius, fupponamus abfeiflam AP in unico 
tantum pundo curvam fecare j fitque id pun<aum A, 
Fig. 4. Quoniam igitur evanefccntfc y evanefcat qupque Xj ul- 
timiis a^uationis terminus, in hoc ^afu, ttitfx^ — 1"^*+ 



bx=fxXxx^^ + i::^/icXx^L+j,^M^ 
{& fumatur A^ verfus P aequatis -^, k' $4 putiStum 4 

crigatur perpend icularie <?f zp ^-^ /^^- ) g^/ X 

AP X i^P* -f.. tf^* is/ X AP X iP* } undtcumPMX 
fm >^ P/4, fit oequalis ultimo tcarnMOo/r' *-• ^jr* •+• ix^ 
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ut in arttculo prascedente ; erit PM x Pt^ X P/u ad* 
AP X iP* in rationc conftante cocfficientis / ad unita* 
teni» Valor autem re£be perpendicularis ah eft Temper 
rcalis quocies fe£hi AP curvam in uriico pundo fecat ; 
in hoc enim cafu radices sequationis quadratics yA'^-^^;ir 
4*^ funt neceflario imaginariat, adeoque ^fh majot^ 
quam gg^ Sc quantitas ^^fh'-^gg realis. Cum igitur 
re£ta quaevis in unico pundo A fecat lineam tertii or- 
dinisj eft folidum fub ordinatis PM, Pwi, P/x ad foli- 
dum fub abfcifla AP & quadrato diftantiae pun<fti Pa 
pun<Jlo dato h in ratione conftanti. Junfta hb eft ad 
A^, five radius ad cpfinum anguli MP, ut ^ i^fh ad 

gy & Ai =: ^ -T* Idem vero punftum * femper con- 

venit eidem redae AP, qualifcunque fit angulus qui 
abfcifla & brdinata continetur. 

§ 7. Sit figura feftio conica, cujus acquatio ^neralis 
{xtyy^ ax '^^ h % y '\' cxx — ^;if + ^ 5S O ut fupra; & Fig. 5. 
fi asquationis cxx — dx + ^ = o. radices fint imaginariae, 
re£b AP fedioni non occurret In hqc autem cafa 
quantitas i^c femper fuperat ipfam dd\ unde cum fit 

f*;r -— ^ + # =:: /: X A* «-^ — + ^ •— — (fi fumatur 
ha-:^ — & erigatur ah perpendicularis abfciflac in tf 



ita ut ah = ^^~-^) = c X ^P* + tfi* = f X h^\ fit- 

que PM X Pi» = cxx ^dx^e^ crit PM x P/fi ad iP* 
ut c ad unrtatem. ItaK|ue in fe£lione quavis conies 
fi re^U AP iedioni non occurrat, erit, dato angulo 
APM, redangulum contentum fub redis ad pun^tum 
B confiftcmibits & ad corvam terminatia ad quadra-^ 
B b ij, tym 
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turn diftantic punfii P a pundo dato b in redone coik- 
ftanti, qiuB in circulo eft ratio aequalitatis. Manifeftum 
autem eft eandem methodum adhiberi pofleliaeaequarti 
ordinis quam abfcifta fecat in duobus tanttim pun£lis» 
vel linese ordinis cujufcunque quam abfcifla fecat in 
pun£lb binario paucioribus numero qui figurx ordinem 
deiignat* 

$ 8, Hifce praemiffis, proftredioiur ad linearum g^o« 
metricarum proprietates minus obvias exponendas eo-» 
dem fere ordine quo fe nobis obtulcrunt. Utebamur 
autem lemmata fequenti ex fluxionum do^ina petito, 
quodque in tradatus de hifce nuper editi Art. 717. 
d^monftravimus ; harum tamen aliquas per algebnua 
yulgarem demonftrari pofle poftea obfervavimus. 

Lemma. Si quantitatibus x^ j, z, Uy &c. iimul flu- 
entibus, ut & quantitatibus X, Y, Z, V, &c. fit faftum 
ex prioribus ad fadum ex pofterioribus in ratione con* 

ftanti quacunque, erjt — -[-^^""^H + ^^^ 

V Y Z V 
= Y + Y"'"T"*"T + *^* Porro, brevitatis gn^- 

tia, quantitates appellamus fibi mutuo reciprocas^ qua-i 
rum in fe mutuo duQarum fa^Sluqi eft unitas, fie — dl^ 

cimus recipracam efle ipfius ;r, & — ipfius y, 

§ 9. Tbeor. I. Oc^urrat re£fa quavis per punifum 
datum duSfa Unea geometrica cujuJcUnque ordinis in M 
pundits quot ipfa ejl dimenfumum ; re£l€^ figuram in his 
pun^is contingenUs ahfcindant ab alia re^4 p^Jltione data 
per idem pun£lum datum duRa fegmmta totidem hoc 
punffo ferminata ; tf horum fegmentorum reciproca tan-. 

4.m 
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itm femper confident fummam^ modo fegminta ad cm-- 
trarias partes pun^t dati Jiia contrariis Jignis affici^ 
antur. 

Sit P pun£lum datum, PA & Pa re&x quxvts duae Fig. 6. 
ex P dudtae quarum utraque curvam fecat in tot pun^Hs 
A, B, C, &c. et ay *, r, &c. quot ipfa eft dimenfio- 
num. Abfcindant tangentes AK, BL, CM, &c. et 
aky biy cniy &c. a re<Sta £P per pundum datum P 
duaa fcgmenta PK, PL, PM, &c. et Pi, P/, Pw, &c. 

dicofore^ + ^ + ^+&c. = i- + ^ + 

^ + &c. atque hanc Aimmam manere Temper ean- 

dem manente pun£to P & reda P£ pofitione d^ta. 

Supponamus enip re£las ABC^ aic motibus fibi pa* 
rallelis deferri, ita ut earum occurfus P progrediatur in 
refla P£ pofitione data ; cumque fit femper AP x BP 
X CP X &c. ad tfP X ^P X rP in ratione conftanti pef - 
Art, 5. repraefentet AP fluxionem ipfius AP, BP flu- 
xionem refbe BP, & CP, £P, &c. fluxiones re£bi- 
rum CPi £P, &c. refpedivas, ut vitetur inutilis fym* 

AP b1^ 
bolorum multiplicatio, eritque (per Art. 8.) -77 4" "d? 

At BP 

+ CP +^^' ^^ + 2p + 7p + ^*^' Verumcum 
ref^a AP motu fibi femper parallelo deferatur^ notiffi* 
mum eft At' fluxionem redae AP efTe ad ^ fluxio- 
nem reiSlae £P ut AP ad fubtgngentem PK, adeoque 
AP _ EP ^. JBP^ EP CP _ EP £ 

AP "" PK' ^"*""^^ BP ^ PL' oF "^ PM* ^P 
EP ^P _ EP - fP _ EP ' EP , EP 

^TT' *p^T7"^7F""T^* """^^ fiT + pT 
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, E^ . ' Ef , Ef . EP , - ^ t 

+ -H:+FM + *'"- = Ef + F? + ^ + ^- 

Haec ita fe habent quoties punfla K, L, M, &c. et 
I, /, nij ice, funt omnia ad leafdem partes pai^fH P, 
adeoquc fluxiones reftarum AP, BP, CP, &c. <?P, iP, 
fP, &€• omnes ejufdem figni. Si vcro, ceteris ma- 
Pig. 7. ncntibus, punfta qusvis M ct m cadant ad contnuias 
parte* pun&i P, turn crefcentibus reliquis ordinatis AP, 
BP, &c. ncccffario minuuntur ordinatae CP & rP, 
earumque fluxiones pro fubdititiis feu i^g^vis habendae 

funt J adeoquc in hoc cafu -p^ + y^ — ^, &c. =5 

^ + p7 — p-j &c. & gcncraliter in fummis .hifcc 

tolligendis, termini iifiiem vel contrariis fignis a^i- 
cndi font, prout fegmenta cadunt ad eafdem vel ad 
contrarias partem pundi dati P« 

§ 10. Si re£fa PE occurrat curvae in tot pun<ftis D, 
£) I, ,&c. quot ipfa eft dimenfionum^ fumma -pt^ 4* 

"PL "^ PM "^ ^^' q\i^rti conftan^em feu invariatam 
inanere oftendimus, aetjualis erit fummae feu aggregato 

1^ + InT + "PI + ^^' *• ^' f"^°^* rcciprocarum 
fe^nentis teQ^ PE pofitbne datas pundo dato P 
& curva terminatisj in qua, fi fegmentum quodvis fit 
;id alteras partes punfli P, hujus reciproca fubduconda 
eft. 
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§ II. Si figufa fit fcftio conica, cui refta PE nul- Fig, S. 
libi bccnrrat, invcniatUr punAum h ut In Art. 7. jun- 
gatur P^, buic ducatur ad re^os angulos bd redam 

PE fecans in ^, critqur^ + 1^ ~ ^* Eft cnim 
PA X PB ad iP* in ratione conftanti, adcoquc (per 
Art. 80 -^ + -^ = 7p-» "Ode (quomam AP eft 
?idEPut APadPK, BPadEPutBPadPL, & ^P 
;id EP ut *P ad iP) ^ + ^ =^. 

§ 12. Similiter fi rt^b £P occurrat lineae tertii or«> Fig. 9. 
dinis in unico pundo D, inveniatur punSum b ut in 
Art. 6. refb bd perpendicularis in jun^am b? occurrat 
redae £P in dy & quonlam AP x BP x CP eft ad 

PP X HP"- in ratione conftanti {ibid.) crit — ^^ 

I t 2 

+ Pj^ = -35- + pj» Si autem P* perpendicularis fit 

in jredam £P, evanefcet 5^. 

§ 13. Afymptoti linearum geomctricarum ex data Fig. 10. 
plaga crurum infinitonim per hanc propofitionem de- 
terminantur^ eae enim confiderari pofTunt tahquam tan- 
gentes cruris in infinitum produdi. Re£ta PA afym<^ 
ptoto parallek curvae occurrat in pun£tis A, B, &c. recta 
^utem PE curvam fecet in D, £, I, &c. fiimatur in hag' 

re£ta PM ita ut -pr? fit sequalis excelTui quo fiimma ^ 

TS" "'^ TE" + H "^ **^' filperat fammam —- + 

tpjj -|- ^c» & afymptotos tr^ibit per Mj fi vcro 

equates 
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aequales fint hae (uvamx^ crus cunrse parabolicuin crity 
afymptoto abeunte in infinitum. 

§ 14. Ad curvatumm linearum geometricarum unico 
Fig. 1 1 . thcoremate gencrali definiendam, fit CDR circulus ctii 
occurrant rcfla PR in D & R, & rcaa PC in C & N ; 
fecet tangens CM reSam PD in M, atque manente 
re^ DR, fiipponamus redam PCN. deferri motu fibt 
Temper parallelo donee coincidant punnElta P, D, C, & 

quaeratur mittimus valor diiFerentiae ^s^ — -= • In re£la 

FN fiimatur pun^lum quodvis 7, occurrat fv parallqla 
tangeoti CM re^ae DR in v ; ducatur DQ. parallela 
ipfi PN, & QV (parallela re£be circulum contingent! 

in D) fecet DR in V, Erit iuquc pjj — "^ == 
pjj— 3(quomamDMxMR=CM*) = pj^pp^ 

-• ?^^ X MR X ^U -t- ir^v- X MR X MD ^^"°^ 
X MD, feu CMS fit ad PM* ut jv* ad ?v*) =; 

yi;*X PM ^'^ 

FJTxMRxPM+ qv^ X i^M* "" Pi/^xMR+fz'^XPM* 

cujus ultimus valor, evanefcente PM & coincidentibu$ 

OV* 
qu & ?v cum QV & D V, eft ^jyT ^^j^ * Atque idem 

eft valor ultimus differentiae rrr-r -^ Trpr fi D & C fint 

in arcu lineae cujufvis ejufdem curvatura? cum circulo 
CDR. 

Fig. 12. § '5* Theor. II. Ex punSfo queens D Itnea geonu- 
trica ducantuY dua quavis. re^a DE, DA, quarum 
uiraque earn fecet in tot punfiis D, I, E, ^c. & D, A, 
3> ^c. qii9t 4f£a »ft divmftQpum 5 abfdndant tangenits 

AK, 
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AK, BL, «5fr. a reaa DE fegmenta DK, DL, fcTr. 
Occurrat reSfa quavis^ QV tangentt DT parallela ipjit 
DA er DE /« Cl£2f V,y&y«^ QV* tfJDV* i</ m ad 

I ; fumatur in DE r/<f?« DR //^ «/ -g^ aquaUs Jit 
ixcejfui fumma -^ + -^ + tfr. fuprafummam ^ 

-f- 157- + ^Cn (^ circklus fupra chordam DR d!f- 

fcriptus reSfam DT contingens erit circulus ofculatorius^ 
Jrue ejufdem curvatura cum lima geometrica propojitay ad 
fun£ium D. 

Oftendimtis cntm in Art. lo. (Fig. 6.) generaltter 
fummam ^ + -L. + ^ + &c. =^ + -^ 
4- fT '\' iic^ & in Art. praecedente invenimus valo* 
rem ultin^um diflFcrcntia p^ — * -pjj, coincidentibus 

punais P, D & C, cffe j^^^^^ = W ^ circulus 
ejufdem curvature cum linea geometrica ad pun£him D 
re£bc DE 9ccurrat in R. Unde fequitur fore -rr^ =: 

m + 3r + *^- ~sk-^~*'^- ^""^ '~'- 

procam ipfl — X DR efle aequalem exceiTui quo {\xm^ 

ma reciprocarum fegmentis punAo D & curva termi- 
natis fuperat fummam reciprocarum fegmentis eodem 
pundo & tangentibus AK, BL, &c. terminatis. Quo- 
ties autem exceflus hie evadit negativus, thorda DR 
fiimenda eft ad alteras partes pundi D, femperque ad- 
hibenda eft regula fuperius defcripta pro fignis termino- 
rum dignofcendis. St re£t^ DA bifecct angulum EDT 

refta 
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ra£b D£ it taogmte DT coatentum, tbeomna ^ 
pitlo fimpliciiw. Hoc ctuia in oTu Qy sbDV^ jrs:* ^ 

ft ^ «1'«^» «accdGii S«o ^ + «gf + &c. fup** 

5 1 6. Ex eodem principio confequitur theorfma gc-< 
jMrak quo deunmnacar varUtio curvatuirae vei m^rura 
anguU contadus curva & circulo Q&ulatorio content!^ 
in Tinea qoavis geometrica ; praemitcenda tamen eft ex-* 
pficatio breyis variationis curvaturae^ cum haec non fatis 
dilucide apud auAores defcripta fit. Linea quaevis curva 
a tangentt fleClitur per currtturam fuafD) c«^tM^ettdeaf 
eft mc nfura ac angwli contaflus curva & tangeofe wa* 
tenti ; & fimiliter curva a circulo ofeulatorto infleSituf 
finr variaiio«na ciArvalune fuse* cajm ystriaiionls eadrti 
eft menfura ac anguli conta^us curva & circulo ofculato^ 
Rfr J " • *^ comprdienfu Occwrrat rcfta TE tangentl DT per* 
pendicularb curvac in £ & circulo ofcuiatorio in r, & 
vsriatio curvaturae erit ultimo ut £r ful^tenfa anguli 
coau&us EDr {x detur DT5 cunqvedatp^ngolpcpi^ 
ta£lu8 EDr fit Er ultimo ut DT', ut ex Art. 369^ 
tra^tus de fluxioidbus colligitur, generaliter curvaturac^ 

varUtio erit ultimo ut -^^fr^* U^tmur previa a^ c^-^ 

vaturam aliarum figurarum definiendam ; verum ad va-^ 
rtatiofiefn curratifrae menTurandam^ quae in circulo nulla 
cft^ adhibenda eft parabola vel fefiio aUqua co^ica^ 
X^emadmodum autem ex cututts wo^rp WiefiAkia 
qui cunram datam in puofto da$a confi^srre pofunt^ 
ttiicus dicitur o(culatorius qui curvain adeo iatme t^*' ' 
git ut miUus alius cif cuius inter faunc & eurvam d«ci 
poffit ; fimiliter omnium parabolanim quae eandem bat* 
bent ciirvaturam cum linea piopofita ad pun&um datiim 

(funC 
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(limt xuite^Oi has qupquc n^mexo infinitae) ea egndem 
Gxmjl babet curvaturae variationeiB) quae, non folum 
ai^cum curva: iapg^ic ofculat^ fed adeo premit ut nuUus 
alius arcu§ parabolicu^ duci pofl^t int^r eaB^ reliquis om- 
nibus arcul^ jpiarabolicis txanfeuntibus vel extra vel in;- 
tra utnique* Qua verp ratione hsec parabola determi- 
nari poffit^ ex iis quae alibi fufius explicavixnus facile 
inteIHgitur. 

SirDE arcus curvae, DT tangens, TEK refta tan- 
gent! perpendicularis, fitque reAangulum £T x TK 
femper aequale quadrato tangentis DT, Be citrva SKF 
locus pundi K, qiii redae DS curvae nomiafi occurrat 
in Sy . quemque tangat in S reda SV tangenteih TD fe* 
cans in V. Reda DS erit diameter circuli ofculatoriiy 
& bife£bDSinJ^ erit /centrum curvaturse; jupSti 
autem V/^ 11 angulus SDN conftituatur aequalis angulo 
/VD ex altera parte reftae DS, & re£la DN circuit 
o&ulatorio occurrat in N ; turn parabola diametro & 
parametro DN d^fcripta, quaeque recSlam DT contin* 
^t in D, ipfa erit cujus contadus cum linca propofita 
in D iAtimus erit atque maxime perfe£lus feu proximus. 
Omnes autem parabolas alia quavis x^orda circuli ofe^- 
latorii tanquam diametro & parametro defcriptae, & 
re^bm DT contingentes in D^ eandem habent curva- 
turam cum linea propofita in pundoD. Quafitas cur- 
vaturae a Newtom in opere pofthumo nuper editc^expH« 
cata eft potius variatio radii curvaturse^ eft enifn ut flti- 
xio radii curvaturse applicata ad SoxionernxurTae, vel (fi 
R denotet radium circuli ofculatorii & Syircum curvse 

ut -r« Ipfa slutem curvatura eft inverfe ut radius R. 
S * 

— R 

U variatio curvature ut r-j quae oft menfura an- 

RiU> ^ 

gull 
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gull conta£his curvi & clrculo ofciilatorio contentfi 
Harum autem una ex alteri dati facile derivatur. Va« 
riatio radii curvaturas in curvd quavis D£ eft tit tan<» 
gens anguli DVS vcl DV^ & in paraboli quayis eft 
femper ut tangens anguli contend diametro per pun^ 
€tum centals tranfeunte & re£ti ad curvam perpendi-i- 
culari. Hsec ex tbeoremate fequenti generali deduct 
poflunt. 

f^g, 14- § '7* Thcor. HI. Sit D punSium in linea qUavis 
geometrica datum^ dccurrat DS diameter circuli ofcula- 
icrii per D ibUfa curva in tot pun^ts D, A, B, bfc. 
qu9t ipfa ejl (UmenJionum\ ducatur DT curvam contin^ 
fens in D, qua curvam Jecet in punSiis I, ^c. b^nario 
taucioribusj & occurrat tangentiius AK^ BL, bfc, in 
K, L, fcfc. eritque variatio curvatura^ Jive menfura an* 
guli contains curva £ff circulo ofculatorio cornprebenft^ di- 
TiSfe ut exceffia quo fumma reciprocarum fegmmtis ian-^ 
gentis DT pun^ contaifus D l^ tangentihus AK, BL, 
l^c, terminatis fuperat fummam reciprocaruni fegmentit 
eodtm ptmSlo ^ curva terminatis j^ inverfe ut radius 

curvature, u^'Ut^X^ + ^ + ^c.— ^ 

Ducatur enim re£la D^ curvam fecans in f, x, &C4 
circulum ofculatorium in R ; fitque anguius iDT quam 
minimus ; hujus fupplementuih ad duos reclos bifecetur 
re<£ia Dabj quae lincae geometricae propofitae occurrat 
in pundis D, a^ By &c. & dudae tangentes ai^ bl^ &c« 
fccent re£lam Di in punftis i, /, &c# eritque per pro- 

ppfitionem praccdentem ^— J- + J^ — ± — 
S7' &c. Unde ^-± (five 535^.) - CT 
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1.;- =i- — i. — -*. &c. Proinde coiiKidentibus reflis 
Di & DK^ feu evanefcente angulo ^I)K, erit ultimo 
^ aequalis^ — ^-.™--&G. Sit/rT 



DR X D/ •*^^— " DI DK DL 

perpendicularis tangenti in T, atque occurrat circulo 

ofculatorio in r j cumque fit re ultimo ad R^ ut eV ^d 

^ . , . R^ re r^f X DS 

D., ent ultimo gg^^^ = 55-3^7^ = pR ^ pT^ 

five ^ ' — • Mcnfura autem anguli contadlus rDg. 
curva & circulo ofculatorio content!^ five variatio cuN 

vatur«, eft ut 5^ adeoque "t ^ X jjj* j^-^, 
&c. 

§1$. Variatio ^utem radii curvaturae, five hujus qua* 
litas a Newtono defcripta, ex priori facillime colligitur* 
Jun£tis enim SI, SK, SL, &c. erit hsec variatio radii 
bfculatorii ut excefius quo fumma tangentium angulorum 
DKS, DLS^ &c. fuperat fummam tangentium angu- 
lorum DIS, &c. Crefcit autem curvatura a pun£to D 
Verfus /, it minuitur radius ofculatorius, quoties arcus 
D^ tangit ciitulum ofculatorium DR interne, vel cum 

, *g^ + -gj- + &c. fuperat jr| + &c» at contra minu- 
itur curvatura a D verfus r, & augetur radius circuli 
ofculatorii, quoties arcus curvae D/ tangit arcum circu- 
larem externe vel tranfit intra circulum & tangentem 
adeoque cum DR fit ultimo minor quam D^ vel cum 

§ 19. Sumatur igitur in tangente DT re£la DV ita 

"^ d7 = M + li: + ^*=- - m - ^'^^ ■'""satur 

Cc /v. 
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} fVy conftituatur angulus SDN ae<pulis DV/^ atqu«; 

occurrat refta DN circulo ofculatorio in N; & para- 
\\ bola diametro DN dcferlptay cujiw parameter eft DN, 

i quaeque refiam DT contingit ia D, eandcm habcbk 

'variationem curvaturse cum linea geometrica propolita 
Ij in punfto D. Ex iifdem principib alia quoqu6 theore- 

\ mata deducuntur, quibus variatio curvaturx in iineis 

geometricis generaliter definitur. 

§ 20. Ut haec dieoremata ad formam magis geome^ 

.tf team reducantur, lemmata quaedam iFunt prsemittenda, 
Quibus dodrina de divifione redarum harmonica am- 
yjg. 15. plior & generalicHT reddatur. In reda qiiavis DI, fom- 
ptis aequalibus fegmentis DF & FG, ducantur a pun<^ 
qtiovis Vquod non eft in reSa DI tres reftae VD, VF, 

.VG, & quarta VL ipfi DI parallela, atque hae qua- 
tuor reftae, a CI. D. De la Hirey Harmonicales dicun- 
tCkr, Re£ta vero quaevis, C(uas quatuor ^armpnicali- 
bus occurrit ab iifdem harmonice fecatur. Occurrat 
reda DC harmonicalibus VD, VF, VG & VL ia 
punais D, A, B, C ; critquc DA ad DC ut AB ad BC. 
Ducatur enim per pundum A re<fta MAN ipfi DI pa- 
rallela, quae occurrat reftis VD & VG in M & N ; & 
ob aequales DF & FG, aequalcs erunt MA fe AN. 

:Eft autem DA ad DC ut AM (five AN) ad VC,. 
adeoqoe ut AB ad BC. Manifeftum eft redam^ quae 

^ uni harmonicalium parallela ell, dividi in aequalia feg- 
menta a tribus reliquis. Occurrat refia BH parallela 
ipfi VF reliquis VG, VC, VD in B, K & H; erit- 
que VK ad KB ut FG (vel DF) ad VF adeoque ut 
VK ad KH, & proinde BK = KH, 

§ 21. Htnc fequitur, fi re£ta quxvis a quatuor re£ti6 
ab eodem pun£to du£tis fecetur harmonice, aliam quam- 

¥18 



Digitized 



by Google 



PrpprieUttibus generalibus. 389 

Vis xtStzm qu^ hb quatuor re£lis occurrit harmonice 
(ecari ab iifdem ; earn vcro quae parallela eft uni quatucM: 
re^tarym in fegmeot^ aetqi^alia dividi a tribus reliquis. 
Sit DA ad DC ut AB ad BC, jungantur VA, VB, 
VC & VD ; occurrant reftae MAN, DFG ipfi VC 
tmrallelsc rcais VD, VA & VB in M, A, N & D, 
3F, G J eritque MA ad VC ut DA ad DC, vel AB ad 
BC, adeoque ut AN ad VC} MA = AN, & DF 
= FG J &, per praecedentqm, re6la quaevb quae ipfis 
VD, VA, VB, VC occurrit harmonice fecabitur ab 
iifdeoi. 

§ 2%. Ex pun6to D ducantur duae ttStd^ DAC, "Dae Fig. i6* 
redas VA & VC fecantes in punftis A, C atque a^ c\ ^' ^^ 
jun^ Ac & ^tC fibi mutuo occurrant in Q^, & duda 
VQ^ harmonice fecabit re£bm DAC vel aliam quam- 
vis re£lam ex pun£to D ad eafdem re£tas du<^am. Secet 
cnim VQ^reftam AC in B, & per punSum Q^ducatur 
re^ MQN parallela ipfi DC, quae occurrat re^s 
Dtf, VA & VC in punftis M, R & N ; cumque fit 
MR ad MQ^ ut DA ad DC, & MQ^ad MN in eadem 
nitione, erit quoque RQLad QN ut DA ad DC. Sed 
RQLcftadQNutABadBC. Quare DA eft ad DC 
ut AB ad BC. Haec eft Prop. 20ma, Lib. I. fe£tionum 
conicarum CI. De la Hire. 

% 23. Sit DA ad DC ut AB ad BC, eritque ^ 

^qualis fiimmae vel differentiae ipfarum -^ & -|— 

proutpunfta A & C fiint ad eafdem vel contrarias partes ' 
pun£ti D. Sint imprimis pun^a A & C ad eafdem partes 
punai D, cumque fit DA x BC =DC x AB, i. e. DA ?c 
DC — DB = DCxDB— DA,velDAxDB— Dg 
= DCxDA — DB ciit 2DAxDC = DAxDB4^ 
C c a PC 
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DC X DB, adeoquc ^ = "^^ + ^- Sint nunc 

a. 2 & 3. pun£b A & C ad contrarias partes pun£):i D, eritque 

vel DA X DB — DC = DCxDB + DA, vel DA X 

DF+DC = DC XDB — DA, adeoque -^ = JL 

•— jr^ cum punS^ B & C funt ad eafdem partes pun^ 

211 
D, vd ^g- nL ^j — -^ qttoties pundbi A & B funt 

ad eafdem partes pon£tI D. Si igitur, datis pun£lo I) 
& redis VF & VC pofitione, ducatur ex punfto D 
re£la quaevis Ulis occurrens in punftis A & C, & in 

cadem re6b (umatur femper DB rta ut jr^ = + -jrj 

+ nc' ^^^ fupppnitur terminos -j— & r^ iifdem 

vel contrariis figni$ afficiendos eflfe prout pun£b A & C 
fimt ad eafdem vd contrarias partes punfti D, erit lo- 
cus punfii B ipfa harmonicalis VG quae reftam DFG 
reiftas VC parallelam fecat in G ita FG = DF ; quae- 
.que tranfit per piindum Q^ubi (dufta Dae quae iif- 
dem reftis VF izVC occurrat in a et c) junfta Ac 
et aC fe mutuo decufTant. 



pig. 17.. § 24. Si in refta DA fumatur femper DB ita ut 
=-7 =; ' — If -r— f ducatur DF parallela reffae VC 

• iJtf- DA. J-^Lr • 

qu2B re6ljE VF occurrat in F, & DH parallela redlae VF 
quae rciSse VC oc<;urrat in H, & duda diagonalis HF 

erlt locus punfti b ; nam ex hypothefi =^7 = -^, & 

DB = 2Db ; adeoque cum VG fit locus punfti B erit 
pujiiaom i ad reflam HF, fi pun6fa A & C fint ad 

eafdem 
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cafdem partes pun£U D. Si autcm fupponatnr rrr = 

•gj — -=rr7, cadem conftru£Ho inferviet pro dctermi- 

nando pundlo i, fi fubftituatnr loco re£tae VC alia t;c 
s^iStac VC parallela ad sequalem diftantiam a pundo D 
fed ad contrarias partes. 

§ 25. Ex pundo dato D ducatur redla quaevis DM 
quas tribus redis pofitioiie datis occurrat in pun£lis A, 

C, E J & fumatur femper DM ita ut -r— = -r— -f- 

— t + -rrr (ubi termini funt contrariis fignis afficiendi 
quoties reitae DA, DC vd DE funt ad contrarias parte* 

punai D) ; fupponatur -gx + I^ == 35l' ^^'^^"^ ^ 
ad regain pofitione datam per praecedentem ; adeoque, 
cum fit ^ = i5i: + -gfi' ^^'^^ punaum M ad po- 
fitione datam, per eandem. Compofitio autem proMc- 
matis facile ex diSis. perficitur. Sint VA, VC & ^E 
tfes reflas pofitione datse, & compleatur parallelogram- 
mum PFVH, ducendo DF & DH recHs VC & VF 
irefpeaive parallelas, & occurrat reaa vE diagonali in 
V ; deinde compleatur parallelogrammum T>fvh ducen«- 
do redas Ey & DA j"eais vE & HF parallelas quae 
reais HF & ^E occurraht in punais f Sz h; Sc diago- 
nalis i^erit locus punai M. Occurrat enim refta DA 
reals HF & ^in L & M ; eritque, ex praecedentibus, 

m=ik-^m-m + m + m' ^'•*~'*' 

jlruaio ex Art. 22. deducitur. 



C c 3 § 26. 
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§ 26. Re£b qurvis ex pundo dato D du£ila occurrat 
re^is pofitione datis in pun£tis A, B, C, £, &c. ^t in 

hac rcaa fumatur fempcr -L = ^ + J. q: ^ 

+ -=r^, &c. eritque locus pQn£bi M femper ad regain 

pofitione datam. Demonftratur ad modum praece-* 
dentls. 

Fig 18. $ 27. Thcor. IV. Grca €latum punSfum P revdhatur 
reSla PD qua occurrat linea geometrica cujufcunque or-' 
dints in tot funSlis D, E, I, £«fr. quot ipfa eft dimen- 
Jionanij & ft in mdtm reSta fumatur fsmptr PM ita ut 

rum regulam fapius defcriptam obfervare fupponimus) 
erit locus pun£ii M Hnea redia. 

Ducatur enim ex polo P refta quaevis pofitione data 
PA, quae curvse occurrat in tot punfiis A, B, C, &c, 
qaot ipfa eft dimenfionum. Ducantiif xz&<t AK, BL^ 
CN curvam in his pun<3:is contingentes, quae occurrant 
re£lae PD in totidem punftis K, L, N, &c. et per 

Artio.^+^ + ^ 4:&c. = ^ + ^ + 

Tn" ^ ^^* ^tAt |r^ aequsdis tfft huic fumnix, cum- 

que pofitione detur refta PA, & maneant redbe AK, 
BL, CN, &c. dum refta PD circa polum P revolvi- 
tur, erit punilum M ad lineam reftam, per articulum 
praecedentem ; quae per fuperius oftenfa ex datis tan^* 
fentibus AK, BL, &C4 determinari potcft. 

§ 28. Sicut reda Ym medium eft harmonicuta inter 
diias xt^^% m & PE, cum ^ == JL + T^ ; fi, 

ipilitcf 
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tniliter Ym dicatyr medium harmonicum inter r«£la$, 
ijuaflibet PD, PE, PI, &c, quarum numerus eft v^ 

curn jj = -p^ + j^ + ^ + &c. Et fi ex pundo 

dato P reda quaevis duda lineam geometricam fecet In 
tot punSis quot ip(a eft dimenTionum, in qua fumatur 
Temper Pm medium harmonicum inter fegmenta omnia 
dudlae ad pundum datum P & curvam terminata, eric 

pundlum m ad reftam lineam. Erit enim -rrrr = tt- 

adeoque Vm ad PM ut n ad unitatem 5 cumque pundum 
M fit ad re£^m lineam, per praecedentem, erit m quai> 
que ad redam lineaip, Atque hoc eft theorema Cotefti^ 
vel eidem affine. 

§ 29. Silk a^ iy r, 4^ &c. radices aeq^ationis ordinis 
If, V ultimus ejus tcnmnus quem ordinata feu radix jr 
lion ingreditur, P cQeiHciens termini penultimi, M me- 
dium harmonicum inter omoes radices, feu rrj =z — 

ma 

4- -T H h "7 + ^' ^^^ igitur fit V fafhim ex 

-radicibus omnibus a^ ^, r, &c. in fe mutuo du(3is, ilt- 
que P fiimma fa£torum cum radices omp^s una dempta 

V V V V 

in fe mutuo ducuntur, erit P = — J--tH 1--7 

' a * b ^ c ^ d 

+ &c. c: — , adco^[ue M = ^« Sic, fi aequatio 

fit quadratica, cujus radices dux fint a et b^ e|*it 

M = 7 .(affumpta aequatione generali feSionum 

^ - . . zcxx — 2dx -{- ze X 

conicarum Art, i. propofita) = ■. — 7 . in 

*^ ^ ' ax -^ b 

sequatione cubica cujus tres radices funt ^, b^ Cy erit 

M = J . ^^ ' — r (fi aflumatur aiiquatio ge- 

C c 4 neralis 
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neralis linearum tertii ordinis ibidem propoflti) ?=( 

cxx — ax -k" ^ 

Fig. 19. § 30. Occurrant xtBat quaevis duae Ym & P^t, tx 
pundo P dudfae, lineae geometricae in pundis D, £, I, 
&c. ct d^ e^ I, &c. fitque Pin medium harmonicum 
inter Tegmenta prioris ad pundum P & curvam tcrmi-r 
nata, & P^ medium harmonicum ipter Tegmenta fimilia 
pofterioris reftae ; junfU yim occurrai^ abfciflae AP in H, 

Wtquc PH = -:=- vel PH ad Pi» ut P ad 4-, Secet 
^ y X 

cnim abfciffa curvam in tot pun£lis B, C, F, &c. quot 
ipfa eft dimenfionum ; cumque ultimus terminus xqua- 
tionis (i. c. V) fit ad BP X CP x FP X &c. in r^tione 
conftanti, ut fupra (Art, 5.) oftendimus, erit (per Art. S« 

-i- jL — X &c. z;: — -> & PH =^ — r- (quoniam 
reaaPM = !X\ = Pi« x^. In feaionibus coni- 

py V 

CIS eft PH ad P/w ut ^^r — h ad ^cx — d\ & in^ lineis 
tertii ordinis ut cxx — dx^e ad ^fxx — ^gx^h. 

§ 31. Si defideretiir propofitionis praecedentis demon- 
ftratio ex principiis pure algebraicis petita, ea ope fe- 
quentis Lemmatis perfici poterit. Sit abfciffa AP = jr, 
ordinata PD =:^, ultimus terminus aequationis lineam 
geometricam definientis V = Ay 4-6^"' + C^"^ 
+ &c. penultimi coefEciens P == ^"""^ + ^-^""^ + 
^y»— 3 -|- &c. et fit Q^ quantltas quae formatur d^* 
ccndo terminum quemque quantit^tis V in indicem ip- 

fiu| 
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$U8 K in hoc termino & dividendo per Xj u e. fit 

V 
•^ &c^ (quae ipfa eft quantitas quam -r dicimus). Du- 

catur ordinata D^ qua angulum quemvis datum A^D 
cum abfciffa conftituat, fintque reftae PD,^D et Pp ut 
data /, r et i ; dicatur ^D =; ar, A^ = z, & tranfinu- 
tetur aequatio propofita ad ordinatam u & abfcifTam z ; & 
aequationis novae, cum fit z = AP, terminus ultimus 
V eri^ aequalis ipfi V, penultimi autem coefficiens p crit 

aqualis + • - . , 

Cum enim fit PD {z=:y) ad ^D (= u) ui / ad r, erit 

7 = — J fit autem ?p ad pV (= u) ut i ad r, erit 

P^-^, &AP = ;r = A^ + P^ = « + ^. His 

autem valoribus pro y ct x fiibftitutis in aequatione pro- 
pofita lineae geometricae, prodibit aequatio relationem 
co-ordinatarum z et » definiens. Ad hujus ultimum 
terminum v & penultimum pu determinandum, fiifficit 
Jios valores fiibftituere in ultimo V, & penultimo P/, 
aequationis propofitae, atque terminos refiiltantes colli- 
gere in quibus ordinata u vel non reperitur, vel unius 
tantum dimenfionis s horum enim fiimma dat pu, il- 

lorum V. Subftituatur pro x ipfius valor z + — in 
^uantitate V vel Ax^ + B;^-' + Cx'''^ + &c. et 
termini refiiltantes Az"+ Ez^-^ ^ + Bz*"~' + 

— r ■ "~ 

n — l X [. Cz"-* + nr^2 X - + 



&c. foil ad rem faciunt de qua nunc agitur. $ub- 
^ituatur fieinde pro x idem valor, & pro / ipfius 

valof 
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valor — ^ in quantitate ?y = ja*""' + b^^^ + cx^^^ 
+ &c. X j' ; & termini refultantes foli 
azT^i + te«— » + ««-3 ^ &c, X — funt nobis re- 
tincndi, Supponatur nunc « =1 at, & fumma priorum 

fit aequalis V + -^, & pofteriorum fumnna =3 . 

Unde manifeftum eft ultimum terminum aequationis 
novae v == V, & penultimum pu = -=^ X «. 

$ 32. Sit nunc Pm medium harmonicum inter feg- 
menta PD, PE, PI, &c. et PfM medium harmonicum 
inter Tegmenta P^, P/, Pi, &c. ut in Art. 30, jun<a^ 
fon fecet abTciflam in H ; & fupponamus Pjk ordinatae 
^D paralletam efle. Ducatur fjts abfcid^ parallela, quae 
reite Pm occurrat in s ; eritque Pi ad Fpt ut PD ad 
fD vd ut / ad r, et ftf ad P/i tit i ad n Cumque & 

P/A = — (per Articulum praecedentem) ■ , errt 

• / p/i"Q^ 



;wx 



= PW + P5 = ^T- + — = ^ + 



F — /r "" P —P/H^^ii"" 

« — ^ Eft autem >m ad j^e ut Pm ad PH, i. e« 

P X P/± Qi 

I " ^^ ad --^iXL. ut Pjb ad PH; adeoqucQ 
PX ?/±Qi P^±Qi • 

jid Put P/71 ad PH, vel PH = P«x-|-vel^. Cum 

jgitur valor re<9:aB PH non pendeat a quantitatibus /, k 
et r 5 fed, his fHutatis, fit femper idem, erit pun&um 
^ ad Te(Stam pofitione datam, ut in Theor. 4. allter 
eftendiiiAis. Quin & valcu: re6be PH is eft quern in 
f^tt. 29. alia inetbodo ^efi^ivknus^ & reda Hm 019* 
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nes refbs ex P du£tas fecat harmcnice, fecundum de- 
finitionem fedionis harmonicae in Art. 28. generaliter 
propofitam. 



s E c T I o a 

De Lineis fecundi ordinisy Jive feSlionibus 
conicis. 

f 33.T7^X lis qua getieraliter dc lineis geometricis 
JCy in fedione prima demonftrata ftint^ fponte 
Auunt proprietatcs Hnearam fecundi, tertii, & fupert- 
orum ordinum. Quae ad fediones conicas fpedanft 
optime derivantur ex proprietatibus circuli, quae figum 
bafis eft coni. Verum ut ufus theorematum prsece- 
dentium clarius pateat, & iigurarum analogia illuftre- 
tur, operae pretitim erit harum quoque afFedliones ex 
prxmilSs deducere. Do^bina autpm conica de dia- 
metris, earumque ordinatis (quibus paralldae (tint re<^ 
feflionem contingentes ad vertices diametri) & de pa- 
raTlelarum fegmentis quae re£)is quibufcunque occur- 
runt, & afymptotis, tota facillime fluit ex iis quae 
Art. 4. & 5. oftenfa funt. 

§ 34. Re«^£ AB ic FG fedioni eonicse infcriptib Fig. ao^ 
t>ccurrant fibi mutno m puncfto P ; du£tae AK, BL, 
FM, GN fedionem contingentes occurrant reftae PE 
per P du^ae in puniftis K, L, M, N 5 eritque femper 

^ + -^ = ^ + pj;j- (fi reaa PE curvae occur. 

nt in punSis D ^ E) = -^ + ^. Segmentis au- 

tern 
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tern qiue fant ad eardem partes pun£ti P eadem praepo 
nuntur figna; iifque quae funt ad oppofitas partes 

Fig. 21. pun&i P figna praeponuntur contraria* Hinc fi bife- 
cctur DE in P, & ex pundo P ducatur re£b quaevis 
fedionem fecans in pundlis A et B, unde ducantur re- 
iStst AK et BL curvam contingentes quas re£lam DE 

Fig. 22. fecent in K et L; erit Temper PK = PL. Quod fi 
DE fedicni non occurrat, fitque P punflum ubi di- 
ameter qux bifecat re<Sbs ipfi DE parallelas eidem 
occurrit ; erit in hoc quoque cafu PK :^ PL. 

Fig. 23. § 35« Concurrant rc£lae AB et FG feSioni conicae 
infcriptae in pun£to P ; ducantur rcStx fe£tionem con- 
tingentes in pundis A et F quae fibi mutuo occurrant 
in K, & junda PK tranfibit per occurfum re£larum 
quae fedionem contingunt in pun£iis B et G. Si enim 
Tcfla PK non tranfeat per occurfum reftarum fe(Slio- 
nem tangentium in B et G, huic occurrat in N illi in 

Lj cumque pjj; + pi7 = px" + W ^^^ P**^^^' 
dentem, erit PL = PN: & coincidunt pun<Sa L et 
^ contra hypothefln. 

§ 36. Eadem ratione patet reftas AG et BF fibi 
piutuo occurrerc in 9r punfto reftae LK ; adeoquc 
pun<9a P, K, w, L effe in eadem refla linea. Hinc 
datis tribus pun£lis contadtus A, B et F, cum duabus 
tangentibus AK et FK, fedio conica facile defcribitur. 
Revolvatur enim re<2a KtP circa tangentium occur- 
ftm K ut polum, quae occurrat redis AB et FB in 
puniais P et 5r; & junftae A?r, FP occurfo fuo G 
defcribent fedlionem conicam quae tranfibit per tria 
punda data A, B, F & continget refias AK et FK in 
A et r, 

$37- 
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§ 37. Caeteris mancntibus, occurrant rcflae AF et BG F»g- 24- 
fibi mutuo in pun£lo p^ tangentes AK ct BL in R, 
atque tangentes FK et GL in Q^; & pun£b R, w, Q^ 
ct jl crunt in eadem refia linea ; fimiliter occurrant 
tangentes AK et GQ^in m\ tangentes BR ct FK in »; 
& pun^ P ; ntyfiyp crunt in eadem re£b linea. De- 
monftratur ad modum Art. 35. 

§ 38. Htnc datis quatuor pun£lis contadus A, B, F, 
G cum unica tangentc AK, occurfus rc£brum AB ct 
FG, AF et BG, atque AG et BF, dabunt pun£b P, 
fy et 9r ; junfiae autem P^, Pff, et p'jr fecabunt tan- 
gentcm datam AK in tribus pun£tis /», K ct R undc 
du&x mGy KF, RB fedionem conicam contingent 
in pun£Us datis G, F et B. 

§ 39. Datis quatuor tangentibus RK, KQ^ QL, LR 
ct unico pundo contadus A, occurfus tangentium RK 
et LQj, LR et QK dabunt pun£bi m et «. Jungantur 
LK ct nmy in occurfus redbrum LK et RQ^ LK et 
nm^ RQ^et «w, dat^unt pun£b ^, P et ^ j jun£fae vcro 
PA, 5rA et ^A fecabunt tangentes RL, QK ct QL in 
pun&is contaSus B, G et F. 

§ 40. Datis quinque punftis conta<£lus A, B, F, G 
ct /, junftae GF et Gf reftae AB occurrant in pundlis 
P et X ; jundtse AF et A/ occurrant redtae BG in p 
et A* ; & junftae P^, Xx occurfu fuo dabunt pun£him 
m ; unde dudae mA et mG fe£tionem conicam tangent 
in A et G ; & fimiliter determinantur redlae quae cur- 
vam contingent in pun£lis reliquis B, F etf, 

§ 41. Dentur quinque re£tae fe£lioncm conicam con- 
tingentes, VK, KQ^, QL, hu et uV\ occurfus tangen- 
tium VK et LQ^dabit pundum my occurfus tangentium 
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KQ.et Lu dabit pimAum n ; jungantur mn^ LK, VL 
ct mu ; ro£U LK fecabit reSam /tur in P i & re£la LV 
fecabit ip(am »<< ia X ; jun^ autem PX fecabit tan-> 
gcntes VK et nL in pun^ contadus A et 6. Similitf( 
reliqua pun^ht contadus determmantur* 

Fig. 25. § 42. Datis tribus tangcntibus AK, B5, ctRL, cum 
duobus pundis conta<aus A et B, facillime dcterminatur 
tertiun), per Art. 35. OccurraC enim tangens RL re- 
liqitis tangcntibus in R et L, alque jiuuSbe AL et BR, 
ie mutuo decu&nt in t, jun^fai Kar fecabk tangentem 
RL in Icrtio p^m&o contai^ F ; & fe&to comca de^ 
Icribi poteft ut in Art. 36. 

Kg. a6. § 43. Dentur quatuor tangentes KQj, QL, LR et 
RK cum unico puncEbo D fed^ionis conicse quod non fit 
in aliqua quatuor tangentium. Invcniantur pupfta P, 
/ et » ut in Art. 39. Jungantur PD, /^D, et xD ; & 
duiSta PZ reOx pD parallela occurrat reftae RQ^in Z 5 
ii bifariam fecetur PZ in S ; & duda ^S fecabit retSam 
PD in E puoflo curv« 5 vel occurrat PD rc&e RQ^iu 
Xy et (per Art. 23.) fecetur PD harmonice in «: et E. 
Du£b autem D^r fecabit juaaam pE in #, et Et fc- 
» cabit ipfam./>D in rf, ita ut hacc quoque pun6la rf, t 
•fint ad curvam. . 

Fig- 27. $ 44. Ex pum^o K ducantur duae tangentes ad fe« 
n. »• flionem conicam in A et B j ex puwfto A ducantur 
Tt&an duae AF et AG feftioni occurrentes in F ct G j 
jun<aa BG fccct AF in P, et junfta BF fecet re^am 
AG in v; eruntque pun£bi P, K, sr. in eadem re£fa 
linea, per Art. 36. 

Verum propofitio toec gcncralior eft. Si enim a 
n. 2. pun£lo quovis K ducantur duae re<3ae K,Aa, KBi fe« 

ftionem 
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Aionem fecantes in pun£lis A, ir et B, ^ ; et ex pundts 
Atta ducantur reds ad feAionem AF et ^G ; jtinda 
autem BF fecct ^ in P, & dufta *G fccet AF i« cr j 
erunt panda P, K, sr in eadem reda linea ; quod va- 
riis modis aliiis demonftravinras, unde expeditam me** 
thodum otim dedujtimus fedionem conicam defcribendi 
per data quasvis quinque punda. Sint A, a^ B, ^ et F 
pun£b quinque data ; concurfant redae Aa et B^ tn K ; 
jungantur AF et BF; revolvatur refta PKx circa pohim 
K, qiue occurrat Us redis in sr et P; et dw^^P, he 
concurfu fuo G fedionem defcribcnt* 

§ 45* Sit P punduiB datum extra fedionem coni- Fig. i%. 
cam, unde du£b quaevis iedioni occurrat in D et £ ; 

ctfi|l-=;=^q:-i^critM;^l lineam rcfifam AB 

quae fedioni occurrit in pundis A et B, ita utdudac PA 
et PB, erunt contingentes fe6lionis. Si vero pundum p 
fit in medio pundo redae AB intra feflionem, fitque 

— ='-7 + --, locus pun£ti m cfk reiSa ^b per P 

fm pd ^ fe ^ ^ 

du£b ipfi AB paraHela. Tangentes ad punda D et E 
femper concurrunt in «cda AB, et tangisQtesr ad punda 
4/ et ^ in re<5hi ah. 

$ 46. Contingat rec^a DT fedionem in D, unde du- Fig. 29. 
-c^tur duaft quaevis x^dat DE et DA, quae feftioni oc- "• '• 
currant in E et A. Oocurrat Dfi redie AK fedHonem 
contingenti, in K ; et dudbe £N, KM tangent! DT pa- 
f allele fecent DA in N et M, fumatur in re6bi DE, 
DR ad EN ut KM ad KE,.& circulus ejuldem cur- 
vaturae cum fedione in D tranfibit per R, Nam per 
A ^ A QV^ __ 1 I KE 

DR 
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DR=5^X^(quoniamQy:Dt- 

n. a. KM ; DK : : EN : DE) = ^^^^~^. Quod fi 

fuerit tangens AK paraileh reStx DE, (i.e. fi D£ fit 

EN* 
ordinata diametri per A tranfeuntis) erit DR = -■ ^ 

vd DR ad DE ut EN* ad DE*; ut alibi demonftravi- 

mu3 Art. 373* trac^tus de fluxionibus. Si in hoc cafu 

EN* 
DE fit diaihcter, erit -gg-, adeoque DR, aequalis pa- 

rametro diametri DE; ut fatis notum eft. 

Fig. 30. § 47. Ducantur redse DT, DE, quarum prior fedio- 
**• *• nem conicam contingat in D, pofterior eidem occurrat 
in E. Ducatur DA quae bifecet angulum EDT et fe- 
dioni occurrat in A ; jungatur AE, cui occurrat in V 
reilaDV parallela reftae quae curvam contingit in A ; et 
du<aa VR parallela re£be DA, haec fecabit DE in R ubi 
circulus ofculatorius occurrit reSae DE; eritque DR 
diameter curvaturae fi angulus EDT fit redus. Erit 
enim VR ad AD ut ER ad DE, et ut DR ad DK ; unde 

DR ad DK ut DE ad EK, adeoque t4- = -i^ — 

n. a* DK* "^ oportebat, per Art. 15. Si autem fit tangens 

« AK parallela re£be DE (quo in cafii tangentes AK et 
DT xquales conftituunt angulos cum refta DA quae 
proinde perpendicular is eft axi figurae) coincident punda 
R et E, & circulus ofculatorius tranfibit per punfhim 
E. Sequitur quoque ex diftis redlas EK, DE et ER 
cflc in progrefEone geometrica. 

F)£. 31. § 4^* Occurrat refta quaevis DE fcdioni conicae in D 
et £, concurrant re£be curvam contingentes ad D eC £ 

in 
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Ih pnn£lo V. Sit DOAdamcter per D curvae, & fi 
conftituatur angulus DVr = EDO, erit DR (=2Dr) 
chorda circuli ofculatorii. Ducatur enim AK fediio- 
nem contmgens qus reflae D£ occurrat in K, et tan- 
gent! EV in Zj ducatur EN parallel^ tangenti DT 
redam DA fccans in N j cumque fit DR ad K A ut EK 
ad EK ; fitque KZ (= iAK) ad EK ut VD ad DE^ 
crit VD ad DE ut -f DR ad EN ; adeoque triangula 
DVr et EDN fimilia et angulus DVr aequalis angulo 
EDO. Hanc methodum determinandi circulum ofcu- 
latorium demonftravimus in tra£);atu de fluxionibus. 
Art. 375. fed non adeo brevitcr. 

§ 49. Variatio curvaturae, five tangens anguli con- 
taftus feftione conica & circulo ofculatorio compre- 
henfi, eft dire£le ut tangens anguli contenti diametro 
quae per contadtum ducitur & normali ad curvani, & 
inverfe ut quadratum radii curvaturae. Sit enim DR Fig- 32- 
diameter curvaturae, & haec variatio ad punSum D erit . 

"^DR — DV* P^*^ ^^'* ^7* adeoque, cum fit DV ad 

Dr ut DE ad EN, ut tTc^tteti- Variatio autem ra- 

dii curvaturae eft ut tangens anguli EDO, Quod fi 
re£U DO circulo ofculatorio occurrat 111 n^ parabola 
diametro & parametro Yin defcripta, quaeque contingit 
rec^m DT in D, ea. erit cujus contadu^ cum fedione 
eft intimus, per Art. 19. 

§ 50. Caeteris manentibus, ex pun£koV ducatur reda Fig. 32, 
VH circulum ofculatorium contingcns in H j jungatur 
HD, cumque fit angulus RDH complementum an- 
guli DrV ad reaum, crit RDH = DVr = EDO y 
adeoque variatio radii curvaturae erit ut^ngens angulji 
Dd RDHj 
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RDH$ & coinddtnttbus reait DR tt DH variati# 
tvancfcit* 



^ SECTIO III. 

De Lineis tertii Ordinis. 

§5l.1'*^E lineis tcrtri ordinis five curvis fecundf 
X^ generis, uberius nobis agendum eft. Do-* 
£trinani conicam, variis modis ufque ad faftidium fere, 
Cra£brunt permulti. Hanc aiitem geometric univer- 
falls partem, pauci adtigerunt; earn tamen nee fteri* 
lem eSe nee injttcundam ex fequentibus, ut fpero^ 
patebit, cum praeter proprietates harum figurarum » 
Nnutotw olim traditas, aliae fint plures geometraruo) 
attentione non iiidigns. Oftendimus fup^, re£lam fe- 
care poile lineam tertif ordinis in tribus pundis, quo- 
niam ^uationis cubicae tres funt radices, qine omne9 
reales efTe pofiiint. Reda autem quae lineam tertii 
ordinis in duobus punAit fecat, eidem in tertio aliqua 
pun£to neceflario occurrit, rel parallela eft itfymptoto 
curve, quo fai cafu dicitor ei occurrere ad dHtantian 
inftflitam : aequatioius enim cubicae ii duae radices fint 
reales, tertia neceflario realis erk. Hinc refla quae U* 
seam tertii ordinis contingit, earn in afiquo punda 
fcmpcr fecat } cum conta6his pro duabus interfedlioni- 
bus coincidentibus habendus fit. Reda autem quae 
curvam in pun^ flexus cootrarit contingit, fimul pro 
fecante habenda eft. Ubi duo vcus cunrae fibt mutuo 
<>ccurrent, pun&um duplex iormatur, & re£ki quae al« 
terum arcum ibi oontingtt in eodem pun^ alierum 

fecat. 
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fecati Rcdla ^utepi,^ ^a njuaevi* ex punfta dufdiaf 
du£b in uno aI}o jpUn^o curvaiil fecat^ .fed non Ia plu- 

tibus. 

■• * . » - ■»■'■.. 

§ 52. Prop. I. Sint dvwe paralklse^ quarum 
Utraque fecct lincam tcrtii ordinis in tribus 
pun6tis ; rcfta qusfe Utfamque parallelam itafc- ' * 
cat ut fumma duarum partium parallelse tx unb 
fecands latere -ad curvam terminatarum sequalis 
fit teniae parti ejufdem exaltcro fecantis latere ad 
cutTam terminafc fimilitcr fccabit omnes roftts 
his parallelajs qu2e curra^ in tribus punAis 00 
cutrunt ; per Art." 4. - 

I 53. Prop* 11. Occuf rat teda ppdtione data 
lineas tertii ordinis in tribus pundtis^ ducantur 
du3B qqaevis parallete quarum utraque curvam 
^cet in totidem pundis; &l foiida contenta ful^ 
f(?gmentis pa^allelarum ad curvam & reftam po* 
iitione datam tcrminatis erunt in eadem rjitionc 
ac foiida fub fegmentis hujus reftae ad curvam & 
.pacallebts terminatis, per Art. 5. 

Has du^ ptoprietates a Newtono olim expofitse fu- 
«runt. 

$ 54. Prop. III. Csetcris manentibus ut in Fig. 33.; 
propofitione praecedente, occurrat reda pofitionfc 
data Ikieac tertii ordfnis in unico ^unfto' A, & 
folidum fub fegmentis PM, Pw, P^ unius paral- 
klae contentum erit fempcr ad, folidum f^b feg- 
mentis pN, fn^ .py alterius parallelae ut ipUdupi 
AP X ^P* contentum fub fegmcnto AP.^. qpa-* 
D d 2 dtat9 
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drato diftantiae i? pun£ti P a punfto quodam i 
ad folidum A^ x ^* contcntum fub fcgmcnto 
Ap ct quadrato diftantise punfti p ab codem 
punfto ^, per Art. 6. 

'"gB4^ 155* Pro?, IV. Ex dato quovis punfto P 
ducatar rcfta PD quae lincae tertii ordinis oc* 
currat ia tribus punftis D, E, F, & alia quievis 
reda PA quae candem fccct in tribus punftis A, 
^,.C, Ducantur tangcntes AK, BL, CM^ quae 
X'§£t^ PD occurrantJn K, L,^t M; ct medium 
harmonicum inter tres redas PK, PL, PM, co» 
incidet cum medio harmonico inter tres redai 
"PD, PE,* et PF, per Art, 10. & 28. Si autcm 

a 2. Ic6bt PD curva5 occurrat in unico pundo D, in- 
veniatur pun6him d ut in Art. 6. & medium 
liarmcnicum inter tres re6tas PK; PL, PM, erit 
ad medium harmonicum inter duas redas PD et 
'iPd in rationc 3 ad 2, per Art. 12. 

§ 56. Prop. V. Revolvatur reda PD circa 
polum P, fumatur Temper PM in re6ta PD 
sequalis medio harmonico inter tres reftas PD, 
PE, et PF, eritque locus punfti M linea reda, 
per Art. 28. 

Atque haec eft proprietas harum linearum a C^//w 
inv^iUa. 

Kg- 35« $ 57' Prop- VL Sint tria punfta lineae ter- 
tii ordinis in eadem rcfta linea ; ducantur reftae 
'curvam in his punftis contingentes, quae eandem 

feceni 
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fecent in aliis tribus pundis; atque haec tri4 
punda erunt etiam in refta linca. 

Occurrat reda FGH lineae tertii ordinis in tribus 
pundis F, G, et H. Reaac FA, GB^ HC, curvam in 
his pun£lis contingentes eandem fecent in pundis A, B, 
C ; & haec punfta erunt in re£ba Hnea. Jungatur enim 
AB, & haec tranfibit per C ; fi enim fieri poteft, oc- 
currat curvae in alio punfto M, tangenti HC in N ct 

refiaB FGH in Pj cumque fit ~ + jL 4. ^ — 

•ET + ii + FiT' P^' ^'^P- '^- ^"^ PN == PM ; 

quod fieri nequit nifi coincidant pun£la N, M, et C. 
Refta igitur AB tranfit per C. 

§ 58. CoroL Hinc fi A, B, C, fint tria punda lineae 
tertii ordinis in eadem re£la linea, duflae autem AF et 
BG curvam contingant in F et G, & junfla FG curvam 
denuo fecet in H, junda CH curvam continget in H. 
Si enim refta curvam contingeret in H quae eandem fe-r 
caret non in C fed in alio quovis punfto,foret hoc pun- 
dum cum tribus aliis A, B, C, in eadem reda quae 
igitur fecaret lineam tertii ordinis in quatuor pun<SHs. 
Hoc autem fieri non poteft. Incidi autem' primo in haiic 
propofitionem via diverfit fed minus expedita, eandeni 
deducendo ex Prop. 11. Similiter fi re£bi hf curvam 
quoque contingat mf^ & du£la G/curvae occurrat in h^ 
jun£^a Ch erit tangens ad puh^lum h. £t fi a pun£tis 
A, B, C, lineae tertii ordinis in eadem re£ta fitis, du- 
cantur tot re(Slae curvam contingentes quot duci pofTunt, 
erunt femper tres contadus in, eadem re^. 

§59. Prop. VII. Ex punfto quovis linear Fig. jdj. 
tertii ordinis ducantur duae rcdtse curvam con- 
D d 3 tingentcs. 
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tingcntes, & fedta contaftus conjungens dcnuo 
fccet curvam In alio pundo, reftae Curvam in 
hoc punfto & in primo punfto contingcntcs fc 
mutao ftcabant in punfto aliquo curvas. 

Ex punfto A ducantur re<Sbe curvam contingcntcs in 
F ct G, junSa f G curvam fecct in H, candcmquc 
contingat in H reda HC quae curv» occurrat in C, & 
dufta AC crit curvae tangens ad punftum A. Sequitur 
ex Corollark prseccdcntc, coinctdentibus enim A ct B 
refta CA fit tangens ad punftum A. 

§ 60. CariL I. Si ex punfto curvae C ducantur rfuaa 
reftae eandem Qontingentes in A et H, & ex punfto 
altenitro A contingcntcs AF et AG ad curvam, refta 
per contaftus P ct G dufta tr^fibit per altcrum pun- 
ftum H, . 

^%' 37« § 6^' Coro/t 2. Contingat refta AC curvam in A, 
camcjue fecct in C, duftae autcm AF ct CH curvam 
contingent inF et H, refta per contaftus dufta eani 
dcnuo fecet in G, & junfta AG curvam continget in 
G. Qyoi fi alia refta CA ex punfto C ducatur a4 
turvem cam toptingens in h% U, junftae i&F, hG^ cufr 
ya: ocpurrant in / et /, duft;^ A/ ct A^ crunt tan-? 
- gpntcs adpunfta/^ct^. . 

Pig. 33« § ^^* ^^''^/« 3« Sit A punftum flexus contrarii unde 
duftae AF et AG curvam contingant in F et G junfta 
FG fecet curvam in H, fc dufta AH curvam continget 
in H. Si enim tangens ad punftum H curvae in aliq 
quovis punfto ab A divcfib occurreret, refta ex hoc oc? 
curfu ad punftum fiexus contrarit A dufta curvam in A 
contingeret, quod fieri nequit. Manifeftum autem eft 
(1*6$ taiituQi duci poife ripftas ^x punfto flexus concrari; 
'' purvai^ 
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cufvam contuigentet pneter cam quae in hoc ipfo punflo 
fimul tangit & fecat, atque tres contadus cadere in em« 
dem te&zm Itneam. Ex (bio pun&o flexus contr^U 
tres re^bs du6be curvam ita contingunt itt tres contadui 
fine in eadem re^. Sint enim F, G, H, in eadem 
re£b, unde tangente& diKEke conveniant in eodem pun^ 
curvam ay quod non fit pun^m flexus contcarii ; duca* 
tur ae curvam contin^tns in a^ quseque ei occurrat \t^ 
ij & junda eil curvam tanget in H, per hanc propofi-r' 
tianem ; adeoque rofbt iHetaH curvam contingerent 
in eodem pundlo H. §. i.a, 

§ 63, Prop. VIII. Ex pundo quovis lineae 
tcrdi ordinis ducantur tres reftse curvam con- 
tingentes in tribus pundb; reda duos quofvis 
contaftus conjungcns occurrat denuo curvae, & 
ex occurfu ad tcrtium contaftum dufta curvam 
denuo fecabic in pundo ubi redla ad primun^ 
punftum du£ta curvam contingec. 

Ex pun£lo A, lineae tertii ordinis ducantur tres rcSae Fig. j^. 
AF, AG, et A/, curvam contingentes in tribus pundii 
F, G, cty*; reda Gr/'quae horum duo quaevis con- 
jungit fecet curvam denuo in N, et refta ex hoc punftb 
ad tertium contaftum F du£hi cutvam fecet in ^, turn 
jun£b A^ curvam continget in g, Ducatur enim retSa 
AC curviin contifigens in A quse eandem fccet in C; 
cumque punSa G, N, et yi fint in eadem refta, i^ 
tangentes ad pun£^a G et / tranfeant per A, fequttttr 
(per Prop. VII.) tangentem ad pundum N tranfire per C, 
Cumque pun^a F, N, ^, fint in eadem re£ta, tangentes 
autem FA et NC curv« occurrant in A et C, fitque 
AC tangens ad punftum A, tangens ad pun£lum g 
tianfibit per A* 

D d 4 § 64. 
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^ 64. Cer$L Hinc fi cunra ddcribatur, ex dads tri« 
bm pujifHs contaAos ubi ires reStts ex eodem punAo 
icurvae du£be earn contingunt, invenitur quartum pun- 
^Shim contadusabi refia ex eodem pun^o curvae duSa 
earn contingit. Atque bine colligitur ex' eodem curvas 
pun^ quatuor tantum refbs duci pofle lineam teitii 
ordinis coatingentcs prxter re£bun quae in boc ipfo 
ptin£lo curvam contingit Si enim redae ex eodem 
curvae pundo duci poflent earn in quinque pun£Us 
contingentes, pluros reSae numero indefinitae cunram 
contingentes ex eodem pun^ duci poflent; ut exprae* 
miffis facile colligitur. Hoc autem Corollarium poftea 
fedlius demonftrabitur. Vide infra. Art. 77. 

Fig. 3I. S 65. Prop. IX. Ex punfto flexus contrarii 
ducantur trcs tangcntcs ad curvam, & rcfta 
contaftus conjungcns harmonice fecabit rcftam 
quamvis ex punfto flexus contrarii dudtam & ad 
curvam terminatam. 

Sit A pun<3um flexus contrarii, AF, AG, et AH, 
rc<5^ curvam contingentes in pufl<ftis F, G, et H. Ex 
,pundo A ducatur reSa quaevis curvam fecans in B et C, 
& rcaam FH in Pj eritque PB ad PC ut BA ad AC. 
,Cum enim tres tangentes ad pun^ F, G, et H, in eo<- 

dcra pundio A conveniant, erit per Prop. I^* gp + pi 

eft medium harmonicum inter duas reAas PB et PC ad 
curvam termlnatas. Quae linearum tertii ordinis pro* 
prietas eft fimplicitatis infignis,^ 

§66/ 
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§ 66. CoroL i. Re£b qu^ duas quafvis redas ex 
punAo flexus contrarii duftas ad curvam fecat harmo- 
nice, fecabitquoque alias quafvis re3as ex eodeinpun£lo 
edudlas & ad curvam terminatas* 

§ 67. Corol. 2. Si refia afymptoto parallela per pun- 

6t\xm flexus contrarii dufta occurrat rcdfae FH in R & 

I 2 

curvae in O, erit ^^ = r—^ adeoque RA =: 2RO. 

§ 68. Prop. X. Rcfta duo punfta flexus con- Fig* jg; 
trarii conjungens yertranfit per 3"* pun6hun 
flexus contrarii vel dirigitur in eandem plagam 
cum crure infinito curvae 

Sint A et a pun£ta flexus contrarii, jun£b A^ curvae 
occurrat in a, eritque a quoque pundum flexus contrarii. 
Si enim tangens figurse in pundo a curvx occurreret in 
alio quovis pun£i;o e^ forent A, a^ e^ in eadem xe&L 
Verum ex hypothefi funt A, a^ et a in eadem re<Sa, quae 
igitur linear tertii ordinis occurreret in punftis quatuor. 
Sit A pun£lum flexus contrarii, & re<^a AO afymptoto 
parallela curvae occurrat in O ducatur OQ,curvam con- 
tingens in O, & fecans in Q^ jun£hi AQ^ tranfibit 
per D ubi curva afyoiptoton fecat. 

§ 69. Prop. XL Dudtis ex punfto flexus Fig. }S. 
contrarii A tangentibus ad curvam AF, AG, 
AH ; & duabus fecantibus quibufcunque ABC, 
Abc^ jundbe B^ ct Cc vcl Br et bC fe mutuo fe- 
cabunt in refta FH quas contaftus conjungit. 

Occurrat enim refta B4 ipfi FH in Q^, et BC eidem 
in P J jungantur QA et QC ; cumque fit AB ad AC ut 
J?B ad PC, per Prop. IX. crunt QA, QB, QP et QC, 

harmp- , 
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harmonicales, adeoque Ab (ecabit redam QC in e et 
jpfam FH in p^ ita ut Ab fit ad Ac utpbzdpc^ ic pro- 
inde erit c pun<^m curvae, per Prop. IX. undo fequitur 
converfe re&as B^ et Cc convenire in pan£h> Q^reSas 
FH; & fimiliter ojdenditur redas Be et K^ fibi mutuo 
occurrere in pun6io g ejufdem re^. 

§ 70. CoroL I. Ex punSo quovis Q^re£be FH du- 
cantur ad curvam ref^as QB, QC, earn fecantes in 
pun<ais B, i, M el C, e, N 5 turn jun&m CB, cb^ MN, 
convenient in punSo flexus contrarii A ; junda^ Be et 
*C, Mr et NA, B* ct Ctf, NB et MC, convenient in 
reaa FH. ^ 

§ 71. CoroL 2. Tangcntes ad punda B et C conve* 
niunt in pundo aliquo T reftas FH $ & fi a pun& 
quovis T in refla FH fito ducantur tangcntes ad cur- 
vam, reds conta£lus conjungentes vel tranfibunt per 
pun<9:um flexus contrarii, vel convenient in rc6U FH. 

§ 72. CoroL 3. Dato punflo flexus contrarii A, & 
pundlis B, C, b, Cj ubi duae reftae^ex eo duda? curvam 
fecant, datur refta FH pofitione ; jun^ enim Bb et Cr, 
occurfu fuo dabunt pundum Q^, & jun£brum Be ttbQ 
occurfus dattt f , duAaque Qjj ea eft quae contadius F, 
Q, et H, conjungit. His autem quinque pun<£lis datis 
cum aliis duobus M et 01, determinatur linea tertii or- 
dinis quae per hate feptem pun&i A, B, C, b^ c, M, m, 
tcanfit U in punfbo A habet flexum contrarium. £x 
punc^is enim M et m dantur N et », ubi du£be AM et 
Am curvam fecant, & his novem conditionibus linea 
determinatur. Si autem dentur tria pundla M, «?, et S j 
b?^ dabunt tria alia N, ;;, et j ; unde darentur undecim 
^onditiones ad figoram determinanda^n) quae nimift 

funt 
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funt Similiter dato pun£):o flexus contrarii A cum 
punSis F, G, (adeoquc tangentibus AF et AG) et pun- 
£As M eC m quibufcunque^ datur re£b FG, adeoque 
pan&a N et », et determinatur carva. 

§ 73- Ccrol 4. Contingant refiae HB, nC, curvam Fig. 40. 

In B et C, et junfta CB tranfibit per A, jundae CG et 

FB concurrent in pun<5lo curvae V, et du6ta VH curvam 

continget in V. Tangens autem ad pundum flexus 

contrarii A determinatur ducendo A V cui occurrat in L, 

refta PL ipfi AH parallela ^ bifecanda PL in X ; jun<Sla 

cnim AX erit tangens ad pun£^um A. Occurrat enim 

I 2 

tangens ad A redae FH in Sj eritque -^ + -^ = 

{quoniam AC fecatur harmonice in P et B, adeoque 

VA, VF, VP, et VG, harmonicales) = ^. Eft' 

igitur PK medium harmonicum inter PS et PH ; undc 
fi PL parallela reftae AH occurrat re£lis AV et AS la 
JCctL, eritPX = XL. 

§74. Prop. XIL Ex pundo lineae tcrtiipig. 41^ 
ordinis A ducantur duae reAs curvam coatin* 
gentes in F et G, junda FG curvae occurrat in 
H, & tangens ad punftum A fccct curvam in 
M ; jungatur HM, cui occurrat FLK ipfi AH 
parallela in L, & fumatur FK = 2FL \ turn 
junfta HK, refta quasvis AB ex A duda har-? 
monice fccabitur a rcftis HK ct HF in N, P, ct 
4 curva in B, C J ita ut NB cm ad NC ut BP 

Occurrat 
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Occurrat enim re£b AB tangenti HM in T^ eritqu^ 
Fb + PA ~ FC "" FA + FT ' *^^^fl"^>ij — PC 
= YT + "TTTT (per conftru£Uonem, & barmonice) 

:= -T^rr* Undc fequitur re£lam NC fccari harmonicc 

FN 

in punais B ct P, vel NB effc ad NC ut BP ad PC. 

« 

§ 75. CoroL I. Hinc fi duae quaevis reSae ex A du£lae 
fcccntur in N harmonice ita ut PC fit ad PB ut CN ad 
BN, omnes xtSat ex A cduftae a rcdlis HF ct HK fi- 
iniliter harmonice fecabuntur. 

$76. CoroL 2. Si cur^a pundum duplex non habeat, 
eamque fecet reda HK in duobus pundisyet gy Aw&m 
Afct Ag crunt rcfias curvam contingcntcs in his pun- 
ais. Coincidat enim punftum B cum pundo N, 
quando N pcrvenit ad / occurfum rcftae HK cum 

curva; adcoquc cum^j^ qp ^ = ^, crit ^ =: 

Trr-r, Ct coincidit C cum B, ct rc£la ex A ducfta cur- 
FN 

vam tunc contingit. Ex altera parte, fi rc£la A/ cur- 
vam contingat tranfibit refta HK per /•, ob aequales 
enim PB, PC, in hoc cafu, coincidunt punfta B ct 
C cum N« 

§ 77. Corol. 3. Si rcfta HK in folo pundlo H curvse 
occurrat, duae tantum tangentes duci poterunt a pun£lo 
A ad curvam, viz. AF et AG. Quatuor tantum ad 
fummum tangentes duci poflunt a pundio quovis llneae 
tcrtii ordinis ad curvam ut AF, AG, A/, Ag. Si enim 
alia quaevis tgngens duci pofl!ct a punfto A ad curvam 
ut Af, rc6la HK tranfirct per pundum ^, et quatuor 

punfta 
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punAa lineae tertii ordinis forent in eadem re^ta^ viz. 

§ 78. Prop. XIII. Si ex punfto lincae tcrtiV 
ordinis duci poffunt quatuor reftae curvam con- 
tingcntcs, reftae contaftus conjungcntes conve- 
nient fcmper in puhfto aliquo curvas, & rcfta 
quaevis a primo punfto dufta harmonice feca- 
bitur a curva & redis binos contadus conjun- 
gpntibus: 

Sit A pundum curv2B, AF, AG, A/", ct A^, reftae 
curvam contingentes iii pundis F, G, /, et g. Jun- 
gantur FG et fgj quibus occurrat rcfta qustvis ABC 
(ex A ducEla curvamque fecans in B et C) in P et N ; & 
re£b NC harmonice fecabitur in B et P, ita ut femper 
fit NC ad NB ut CP ad PB : fequitur ex Corol. 2J 
praecedenti*. ' Re^lae autem FG ^^ fg concurrunt ia 
pundto curvae H 3 tc fimiliter reftae ¥f et Gg conve- 
niunt in E, atque F^ et Gfin R ; et E, R erunt punfta 
curvae, per idem coroUarium. Atque haec eft pofterior 
duarum proprietatum linearum tertii ordinis quas de- 
Icripfimus in tra£btu de fluxionibus. Art. 402. Quod 
fi xt&,^ AM curvam contingat in A, et fecet in M, 
jun^at ME, MR, MH, curvam- tangent in punSis E, 
R, H ; & rcftarum AE et HR, AR et HE, AH ct Ri; 
occurfus erunt quoque in curva *. 

§ 79. Corol Cum igitur fint reftae HK, HB, HP, ct 
HC, harmonicales ; fi re^ae HB ct HC curvae occur- 
rant in ^ et r 1 erunt puni^a A, bj et r, in eadem redla 
^nea. . Occurrat enim jun£U A^ curvie in ^ et r at- 

• Supple ^u» defunt la Schemate. 

que 
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que ipli HF in ^^ et HK in n; cumque fit n^ ad n^ Uf 
fc ad pb patet € effii in re£ta HC| & reciproce fi < 
fit in rcda HC ct * in rcSa HB, crunt A^ by Cy in ca-» 
dem teSd. 

Fig. 41. § 80. Prop. XIV. Habeat linea tcrtii ordinis 
pundum duplex O. Ex punfto quoris cur- 
vae A ducantur duae rcftae AF ct AG curvam 
contingcntcs in F ct G ; dufta FG curvam fccct 
in H ; jungatur OH. Rcfta quaevis AB ex A 
dufta cunras occurrat in pundis B ct C^ redae 
FG in P, & rc£te OH in Nj & rc6b NP har- 
monicc fccabttur id pun£kia B ct Q iu ut PiBlif 
ad PC ut BN ad NC. 

Jungatur enim AO quae re£be FG occurrat in p tt 
tangenti HL in / ; cumque fit O pundum duplex, eriC 

catur igitur ^A harmonice In / et O, ita ut ^ fit ad pPk 
ut /O ad OA, et harmonicales fiutt H^, Vby HO, e€ 
HA. Occurrat reda PA tangenti LH in T, cumqu^ 

^KJ + FB + PA^^PA+FT^^^^Pe + K^* 

112 
l~ 4- ^^jr = pjfj amlequenter PC eft ad NC ul 

PB ad BN. 

§ 81. C^ol Si tangens HL occurrat redae GZ ipii 
AH parallels in Z, & fumatur GV=s 2GZ, duda H V 
tranfibit per puniSiim duplex O, fi mode curvia tale 
puo£hnn habeat VA fireda Gra occurrat re£ti6 AH 
et HR in a et r, jundae rA et Rj, & decuff^nt in nh 
jundla Vim tranfibit per pundum duplex O. 

§82. 
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%%'i. Prop. XV. Ex puhdo Une® tcrtii 
prdinis ducantur duds caDgentes^ & ex alio 
quovis cjufdcm punfto ducantur rcdtae ad con- 
taftus curvam in duobus aliis punftis fccantcs j 
tangcntcs ad haec duo nova punfta in codcm 
punfto curvsB convenient. 

Ex pun£);o A ducanUir TtSat PiF et AG curvam con* Fig. 43* 
tingentes in F et G. Sumatur punftuiii quodvis curvae 
P, jungantur PF et PG curvam fecantcs in punftis It et 
L; atque tangentes ad panfla K et L. concurrent in 
pundo aliquo curvae B. DetSrminatur autem pun<^m 
B, ducendo redam PC quas curvam contin^t in P, et 
fecat in C ; fi enim jungatur AC occurret denuo curvas 
in pun^ B. 

Cum enlm punfta F, K, P, fint in eadem redd, & 
tangentes ad pun<^, F et P curvam fecent in A et C $ 
fequitur tangeotem ad pun£him K traniituram per B. 
Et ob re&am LGP, tangehs ad pun&um h Cranilbit 
quoque per £• 

§ 83. Coroh Sint igitur A et B duo quaevis punda in Fig. 44« 
linea tertii ordiaiis ; ex utixique ducantur quatuor re£be 
Curvam in aliis quatuor pun^is contingentes, viz. AF, 
AG, A/; Ag ; et BK, BL, Bi, B/. Jundae FK et GL, 
FL et CaC, F/ et Gi, Gl et Fi ; fibi mutuo occur rent 
in quatuor puiidis curvae, P, Q^, q^p\ & fi ducantur 
tangentes ad haec quatuor pun£b, has occurrent curvae 
& fibi mutuo in pundo C ubi reda AB curvam fecat. 
Unde fi fint tria pun& linese tertii ordinis in eadem 
re£la, & ex fingulis ducantur quatuor redae curvam con- 
tingentes in quatuor aliis pundis, reSa per duo quaevis 
^Q^a co9ta£tus du&a curvam Temper fecabit in alio 

aliquo 
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aliquo pun£lo contadus ; &, quatuor hujufmodi re6hr 
per idem punduin conta&us femper tranfibunt« 

Fig. 4S. J 84. Prop. XVI. Sint F ct G pundla duo 
lincae tcrtii ordinis, ita fumpta ut reftae FA ct 
GA curvam in his pun£bis contingcntes conve- 
niant in pundlo aliquo curvas A. Sumatur in 
curva aliud quodvis punftum P, unde ducantur 
ad pundta F ct G rcftae PF ct PG quae curvas 
occurrunt in K ct L ; jungantur FL ct GK^ ' 

atquc harum occurfus Q^ erit in curva. Tan- 
gcntcs autcm ad punda K ct L fibi mutuo & ; 

curvae occurrcnt in punfto aliquo curvas B, at- 
quc tangentcs ad punfta P ct Q^convcnicnt in 
pun£bo curvac C, iu ut tria pundla A, B, C, fint j 

in cadcm rcda. ^ 

Ducatur cniro tangens ad punfhim P quae curva oc- 
currat in C, ic dudia AC fecet eandem in B ; & dudse j 

BK, BL, erunt tangentes ad pundla K et L, per prac- \ 

cedentem. * Occurrat refta LF curvae in Q^; & fi rcfta 
GK non tranfeat per Q^^ occurrat curvae in y. Quo- j 

niam igitur tria punda L» F^ Q,, funt in eadem rdStif 
tangentes vero ad L et F curvam fecent in B et A, fe- 
quitur (per Prop. VII.) tangentum ad pun£him Q^tran- 
fife per punSum C. Similiter, cum fint pun^ G, K, 
ct qy in eadem re£ta, tangentes autem ad punda G & K 
tranfeant per A et B, tangens ad punSum q tranfibit quo- 
que per pundhim C. Utraque igitur refta CQ^, Cy, 
curvam contingit prior in Q^, pofterior in q. Coincidunt 
igitur pun^ Qj^t qy fi enim diverfa eflc ponamus, fe- 
quitur per Prop. VIII. plures quam quatuor tangentes 
duci pofTe ad curvam ex eodem punfto C. Sint enim 

A/ 
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A/ & A^ tt&at quae curvam condngant in /* & ;, & 
dujfae 1^) Lf, curvam fecent \n m ic ni & redas 
Cm, Ctij eruht tangentes ad pun£ta m et n. Quare 
liaberemus quinque tangentes ex C ad curvam dudas 
CP, CQ,, Cm, C», & Cf } quod rcpugnat Corol. 3. 

Prop. xn. 

%^S* CoroL I. DatopundoP, ubicunque fumantur 
pun£b F & G, modo tangentes ad haec pun&a in curv^ ' '^ 
coiwr^niant, datur pun^m Q^, ubi jundse FL ^ GI(1 
occumint fibi mutuo & curvap» Et fi a pundo P du* 
catur re&a quaevis PNM quae curvae occurrat in N ec 
M, & jun£be Q|^, QN, earn fecent inmiini erunt 
punda P, fl!» & m, in cadem re<da linea. Oftendimus 
enim tangentes ad puni£lfii P & Q^ fe mutuo decuflare 
in pufl£lo curvae ♦. 

§ 86. CoToL 2. Si fumantur quatuor pun£ta F, G, Fig. ^p 
K, L, in linea tertii ordinis, ita ut tangentes ad pun- 
^ F & G, conveniant in aliquo punAo curvae, Sc 
tangentes ad pun£bi K et L, conveniant quoque in ali- 
quo pun<£to curvae, du6be FK & GL concurrent in 
pundo cunrae, & du<Sbe FL & GK fibi mutub occur* 
rent in pun£lo curvae. 

J 87. Prop. XVII. Sint F ct G duo qufievi3 
punfta lincae tertii ordinis, ubi fi rcdte ducan- 
tur curvam contingentes, has fe mutuo feca- 
bunt in pundlo aliquo curvae. Sumantur alia 
quatuor punfta curvae L, K, /, ^, ita ut dudte 
LF ct GK conveniant in Qurva, atque reftse Ff 
et G^, in ea quoque conveniant j tunc duftse L/ 
et ^K, fe mutuo fecabunt in curva, ut & du£la» 
I^ctK/. 

* Supple quod deeft in $chtmaie. 

S e Tan* 
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Tangentes enisi fed puoAi/et g fe pm^s defi^fiaat 
tncurva, per Prop. XIV. ut U tai^gentts ad 4pliii^ K 
ctL, per tandem. AAeOqueperCor^L ftieprs^sjE^c^gdl^ 
juttStte/L et K^ coavemiMn in corva^ tit -tkfii d 

]^ig. 45. § 88. Zmwtf. Dcntur ires rdkx IC, ift, ^t^Ifl; 

^ \^ pofitione y & tria pun£bi F, G^ ^ qUas ^fifit in^^alem 
reda linea. Sumatur pun^uAi ^jttddvis Qjk tcBk Ki, 
junfta QF occurrat itAjJt IH m L, & jitiiaiiQPivda^ 
HC in P ; jungatur FP, dwSa SL ^)GdUn«t ir^afc ffP^at 
QP in * et N ; atque p6n<aa i^t'ff mmt ad k^^edbu t»^ 
fitione datas. Jungatur cnim IN, -quae ^catvat >raA( 
GS in ;77, & ducatur per N pstraMiela Ye£be FS ffJ^iK- 
cur rat re£Hs IC,IH, et LQ_, in pfui<£Ms )#,iir, ^t'r^ «o- 
currat refta FG re6tis IC, IH, ettlC^ «1 0, A, itt*. 
Quoniam N^ eft adNr ut Gu ad'GF, et Nr '*1 N» 
ut SF ad S^, erit lix ad Ni^ (adcoque ma tid M)^ 
Gi7 X SF ad GF )^ S^, u e. in dabiTaiionQ. Datur ifffh 
tur pundlum ^, adeoquereiStei INffipc^iMe^ &fifit- 
liter eft pun^tum i ad pofitione datun. 

11. 2. § ^9* C'i?^^/. Coincidentrbus pun(Sifis? et G, cbihcidit 

quoquc punftum m cum punfto G. Jungatur igiturtti 
quae re£fee HC occurrat in D^ <& dujfta CF oco|irrat 
re<Ste HI in E, turn jundla DE errt locut jpmSti 
K ubi duaae GL et FP fe OHitiio decuftant. 

Fig 46. § 90. Prop. XVIII. Sit PGlFQK quadri- 
laterum infcriptum figurae, cujus fcx anguli tan- 
gant lineam tertii ordinis ut in Trop. XVI. 
Ducantur rcftse curvam contingerites IC, CH, 
HI, in tribus pundis Q, P, L, quse ftonTmt In 
' padem reft^ ; jungatur IG quae tang^fnti CH 

occurrat 
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liccurril: in P, ct HF quae taogpnti CI occur* 
t^ in £ ; trjunt pttxidta D^ K^ E, in eadecn 
J^Q^U lineZi quae quidem curvam ia pundo K 
coHtiftgit. 

Supponamus enlm re£las QJFL ct FKP moveri circa 
polum F, & reftas LGP et QKG circa polum G^ 
punfta auteit) Q^, L^ et P, defcrri in tangcntibus Ql, 
Ll et PG J turn punSum K movebitur in refta DE, 
t>cr Corol. prjcce^ens. Unde fi puafta Q^, L, P, fe- 
tantur in curva quae has reftas QI, LI, et PC, in his 
pUnSis .cootingjt, movebitur quoque in curva quam 
ted^a DE contingit* Sed per Prop. XV. fi pundta Q^, 
L, Pj ferantur in linea tertii ordinis propofita, pun- 
ftum K movebitur in eSdem, quam igitur refta DE 
coptlngit in K. 

§ 91. CorpL li Similiter fi redlae AF* ct AG (quae cur- 
Vam contingunt in F et G) occurrant reSae IH (quae 
jDurvam contingit in L) in punftis M etN; junftaMP 
fccet tangentem AG in d^ & junfta QN tangentem AF 
in ^ ) re£bi de tranfibit per K, & curvam in hoc pun£to 
continget) atque quatuor pun£b D, d^ e^ £, erunt in 
eadem re6la linea. 

.^ 92. CoroL St. Ex duobus punflis curvas qitibufccin* 
^ttc C et B ducantur ad curvam quatuor contingcntes 
binae ex fingulis, CQ^et CP ex punfto C, BL ct BK eit 
jpun&o B, fintque harum tangentium occurfiis I, H^ E|, 
et D i tum duftae LQjet EH fe mutuo fecabunt in pmv 
&o curvae F i atque juncSlarum LP et ID occurfiis erit in 
putiiQo curvae G ; tangentes autem ad pun£ba F et G fe 
mutuo fecabunt in pun&o curvae A quod efi: in eadem 
t9&3i cum pun^ts C et B. 

§ 93. CoroL 3* Datis tribus pun^is lin^ae tertii of* 

diinis quae fin( in eadem re£l^) & duabus tangentibus ex 

£ e 2 horuin^ 
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honim fingulis du£Hs ad curvam pofitione datis, Cdx 
pun^ contadus determinantur per hanc propofitionem. 
Sint A, B, Cy tria curvae pun£la data in eadem re6ld, AM 
ct AN tangentes ex A, BMI, ct BDE, tangcntea ex B 
quae prioribus occurrant in M, N> ^» et d-, fmtqueCD 
et CE tangentes ex tertio pundo C duSae ; atque oc- 
currat CD ipfis BM, BD, AM, et AN, in H, D, A, ct 
Cy & CE iifdem in I, £, », et m» His pofltis, junSa N^ 
fecabit tangentem CI in pun£lo conta£tus Q^, M^/ fecabit 
tangentem CD in pun£^o contaftus P, ID fecabit tan- 
gentem AN in punfto conta<Sus G, EH tangentem AM 
in contaflu F, mh fecabit tangentem BH in L, & de- 
nique nc tangentem BE in K. Quamvisautemproblema 
in hoc cafu determinatum fit, folutiones tamen plures 
admittit. Divcrfx enim lineae tertii ordinis^ fed nu- 
mero definitae, per tria punfla A, B, et C, duci poffunt 
contingentes fex rcftas pofitione datas AM, AN, BM, 
.BD, CD, et CE. Occurrat enim N^ tangenti CD in 
p, re<^a MJ tangenti CE in ^, ID tangenti AM in /, 
EH tangenti AN in ^, nc tangenti BM in /, et mh tan- 
genti BD in J^ ; atque linea tertii ordinis quae conditio- 
nibus propofitis fatisfacit continget reflas CD et CE vel 
in P et Q,, vel in p et q. Ea continget redas AM et 
AN vel in pundis F et G vel in/et g ; reAas autem 
BM ct BD vel in L et K, vel in / et k. Conftat igitiA: 
plures lineas tertii ordinis problematis conditionibus fat- 
tisfacere pofle, fed numero determinatas, adeoque pro- 
blema efle determinatum ♦• 

§ 94. Coroi 4. Datis duobus pun6lis lineae tertii 
^prdinis A et B» tangentibus quoque AM, AN, BM, 
BD pofitione datis cum tribus pun<3i$ contac^us F, G9 
ct L, datur punftum K ubi'redla BD curvam* contiftgit. 

• Supple qua? defunt in Schexnitc' ' * 

.• - . Si 
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Si enim ducantur reflse N^ et LF, harum occurfu da^ 
bitur pun£lum Q^, & dufta QG fecabif contingentem 
BD in punSo conta<Stus K. Datur quoque pun£lum P 
occurfus redlarum LG et Mrf, vel redarum M^ctFK j 
tres enim rcftae LG, Mdy etFK, neceffario conveniunt 
in punfto P. Sit M^iN quadrilaterum quodvis, fu*i 
matur pun6tum quodvis Qjm diagonali N^ et P in dia- 
gonal! M^, refta quaevis QFL ex Q^dufia fecet latcra 
M^ et MN in F et L, duda PL fecet latus Nd in G, 
jungatur QG qux latus de fecet in K ; atque pun£ta 
F, K, P, erunt fempcr in eadem reSa linea, per fupe- 
rius oftenfa. Unde conftat problema non idco fieri im- 
poflibiie, quod oporteat tres redhs LG, M</, et FK, in 
eodem pundo convenire. 

§ g^. Prop. XIX. Sint D, E, F, punfta Fij;. 47. 
lineac tertii ordinis in eadcm re£ta, fintque tres 
16(3:35 curvam in his punftis contingcntes fibi 
mutuo parallelae. In refta DF fumatur pundum 
P ita ut 2PF fit medium harmonicum inter PD 
ct PE ; & fi alia quaevis refta per P dufta curvae 
occurrat in /, d^ ct e^ erit fempcr 2P/ medium 
harmonicum inter Vd ct P^ Supponimus autem 
punfta d tt e cflc ad caldem partes punfti P, 
pundtum autem / cfle ad contrarias. 



Occurrant enim tangcntes DK, EL, FM, reftae df 

I 



in punflis K, L, ct M } eritcjue per Art. 9* pr — p-r 



bus parallela harmonice fecet reflam PD ita ut PE 

^ ad EQ^ut PP ad DQ., et Q^ occurrat reftae fd 

Ee3 i» 
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in f) =: pSJ- •-p (quoniam Pf eft ad PM ut PQ^ad 
PF, k ex hypothefi 2PF = PQ., adeoque 2PM =Pf) 

tFf tft medium harmonicum inter ?d et P^ 

§ 96. Ccrol. I. Jfungantur Drf ct E^ quae conveniant 
in pun£lo V, jundflc VQ^ et Ff erunt paralklac ; if 
produfta VQ^donec occurrat ve&.x fd in r, erit F/z=: 
•J-Pr. RcSa cnim PD fecatur harmcMiicc in E et Q^, 
ex hypothefi, adeoque etiam re£la Pd fecatur harmonice 
in ^ et r, per Art. 21. unde Pfz^i?r\ cumque fit 
PFss^PQ^j fequitur rcftam ff parallelam cife har-e 
monicali VQr. 

^ 97. CoroL a. Sihiiliter A funutur lA reSa DF pun^ 
Sium p ita ut 2pD fit sequalis medio harroonico inter 
^E et pFy & TtAz, queevis ex p dufla curv» occurrat in 
tribus pun£lis, erit iegmentum hujus re(£be ex una parto 
pun£li p ad curvam terminatum aequale dimidio medit 
harmonici inter duo fegmenta eodcm pundo p et curv^ 
ad altcras partes terminata. 

Fig. 48. § 98. Leaatm^ Ex centro gravitate triaxiguli duottutf 
reda quxvis ^e tribus lateribus trianguli occurrat^ &f 
fegmentum hujus re£be centro gravitatis & uno trianguU 
latere terminatum erit dimidium medii harmonici inter 
i^menta ejufdem te&st centro gravitadis & duobus aliis 
, trianguli lateribus terminata. Sit P centrum gravitatis 
trianguli VTZ j occurrat rc61a FDE per P du6ta later? 
ribus in F, D^ E j fintque punfta D et E ad eaHem 

partes punfti P-, eritque ^ = "^ + j^- Ducatur 

- enim per pun^m P^ redb MP|y Jateri VZ paraltela, 
. tju^ 
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q<lBB lateribus VT, ZT, occurrat in L et M et reftaa 
VN paralWae lateri ZT-in N ; cumque fit MP zz PL, 
ct TL 5= 2VI,, oB fimllia tfiangula TLM, VLN, crit 
IM ^ 2 W, unde LN ^ h?, et PN == 2PM, pro- 
ihde fi ?D occurrat redae V^I in K, erit (per Art. 2i. 

& ^3') ?5 + FE ^ TIT =^ PF- 

§ 99. Prop. XX. Contingant trcs reft^e VT, Fig. 49. 
VZ> TZ^ lineam tcrtM ordinis tr^nfe^tque ea- 
4cip re<5ta tinea per tres contadlus & per P cen- 
OVW gravimip triapguU VTZ ; refta quaevis 
per hoc centrum duft^ curvse occurrat in pundlo 
c €X una parte & in punftis a ct t ex altera ejuf- 
dcm centri gravitatis parte, eritque iPc medium 
harmonicum inter fcgmenta Fa et P^. 

O^currjtt enim refla P^ lateribus trianguli VTZ iii 
yj ^, et ^ ; jj? rpdsp VN lateri TZ parallelae in i ; erit- 

que »P/z;,P^,adeoque^ = ^ = ^ + ^=^ 

+ T6-Tci-W* '"^'=°*J"' 77 = i + T^' ""'^' 
F^.eft dimidium medii harmomci inter ri^ftas Pa et P^. 

§ ICG. Prop. XXL Sit V punftum duplex Fig. 50. 
in linea tertii ordinis, VT et VZ reftas curvam 
in hoc punfto contingentcs, quibus in T et Z 
occurrat reda TZ curvgm contingens in F ita ut 
FTir: FZ V jungatw FV, in qua fumatur FP = 
4FV ; & fi rcfta quaevis per P duftae curvae oc- 
currat in tribus punjftis a^ 3, r, quorum atti 
fint ad cafderp partes pundi P, ^ ad partes con- 
E c 4 ^ffariaJ, 
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trarias, erit femper iVc medium harmonicum. 
inter fegmcnt^ Pa ct P^, feu p- :;= ^ + i. 

Cum cnim bifecctur TZ in F, fitquc FP =: IFV^ 
manifeflum eft punftum P efie centrum gravitatis tri- 
anguli VTZ} cumque fit pun£him P in re£la fV- 
quae per conta£his tranfit, fequitur propofitio ex prae- 
cedente. 

§ io|. Corof. I. Si jungatur redae V^, V*, et Fr^ 
erit P quoque centrum^ gravitatis trianguli hifce re^tis 
contenti, ut & trianguli tribus redis curvam in a, ^» 
Ci contingentibus comprehenfi ; & fi du^ V^i et Vi 
occurrant re£be F^ in i^ et n^ erit femp^ Fm ^u^lis 
F«. 

§ 102. Corel. 2. Reda per pun^m duplex duda 
parallela rt&x Fc harmonice fecabit ipiam Va in i ita 
ut Pa erit ad at ut P^ ad. Pi ; quae vero ducitur a pun- 
£lo i ad ;r occurfum redarum curvam in a et h contin- 
gentium parallela eft re£b €y figuram contingent! in Cf 

§ 103. C»roL 3. Datis duobus pundis f etc ubi rt&^ 
quaevis ex P du£la curv^ occurrit^ datur tertium b 5 jun- 
gantur enim Va et F^ quas fibi mutuo occurrant in mi 
fumatur Fn ex altera parte pundi F aequalis ipfi Fm, et 
juncb Vn fecabit re£Um P^ in ^. 

pig. 51. § 104- Paop. XXII. Ducttur per pundhini 
quodvis P refta quae dirigatur in plagam crurum 
infinitorum & occurrat curv^p in pundtis a tt a 
ducatur per idem punftum rcft^ quaeyi^ curyam 
fccans in pundit D, E, F, quaequc reftis curvam 
in a et r contingentibus occufrat in k et «i, atqu§ 

afymptotq 
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j^fympteto cruris infiniti in /-, & fi pundla D, E, 
k, w, /, fint ad eafdcm partes punfti P, pundum 

ycro F ad contrarias, crit ^^ = -^ + ^ -*- 

-i.— J -L., ubi termini cujufvis fignum 

PF Pi Piw "^ ^ 

eft mutandum quoties fegmentum ad oppofitas 
partes pynfti JP protcnditur. 

Scquitur cxThcor. I. Art. 9. eft enim per hoc theo*, 

I , I , I _ I I J L 

rema pj + p7 + p^ — piJ "T p^ pp- 

§ 105. Cord. I. Si rc£bi PD ducatur per concurfum 
t^ngentium ^i et ^i«; & fumatur PM aequalis medio 
barmonico intpr rcftas PD, PE, PF, fecundum Art 28. 

crit ji^nK'^fk^ adcoque |PM erit medium har- 
jpftonicum inter P/ et \?k. Quod fi tangentes ak ct 
4m concurrant in ipfo pun<9to M, afymptotos quoquc 
per M tranfibit^ 

§106. &r^/. a» IncafuProp.XIX. ubitrescontaftus Fig. 47. 
funt in eadem re£la linea & tres tangentes parallelae, 
fumatur punflum P ut in Propofitione XIX. fitque aVc 
afymptoto parallela, occurrant ak et cm tangentes re£be 

PD in k et w, eritque "pj = pj + p^» ^^e VI aeqvalis 

dimidio medii harmonici inter Vk et Pz«. Quod fi tan? 
gentes fk et cm concurrant in eodem punSo reflac PI?, 

crit P/=: \fk ; quoniam vcro in Prop. XIX. |;t: := pj 
5^^, eritPj = Pf, 
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Pig. 49. § 107. CoroL 3. Idem diccndum eft dc cafii Prop. XX. 
ubi tres conta6his D» E, F, funt in eadem itStsL i}U9 
tranfit per P centrum gravitatis trianguU VTZ ftngco* 
tibus contend. Si atitem altera refUrum curvam in a 
vel c contingentium (poilta ^P^ afymptoto paraU^Ia} fit 
redae DP parallela, abibit aiymptotos in infinitum, erk- 
que cnit parabolicum^ 

§ 108. CcroL 4* lifdem pofitis ac in Prop. XXL Sit 
cPtf fllfymptoto parallela, occurrant tangentea ^ip an^ 

itSat VF in * et w, critquc pT = pj + p^ Undc fi 

curva diametrum habet, cum hsec necefTario tranfeat 
Fig. 5a* per punftum duplex V, & per pun^um curv« F ubi bi- 
fecatur Ungens TFZ,fumatur abFrerfus V, FP= JFV, 
ducatur cVa afymptoto parallela^ & tangens ak <)uae dia- 
mctro occurrat in i, ^ ex akera parte pun£li P fuma^ 
tur, fupcr reftam PV, P/=:^P>^, & refta per /duda 
ordinatim applicatis parallela erit af^mptotos curvae. Si 
vero tangens ak fit diametro parallela, erit cms curv» 
generis parabolici. Propofitio Newtoni de fegmentls. 
redae cujufvis tribus a(/mptoti$ & cunca terminatis facile 
fequitur ex Art. 4. ut ab aliis olioi odenfum eft. 

%• 53- V $ 109- Prop, XXIII. Ex punfto quovis D 
lineae tertii ordinis ducantur duas qusevis rcft^ 
DEI, DAB, qua curvag occurrant in punftis E, I 
ct A, B; dacantur tangcntcs AK, BL, quae rcdbae 
PE occurrant in K ct L. Sit DG medium har- 
fnoflicum inter fcgnjcata DE, DIt ad curvsm tcr- 
minata, atquc DH medium harmonicum inter 
Tegmenta DK, DL, cjufdcm reftse tangenubu^ 
^bfcifla. Sit DV medium ^cometticum inter 

PQ 
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DG tt DH, ducatur VQ^parallela tangcnti DT, 
quae occurrat reftseDA in Q^; & fi circulus cjuf- 
dcm curvaturae ciim linca tcrtii ordinis propo- 
fita in pundo D occurrat rc6bcB DE in R, crunt 
HG, QV et 2DR continue proportionales. 

TsTam per Thcor. H. (Art. 15.) eft ^v^^^^^j^ = 

II ^ _ ^ — . ^ ^ _ 2DH-2DG 

J5I"*"inj5K r>L"^15G I5H"^ DGx DH 

— ii^ (quoniam DV*= DG X DH ;) undc Qy»=: 

3tHG X DR, adcoque HG ad QV ut QV ad 2DR. 

§ 1 10. CoroL I. Sumatur igitur Dr in rc£h DE tertia 
proportionalis rtdis HG ct iQV, & perpcndicularis 
x^Tt D£ ad pul)£hiin r fecabit normalem tangenti 
PT ad pun^him D in centro circuli oTcuIatorii fivo 
circiili cjufdem curvature cum linea propo(ita» in pun^ 
8to O. Si pun^ £» I, K, L, fint ad eafdem partes 
ejufdem pun^i prout DH toa^ eft vd minor gi^am 
PG, i. e. prout medium harmonicum inter Tegmenta 
DK, DL tangentikus abfcifla majus eft vel minus me- 
dio harmonico inter Tegmenta D£, DI, ad curvam ter* 
minata. 

§ III. CoroL 2. Si angulus EDT bifecetur refta DA, 
erit Qy=:DV, et 2HG xDR = DV*= DGxDH, 
adeoque HG ad DG ut DH ad 2DR. 

§ 1 12. Cor$I, 3^ Rcvdvatur re<9a DA drca poIumD, 
manente le&i DE, et HG, di&rentia mediorum har- 
Itionicorum DH et DG, augebitur vel minoetor in 
cfaiplicata radone re<^ VQ. Quippe ob datam choidam 

prculi ofculatorii DRj uianet quantita? -^^ quae aequa- 

|iseft2DR, 

§ 113. 
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''S- S4* . $^'3* Cor^l* A* ^^ tangentium AK et BL altera^ 
ut BLy fit red« D£ parallela, ducantur GX et KZ 
paralldae xtGtTt DT curvam in D contingent!, quae ipfi 

GX X KZ 
AB occurrant in X, Zj eritque p^^^^xbR = 

I j_ 1 _^ 1 _ 2DK»— DG 

oquc — gg — = 2DK — DG, & proindc erit ut 

2DK — DG ad KZ ita GX ad DR. Si tangens AK 
evadat quoque paralleta re^ D£ (quod in his iiguris 
contingcrc poteft) erit DG ad GX ut GX ad 2DR ; 



GX 



'X 



2 



nam in hoc cafu p^^ ^ j^^ = ^, adcoquc GX* 
;;: DG X 2DR. 

§ 114. Corol 5. Si re£ta D£ fit afymptoto parallda, 
adeoque curve occurrat in uno pun£to E praeter ipfum 
D, fitque fimul tangens BL afymptoto parallela, duca- 
tur £Y parallela tangenti DT quae occurrat reds DA 
in Y, eritque K£ ad KZ ut £Y ad DR *. 

§ 1 15. CoroL 6. Si fit D pun£lum fiexus contrarii, 
coinddet pun^^qm H cum G, evanefcente linea HG» 
adeoque evadlt DR infinite magna, i. e. curvatura minor, 
eft ad pundlum ilexus contrarii quam in circulo quan- 
tumvis magno ; ut alibi quoqiie oftcndimus, tra£latu8 dc 
fluxionibus. Art. 378. 

Fig. 55« § 116. CoroL 7. Sit V punAum duplex, DA afym- 
ptoto parallela, & occurrant re<9ae VQ^, KZ, tangenti 
DTparallclae re£lae DA in Q^ct Z, atque occurrat DV 
afymptoto in L, fi^ue DH medium harmonicum inter. 
pK et DL, eritque 2DH—DG ad KZ ut DL ad DK, 

f Supple figur2ii)« 
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alqae VH : HN : : VCL : DR. Si rcfta DA bifccct 
angulmn TDV, crk DR : DV : : DH : 2VH. 

$ 117. Prop. XXIV. Sit D punftum quod- Fig 56. 
vis lineas tertii ordinis, occurrat tangens ad D 
curvae in I, fitquc DS diameter circuli ofcula* 
torii, quae curvae occurrat in A et B ; unde rcftae 
duftae curvam contingcntes fcccnt DI in K et L ; 
fit DH medium harmonicum inter DK et DL, 
& fumatur DV ad DI ut DR ad differentiam 
rcftarum 2DI et DH; eritque variatio curvar 
turaeinverfcutrcdangulumSDxDV; ficjunfta 
VS, variatio radii curvaturae ut tangens anguli 
DVS. 

Nam perThcor. III. (Art. 17.) variati o curv aturae eft 

I 2DI — DH 1 xr • *- 

DS^ DHxDI =D$TdV' Variatio autcm la. 

DS 
dii ofculatorii eft ut •^rr, adeoque lit tangens anguli 

DVSy per Art. 18. parabola autemquae eandem babebic " 
curvaturam & eandem variationem curvaturae cumlinea 
propofita, determinatur ut in Art. 19. 

§ 118. Corol Si tangens BL fit tangcnti ad D p^- Fig. 57. 
rallela, erit DV ad DI ut DK ad IK; & fi utraquc 
tangentium AK, BL, fiat parallela ipfi DT, erit DV 
= DI, adeoque variatio curvaturae invcrfe ut DS X DI. 
Quod fi in hoc cafii fit DT parallela afymptoto curvae. Fig. 58. 
cvanefcet variatio curvaturae. Quemadmodum igitur 
evanefcit variatio curvaturae in verticibus axiuro feftio- 
i\\xtti conicarum; ea fimiliter evanefcit in verticibus 

diame-* 
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diametrorum Ikiear um tertti ordinia que ad ro£tos m^ 
gulos ordinatim applicatas bi&csui^ 

Fig. 59. Sci$L Sunt autem alia plurkna Ibeorem^a de tangen- 
Cibas & curvatura Uaearucn terdi ordioj^. Smt, f^rfr< 
J? et G duo fnaStai liiiftg tertii ordinia uade taogeates 
dudat concurmnt in curva in A. P/oducatur FG doijoc 
clurvx occurrat in H. Sit TAC tangens ad pun£liun A, 
tc conftituatur smgulus FAN := GAT ad conttarias 
partes rcflarum FA, G A, fecetque AM rcftam FG in N* 
Et fi circuli ofculatorii occummt reStx FG in B et if 
^rit GB ad F* ut i»aangiiluin NFH ad NGH. Sit 
enlm piio<3la o ipfi A quamproximum, ii puoda/, g^ h^ 
ipfis F, G,H, <ptampro»iiia, «ri^we AFi? t PG/ : r G^ 
iFB. FG/(=HGA):HFA::FH:GH. HFA(::: 
GF^) : AGtf : : *G : GF ; uade AF^ : AG^ : : FH)< 
»G : FBxGH :: GN : FN; unde FB : G^ : : NFH 
;NGH. Siddt tt^fatii. 
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